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ADVERTISEMENT. 


F: HE learned Author of this Book having, in bis paper of Propofals, 
© drawn up a fhort Scheme of his Work, it is thought proper to reprint 
it here, in order to give the Reader in a few words an idea of his per- 
Sormance. 

This Work (fays the Author ) is chiefly intended for the inftruction 
of young beginners, and for the ufe of thofe who have fuch under their 
care. It is divided into ten books, with an introduction prefixed concern- 
ing vulgar and decimal fractions ; the former being abfolutely neceffary 
to a thorough knowledge of Algebra. In this introduétion, all the reduc- 
tions and operations of fraétions are fully and clearly accounted for, and 


fuch a fund of reafoning eftablithed thereby in the mind of the learner, 


as cannot fail to furnifh him with proper rules to work by in all cafes 
wherever fractions are concerned, without any further affiftance. 

The firft book treats of the nature of Algebra and Algebraic quan- 
tities; of their addition, fubtraCtion, multiplication and divifion ; of pro- 
portion, fractions, and extraction of roots in Algebra; and in the laft 
place, of the manner of refolving fimple equations, illuftrated by a con- 
fiderable number of examples. In this book, under the head of multipli- 
cation is fhewn, how by bare multiplication alone many ufeful theoreins 
may be invented,. and have been invented, both in Arithmetic and Geo- 
metry. Under the heads of divifion and extra¢tion of roots, fome account 
is given of the rife and continuation of infinite feriefes, and how they may 
be tried by involution ; but they are here touched upon only fo far as 
may be apprehended by the meaneft capacities, all other contiderations 
concerning them being referved to other parts of this treatife, where it 
may reafonably be prefumed, the learner will be better prepared for them. 

The fecond book contains a great variety of entertaining queftions pro~ 
ducing fimple equations, and folved partly by fingle pofitions, and parily 
by more; where all the ufeful methods of extermination are explained. 

The third book treats of quadratic equations, and of the manner of 
refolving them, exemplified in various queftions introduced for that pur. 
pofe ; where throughout the whole are occafionally interfperfed many 
curious obfervations concerning the roots of equations, both potfible and 
impofiible. 

The fourth book treats of pure Algebra, that is, where letters of the 
alphabet are ufed, not only to reprefent unknown quantities, but alfo fuch 
as are known, which in tendernefs to the learner has hitherto been 
avoided, - Here feveral of the former problems are refumed, more inde- 
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finitely propofed, and general folutions given them by general theorems 
or canons, firft traced out analytically, and afterwards demonftrated fyn- 
thetically, whereby the learner may make himfelf thorough mafter of 
both forts of demonftrations. 

"The fifth book gives the folutions of many curious queftions of that fort 
which admit of more anfwers than one, and fome even of an infinite 
number, by a general method very eafy to be comprehended, and (as the 
author conceives) entirely new. Here are demonftrated many elegant and 
ufeful theorems relating both to whole numbers and fractions ; particu- 
larly that of Mr. Cotes, for finding the leaft numbers that will exprefs 
a given ratio to any given degree of exactnefs. Here alfo occafion is ta- 
ken to introduce the reader into an acquaintance with the moft entertain- 
ing parts of Ewclid’s doftrine of Incommenfurables, where he will meet 
with more fubtil and more refined reafoning than perhaps in any other 

art of the Mathematics whatever ; and all levelled to the loweft capacity. 

The fixth book is a choice colleftion of fuch queftions as are ufuall 
known by the name of Dropkantine queftions; the folutions of them here 
‘given are very eafy and intelligible, and in fome cafes perhaps may be 
thought preferable to any folutions of the fame problems in Diophantus, 
or in any of his commentators or followers: for as Diophantus’s porifms 
are entirely loft, he lies, in many cafes, at the mercy of his commentators. 

The feventh book treats in the firft place of the doGtrine of propor- 
tion as it is delivered in the fifth book of the Elements. Here it is fhewn 
that the common idea of proportionality may, “vithout the leaft difguite, 
be fo enlarged, as to extend to Incommenfurables: and having thus efta- 
blifhed an infallible and adequate criterion of proportionality, the fifth and 
feventh definitions to the fifth book of the Elements are {hewn to be no 
more than plain and natural confequences of it, but more proper upon 
many accounts for Euclid’s purpofe, in carrying on his fyftem of Geo- 
metry. Then all the propofitions of the fifth book of the elements are 
clearly and fuccin@tly demonftrated in their order, and as near as pofi- 
ble, in Ewclhid’s manner, fo as to lofe nothing either of the force or ele- 
gance-of his demonftrations ; and yet fuch an eafy and familiar turn is gi- 
ven to the whole, that it is to be hoped this book, which has always 
been looked upon as an vnftrmountable rub in the way through the fix 
firit books of the Elements, will now be read with as much eafe to the 
imagination, nay more, than any other part of the Elements whatever, 
The latter part of this book gives.a clear and diftin account of the com- 
pofition and refolution œf ratios, and of their great ufe in Natural and 
Mechanical Philofophy: infomuch that it is to be hoped, this part of the 
doctrine of proportion will be no longer a myftery to any one who will 
read it with the leaft degree of attention. 
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The eighth book applies Algebra to Geometry, and by the help of a 
| few plain and eafy problems, conveys to the mind ofthe learner the moft 
fublime myfteries of that fcience. Here the compofition of the Geome- 

trical problems is firft deduced from the analy/is, and then fynthetical de- 
monftrations are formed from the conftruétions there given, without any 
regard to the analyfis. The fecond part of this book contains the do¢trine 
of folids, {o far as it relates to prifms, cylinders, pyramids, cones, {pheres, 
fpheroids, &c; the principal properties whereof are taken out of Euclid, 
Archimedes and others, and demontftrated after the fimpleft manner, with- 
out the leaft {trefs laid upon the imagination, 

The ninth book confifts of feveral mifcellaneous tracts; as firft, of 
powers and their indexes; 2dly, of Newton’s method of evolving a bino- 
mial, confidered in it’s full extent ; 3dly, of logarithms, their nature and 
ufe, and particularly of Briggs’s logarithms; 4thly, of logarithmotechny, 
or the method of computing logarithms, drawn from their fimpleft pro- 
perties; sthly, of Nezw/s7’s invention of divifors; and 6thly, of the Arith- 
metic of furd quantities. 

The tenth and laft book treats firft of equations in general, and then 
of cubic and biquadratic equations in particular, gives the beft methods of 
refolving them where they will admit of an accurate refolution, and pro- 
per rules for approximations where they will not; particularly Newton’ s 
method is here defcribed and explained. 

By the account here given it is eafy to fee, that the author intended 
this treatife, not as a courfe of Algebra only, but alfo to promote, as far 
as poffible, the ftudy of Geometry, by removing or explaining all thofe 
dificulties which, from a long experience, he knows are apt to retard, 
if not difcourage, young ftudents in their progrefs through the Elements. 


Though great care kath been taken to give the publick a correct edition of 
this excellent work, yet there are fill remaining feveral errors of the prefs, 
though moft of them are of little conféquence. If tke candid reader will take 
the trouble to correé the mof? material of thofe that are mentioned in the ca- 
talogue of errata, I hope and believe, he will find ao others that do in the leaf 
objcure the fenfe of the Author. 

There is one paffage in the ninth book, relating to pme matters of fact, 
wherein I conceive, the learned Author was miflaken as to fome few particu- 
lars; concerning which I had not an opportunity to difcourfe with kim, be- 
cau/e of bis Judden and unexpetted fickne/i and death, The paffage is in page 
620, where the Author having recommended Mr. Briggs’s fifien of logarithms 

as the beft accommodated for practice which are now m ufe, proceeds in 
the following words: "The Lord Napeir, a Scotch Nobleman, was the firit 
inventer of logarithms: but our countreyman Mr. Briggs, Profeffor of 

Geometry in Grefham College, was undoubtedly the firit who thought of 
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this fyftem, and propofing it to the noble inventer, the Lord Napeir, he 
afterwards publifhed it with that Lord’s confent and approbation. 

Now in the firft place I objerve, that our late worthy Profeffor wrote the 
name of the celebrated inventer of logarithms differently in different parts of 
his manufcript copy. Sometimes he ts called Nepier, and /ometimes Neper. 
I have an englifh book written by this illuftrious author, and printed in the 
year 1611, which in the title page ts Jard to be {et foorth by Fohn Napeir 
L. of Marchifton: accordingly I have every where in the following work, 
caufed bis name to be printed Napeir. 

Secondly, whereas our author files him The Lord Napeir, a Scotch 
Nobleman ; this, I think, ought to be-underftood in a qualified fenfe. In The 
Peerage of Scotland written by George Crawfurd E/q; and printed at 
Edinburgh 77 1716, I find, page 364, that Sir Archibald Napier, eldeft fon 
to the forefaid John, was the firft of this family that was created a Peer of 
Scotland, being raifed to that honour by King Charles the firft in the year 
1627, bis father (the inventer of logarithms) having departed this life feveral 
years before, in the reign of King James the fixth. I confefi, Mr. Briggs 
writes him Johannes Neperus Baro Merchiftonii: but if the account given 
of this family by Mr. Crawfurd be true, the inventer of logarithms can only 
be fuppofed to have been one of the inferior order of Barons in Scotland, and 
not a Peer of that Realm. 

Thirdly, whereas Dr. Saunderfon files Mr. Briggs, Profeflor of 
Geometry in Grefham College; it is true, he was fo, when Napeir frf 
publifbed bis Canon mirificus logarithmorum ; but when Mr. Briggs pub- 
lifhed his own Arithmetica logarithmica in 1624, he was Savilian Profeffor 
of Geometry at Oxford, as appears from the title page of that book, 

Fourthly, whereas Mr. Profeffor Saunderfon faith, that our coun- 
treyman Briggs was undoubtedly the firft who thought upon this fyftem 
of logarithms which is now in ufe; I know not by what authority be af- 
ferts this. Qn the contrary, Dr. Keill in the preface to his treatife de lo~ 
garithmis writes thus: Aliam deinde magis commodam logarithmorum 
“formam Neperus excogitavit, et communicato confilio cum Domino Hen- 
rico Briggio, Geometriae in Academia Oxonienfi Profeflore, hunc focium 
¿operis fibi adjunxit, ut logarithmos in meliorem formam redaétos comple- 
gleret, See Likewi/e Briggs’s preface to his Arithmetica logarithmica. 


I have nothing further to add, but that the Reader is obliged to the 
ingenious Mr. Abraham de Moivre for two excellent performances tnferted 
in this work: the former at the end of the fourth book, 1s bis curious folu- 
tion of two problems concerning proportionals; and the latter in an appendix 
to thefe Elements, is a noble difcovery of a rule for extratting the cubick, 
or any other root of (what is called) an impoffible binomial, fuch asa+-y—b, 
and alfo for extracting any root out of a given power thereof. 
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Mr, Jobn Collins Collector of the Excife at Stamford in Lincolnfhire, 


ERRATA, 


ERRATA. 


Note, The moft material errors are marked with *, 


* Pag. 4. in the anfwer to the tenth queftion, for 15625 feet read 15625 {quare feet. 
Pag. 45. lin. 8. read as any. And lin. 22, 23. read decimal, 

Pag. 57. lin. penult. read the two firft produtts. 

Pag. 64. lin. 6 from the bottom, read it was fhewn. 

* Pag. 138. lin. 12. for fubftitute read fubftituting. 

* Pag. 239. lin. 4 from the bottom, for sx —4q—qr=—gs—grs read sX (yar 


* And in the laft line, for —g—gr read —g—qr. 


In the Second Volume. 


Pag. 390. lin. 11. dele mutt. 

* Pag. 536. lin. 14. for x*—a*x* read x4—a2x*, 
Pag. 551. lin. 21. for where read when. 

Pag. 604. lin. ult. for «+3 read x3. 

Pag. 658. lin. 4. read DEFINITIONS. 

* Pag. 671. lin. 3. for binomial read binomial root. 
Pag. 683. line 21. read left. 


* Pag. 703. in the firft line of the fixth example, for 7 read = 
Pag. 738, line 13. dele a. 


In the Table of the Contents, 


* Art. 231. for two numbers read two fquare numbers. 
Art, 403. for Napeirs read Napeir’s. 


Errata in the Pointing. 


Pag. 44. lin. 16. after .4375 put a comma. 
Pag. $r. lin. 18. at the end of the line, after zaa, inftead of a comma put a femicolon, 


Pag. 91. at the end of the fifth example, put a full ftop inftead of a comma, 

Pag. 124. lin, 8 from the bottom, at the end of the line, put a femicolon inftead of a comma. 
Pag 167. lin. 25. after no fquare number put a femicolon inflead of a comma. 

Pag. 178. line the laft but one of the fecond example, after =:1 put a femicolon, 

32400——675 x 
aonb 


Pag. 199. lin. 16. after x= put a femicolon. 


Pag. 238. lin. 7. put a full ftop at the end of the paragraph. 
Pag. 331. lin. 5. at the end ofthe paragraph, put a full ftop inftead of a comma, 
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In the Second Volume. 


Pag. 542. lin. 5 from the bottom, for DEG; but read DEG. But. 
Pag. 668. lin. 16. for rost: and vice verfa read root. And vice verfa: 
Pag. 738. lin. antepen. at the end of the line, after xv-+3x-+2=0 put a comma, 
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perty of which lat mentioned Treatifes, is in the aforefaid Jonn SauNDERSON 5 and have therefore 
humbly befought Us to grant unto them the faid ABIGAIL, Joun and Anne Saunperson, Hig 
Majefty’s Royal Privilege and Licenfe, for the fole printing and publifhing the aforefaid Treatife and 
Memoirs, Intituled, Te Elements of Algebra in Ten Books, with the Memoirs of the Author's Life, 
for the Term of Fourteen Years, and alfo unto the faid Jonn Saurrerson His Majetty’s Royal 
Privilege and Licence for the fole printing and publifhing the reit of the T'reatifes abovemertioned, 
for the faid Term of Fourteen Years; We, being willing to give due Encouragement to Works of this 
Nature, that tend to the Advancement and Propagation of Learning, have thought fit to condefcend 
to their Requeft, and do therefore in His Majefty’s Name, by thefe Prefents, {o far as may be agreea- 
ble to the Statutes in that behalf made and provided, grant unto them the faid ABIGAIL, JOHN, 
and Anne Saunperson, their Heirs, Executors and Ailigns, His Majefty’s Royal Privilege and 
Licence, for the fole printing and publifhing the aforefaid Treatife and Memoirs, Intituled, The Ele- 
ments of Algebra in Ten Books, with the Memoirs of the Author's Life tor the Term of Fourteen 
Years; and alfo unto the faid Joun Saunperson, his Heirs, Executors and Aifigns for the fole 
printing and publifhing the reft of the Treatifes abovementioned for the faid Term of Fourteen 
Years, to be computed from the Date hereof; ftriétly forbidding and prohibiting all His Majefty’s 
Subjects, within His Majefty’s Kingdoms and Dominions to reprint, abridge, or tranflate any of the 
abovementioned Treatifes, either in the like, or any other Volume or Volumes whatfoever, or to im- 
port, buy, vend, utter or diftribute any Copies of them, reprinted beyond the Seas, during the faid 
Term of Fourteen Years, without the Confent and Approbation of the faid ApiGarL, Joun and 
Anne SAUNDERSON, their Heirs, Executors and Affigns, by Writing under their Hands and Seals 
firft had and obtained, as they and every of them Offending herein, will anfwer the contrary at their 
Perils ; Whereof the Commiffioners and other Officers of His Majefty’s Cuftoms, the Mafter, Wardens 
and Company of Stationers of the City of London, and al] other His Majefty's Officers and Minifters, 
whom it may concern, are to take notice, that due Obedience be given to thefe Prefents. 
Given at Whitehall the Twenty Ninth Day of May, One Thoufand Seven Hundred and Forty, 
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By their EXCELLENCYS Command 


ANDREW STONE, 


Foe ALGEBRAIC QUANTITIES, $7 


but —-4 multiplied into -3, or +4 into ——3 produces in either cafe 
— 12. 

If the reader expects a demonftration of this rule, he muft firft be 
advertifed of two things: frf, that numbers are faid to be in arithmeti- 
cal progreffton, when they increafe or decreafe with equal differences, 
aS O, 2, 4, 6; or 6, 4, 2, O; alfoas 3, 0, —3 ; 4, 0, —4 5; I2, O, —= I2; 
or — 12, 0, +12: whence it follows, that three terms are the feweft 
that can forman arithmetical progreflion ; and that of thefe, if the two 
firft terms be known, the third wilt eafily be had: thus ifthe two firft 
terms be 4 and 2, the next will be o; ifthe two firft be 12 and o, the 
next will be —12; if the two firft be —12 and o, the next will be 
+12, &e. 

2dly, If a fet of numbers in arithmetical progreffion, as 3, 2 and 1, 
be fucceffively multiplied into one common multiplicator, as 4, or if a 
fingle number, as 4, be fucceffively multiplied into a fet of numbers in 
arithmetical progreffion, as 3, 2 and 1, the products 12, 8 and 4, in 
either cafe, will be in arithmetical progreffion, 

This being allowed, (which is ina manner felf-evident,) the rule to be 
demontftrated refolves itfelf into four cafes : 

1ft, That -+4 multiplied into 4-3 produces -+ 12. 

2dly, That —4 multiplied into 4-3 produces — 12, 

3dly, That + 4 multiplied into —3 produces — 12. 

And /afly, that —4 multiplied into — 3 produces -} 12. Thefe 
cafes are generally expreffed in fhort thus: firft +- into + gives +-; fe~ 
condly — into + gives —; thirdly +- into — gives —; fourthly — 
into — gives +. 

Cafe iff. That + 4 multiplied into +- 3 produces + 12, is felf-evi- 
dent, and needs no demonftration; or if it wanted one, it might receive 
it from the firit paragraph of the 3d article; for to multiply +- 4 by + 3 
is the fame thing as to add 4-4-4 into one fum; but 4-+-4-+ 4 
added into one fum give +- 12, therefore -+ 4 multiplied into + 3, gives 
+ 12, 

Cafe 2d. And from the fecond paragraph of the 3d art. it might in like 
manner be demonftrated, that — 4 multiplied into + 3 produces — 12: 
but I fhall here demonftrate it another way, thus: multiply the terms 
of this arithmetical progreffion 4,0,—4, into + 3, and the products 
will be in arithmetical progreffion, as above ; but the two firft products 
are 12 and o; therefore the third will be — 12 ; therefore — 4 multi- 
plied into 4-3, produces — 12. 

Cafe 3d. To prove that +- 4 multiplied into — 3 produces — 12 ; mul- 
tiply -+ 4 into -+ 3, o, and — 3 {fuccefiively, and the produéts will be in 
arithmetical progreffion ; but the two firft products aré 12 and o, there- 
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fore the third will be — 12 ; therefore + 4 multiplied into — 3 pro- 
duces — 12. 

Cafe 4th. Laftly, to demonftrate, that —4 multiplied into — 3 pro- 
duces -+-12, multiply —4 into 3, o, and — 3 fucceflively, and the 
products will be in arithmetical progreflion; but the two. firft products 
are — 12 and o, by the fecond cafe; therefore the third product will be. 
-+ 12; therefore — 4 multiplied into— 3 produces ++ 12, . 


Caf..2d. +4; 0, —4 Caf. 3d, +-4, +4, +4 
“+ 3; 35 cme “35 Ops 3 é 
+12, 0, —I2. -H I2, O, —I2. 


Caf. 4th, —4,—4, —4 
aay oO 3 
—I12, O, +12. 


Thefe 4 cafes may be alfo more briefly demonftrated thus: -+ 4 mul- 
tiplied into -+ 3 produces +- 12 ; therefore — 4 into + 3, or -+ 4 inte 
— 3 ought to produce fomething contrary to +- 12, that is, —-12: but 
if -—4 multiplied into + 3 produces — 12, then — 4 multiplied into 
— 3 ought to produce fomething contrary to — 12, that is, +12; fo 
that this laft cafe, fo very formidable to young beginners, appears at laft 
to amount to no more than a common principle in Grammar, to wit, 
that two negatives make an affirmative; which is undoubtedly true in 
Grammar, though perhaps it may not always be obferved in languages, 


Of the multiplication of finple algebraic quantities. 


6. ‘Thefe things premifed, the multiplication of fimple algebraic quan- 
tities is performed, firft by multiplying the numeral coefficients together, 
and then putting down, after the produdt, all the letters in both factors, 
the fign (when occafion requires) being prefixed as above directed. Thus 
4.6 multiplied into 3 æ produces 12 aà. 

Though this kind of language (for it is no more) like all others, be 
purely arbitrary, yet that a more rational one could not have been in- 
vented for this purpofe, will appear by the following confideration. If 
any quantity, as 4, ista be multiplied by any number, as 2, 3, or 4, 
the product cannot be better reprefented than by 2 4, 36, 46, &c¢; there- 
fore if ò is to be multiplied by a, the product ought to be called a: 
but if 4 multiplied into æ produces 24, then 44 multiplied into a ought 
ta produce 4 times as much, that is, 4@4; laftly, if 44 multiplied into 
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a produces 44b, then 44 multiplied into 3 4 ought to produce 3 times 
as much, that is, 12 ad, 

Hence it is, that whenever in Algebra two or more letters are found 
together, as they ftand in a word without any thing between them, they 
fignife the produ arifing from a continual Aiei Mes of the quan- 
tities reprefented by them: thus a4 fignifies the product of a and 6 mul- 
tiplied together ; and adc fignifies the product of the quantity 25 multi- 
plied into c: thus aa fignifies the product of a multiplied into itfelf, or 
the fquare of a, and net 2@; and therefore whoever fhews himfelf un- 
able to diftinguifh betwixt 24 and aa, difcovers as great a weaknefs as 
one that is not able to diftinguifh betwixt 2 dozen anda dozen dozen or 
12 times 12. 

It is a matter of no great confequence in what order the letters are 
placed in a product ; for ab and ba differ no more from one another 
than 3 times 4, and 4 times 3: and yet it is convenient that a method be 
obferved, left like quantities be fometimes taken for unlike; therefore 
the beft way will be, to give thofe letters the precedency in a produ¢t, 
that have it in the alphabet; except when an unknown quantity is mul- 
tiplied by fome known one, and then it is ufual to place the known 
quantity before it. 

Note. For the fignification of this mark, x fee introduct. at the clofe 
of the 7th article. Note alfo, that this mark = is a mark of equality, 
fhewing that the quantities between which it ftands, are equal to each o- 
ther, and muft be read as the fenfe requires: thus 2x6==3x4==12 
may be read thus; 2x6 equals 3x4 equal te 12: or thus; 2x6 is ©- 
qual to 3x4, which is equal to 12. 


Examples of fimple algebraic multiplication. 


itt, 4abx 5a=20aab, ad, — sabx6be=— 30abbc. 
3d, 6acx—7bd=—42abed. 4th, —7ax—b=+-7ab, 
oth, NRYxS= 34 we: 6th, —x x—x = -Hx x. 


7th, —5abx+-3==—1 544, 8th, 2axtb==fab. 


DiftinEtions to be obferved betwixt addition and 
multiplication. 


That the young algebrift may not confound the operations of addition 
and multiplication, as is frequently done; I fhall here fet down fome 
marks of diftinction, which he ought to attend to: 
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As jirft, a added to a makes 24, but æ multiplied into a makes za, 

2dly, a added to o makes a, but a multiplied into o makes v. 

» 3dly, a added to —a makes o, but a multiplied into —¢ makes —aa, 

4th, —a added to —a makes —2a, but —a multiplied into —g 
makes + aa. 

sthly, a added to 1 makes a+- 1, but a multiplied into 1 makes a. 

6th, 2a added to —36 makes 2a—34, but 2a multiplied into 
~— 36 makes —6 ab. 

For a further confirmation of the learner, I have added, by way of 
exercife in his algebraic language, the following equations; which I de- 
fire he would compute after me. Suppofe a=7, and b= 3: then we 
fhall have rt, a+b==10. 2dly, a—b=4. 3dly, 4¢+56=43.. 
4thly, 4a—5b==13. sthly, sa=49. 6thly, 2421. 7thly, db=9, 
Sthly, aaa=343. gthly, aab= 147. 1othly, abb=63.  11thly, 
bbb==27. 1athly, aa-+20b+bb=49-+42-+-9=100. 13thly, aa 
—2ab-+-bb=49—42-+-9=16. 14thly, aaa+-30a4ab+-3266-+4-b66 
= 343-+441-+189-+-27= 1000. r5thly, zaa—3zaab-+-3abb—bbb 
= 343441 + 189—27= 04. 


Of powers and their indexes. 


7, Whenever in multiplication a letter is to be repeated oftener than 
once, it is ufual by way of compendium, to write down the letter with 
a fmall figure after it, fhewing how often that letter is to be repeated : 
thus inftead of xx we write x*, inftead of xxx we write x3, inftead 
of xxxx we write xt, Gc. Thefe products are called powers of x ; the 
figures reprefenting the number of repetitions, are called the indexes of 
thofe powers; and the quantity x from whence all thefe powers arife, 
is called the root of thefe powers, or the firft power of x; x* is called the 
fecond power of x, x* the third power, x* the fourth power, @c. Vieta, 
Oughtred, and fome other analy{ts, inftead of {mall letters ufed capitals, 
and inftead of numeral indexes, diflinguifhed thefe powers by names : thus 
Vieta in particular, called x*, X quare; x, X cube; x*, X fquare-/quare ; 
x°, X quare-cube , x$, X cube-cube ; x’, X fquare-/quare-cube, &c: which 
names Oughtred contracted, and wrote them thus; Xq, Xc, X99, Xqc, 
Xec, Xqqc, Sc. but now thefe names are pretty much out of ufe, ex- 
cept the two firft, when applied to a line fquared or cubed. 

If we fuppofe x==5, we fhall: have 2x==10, x*==25, 3x=15, 
Maite, Ax asso, sabe 5 oe. 

The multiplication of thefe powers is eafy: thus x*xx*==.x5, becaufe 
NOKNK X= KKK: whence it may be obferved, that the addition of 
indexes will always anfwer to the multiplication of powers, provided they 
be powers of the fame quantity; for as2--3== 5, fo wxx =x, Ge: 

but 
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but if they be powers of different quantities, their indexes muft not be 
added ; thus exx =æ x, and a*x?xatxs=-a*x*, And here it muft be 
obferved, that if a number be found between two letters, it muft always 
be referred to the former letter: thus a*x* does not fignifie ax 2x, but 
XX, i 


The multiplication of furds. 


8. This mark y fignifies the {quare root of the number to which 
it is prefixed, and is generally prefixed to numbers whofe fquare root 
cannot be otherwife exprefied, either by whole numbers or fractions : 
thus ,/2 fignifies the {quare root of 2; ./a@ the fquare root of a, &e. 
Thefe roots are commonly called furd roots, or irrational roots, becaufe 
their proportion to unity cannot be expreffed in numbers, 

Whenever two furd numbers are to be multiplied together, the fhort- 
eft way will be, to multiply the numbers themfelves one into the other 
without any regard to the radical fign, and then to prefix the radical fign 
to the produc. Thus if ,/a is to be multiplied into ./d, the product 
will be yab; which I thus demonftrate: let /a==x, and ./d=y; 
then will x*==a, and =b, and x*y*==a4, and xy= yab; butxy, or 
xxy==/ax/b by the fuppofition; therefore, Yax /b=,/ab. Thus 
SM 2% f/ 3/6. 

Thefe multiplications are of confiderable ufe not only in matters of {pe- 
culation, but alfo in practice: for fuppofe I had occafion to multiply the 
{quare root of 2 into the fquare root of 3, if I had not this rule, I muĝ. 
firft extract the root of 2, to what degree of exactnefs I think proper 
for my purpofe ; then again I muft extract the root of 3 to the fame de- 
gree of exactnefs ; and laftly I muft multiply thefe two roots together, 
before I can obtain the number wanted: but after it is known that 
/2%/3=/6, the whole operation will then be reduced to the ex- 
traction of the root of 6 only: nay it fometimes happens, that two roots, 
though both irrational, fhall have a rational product: thus ./2* /8 
=./16=4, and /alx faltmYf/abemadbe. 


Of the multiplication of compound algebraic quantities. 


g. The multiplication of compound algebraic quantities is performed, 
firft by multiplying the multiplicand into every particular member of 
the multiplicator, and then reducing the whole product into the leaft 
compafs poflible. 

As for example; let it be required to multiply this compound quan- 
tity 6x——74a—84 into this compound quantity 2x—3a-+4-44 a here 

avins 
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having put down the multiplicand, and the multiplicator under it, and be- 
ginning at the left hand, (for it is all one which way the operation is 
carried on,) I multiply the whole multiplicand into 2x, the firt mem- 
ber of my multiplicator, and the produét is 12 xx —~14ax—164x, which 
I put down: then I multiply the multiplicand into —3 4, the next mem- 
ber of the multiplicator, and the product is —18ax+4-21 da+24ab; 
whereof the firft member — 18 ax, I place under — 144x before found, 
being of the fame denomination, for the conveniency of adding; the reft, 
to wit, --21¢a-+-24a)4, I place in the firft line: this done, I now mul- 
tiply by 4.4, the laft member of the multiplicator, and the product is 
246x—28ab—3265; whereof I place 244x under —164x, and 
— 28a% under 4-24.24, and the laft member — 32441 place in the firft 
Jine, as having no quantity of the fame denomination to join with it; laft- 
ly I reduce the whole product into the leaft compafs poffible ; and it 
- ftands thus: 12xx—32ax+4+8bx-+4+21aa—4ab—32bb, See the 
work: 


6x —7a — 8% 
2x —34a +46 


12x% — 14ax— 16 bx-+21aa--240b— 3255 
— 18 ax -24bx — 284% 


Sum I2xx —-32ax +8bx-+-21aa —4ab—32 bb. 
Example 2d, 
BX-+4a — 5b 
3x—4a +5% 


9xx  12ax—15bK— 162a-4--20ab—25 bb 
— 124% 415b% +2046 


Gkr * —16aa-+--40ab— 2554. 
Example 3d. 
6xx—7ax--8 aa 
2XX—— JAK Aaa 


I2Xt ——T4 aX 16 a*x*—24 aK 32.04 
— 18 ax3-21a'*x*—28 ax 
mh 240° x 
12 Kim 32 GX abe GI OX? mem 52 BX fe 32 at, 


Example 
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Example 4th, Example sth, 
a+s a+b 
a—b a+b 
aa +ab—bb aa-+-ab+-bb 
—ab +ab 
aa eee bb, aa--2abt-dbb, 


Example 6th. 


a—b 
a—b 


aa—ab+pbb 


—ab 


da—2ab+-bb, 


N. B. A dafh over two or more quantities, fignifies that all thofe 
quantities are to be taken into one conception, or to be confidered as 


making up but one compound quantity ; thus æ --dxc—d does not figni- 
fy that which arifes from multiplying 4xc, and then adding a—d to 
the product, as it might be miftaken without the dafh; but it fignifies 


the product of the whole quantity 4-2 multiplied into the whole quan- 


tity c—d, 
The proof of compound multiplication. 


10. In the third example we multiplied öxx— zax p baa into 


2xx—3a4ax-+4ag, and the product amounted to I2Xt—— 324x 
61a*x*— 52@ x4- 32at*:; letus try this in numbers, and fee how it wilf 
anfwer. In order to which, we may fuppofe aand x equal to any two 
numbers whatever, but the fimpleft way of tryal will be to make g e- 
qual 1, and x= 1; and then we fhall have in the multiplicand 6 xx= 6, 
—7ax=—7, and +8aa—=-+8, and 6—7+8=7; therefore the 
multiplicand is 7 : again, in the multiplicator we have 2 xx= 2, —3zax 
=—}3, +4aa=-+4, and 2—3-+-4==3; therefore the multiplicator 
is 3: and 7 the multiplicand, multiplied into 3 the multiplicator, gives 

21 
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21 for the produét. Let us now examine the feveral parts of the produ&, 
as they are here reprefented in letters, and fee whether they will amount 
to that number: 12xt=12, —32ax'=—32, +612*x*=+61, 
— 520K =— 52, +320'== 4-32; and 12—32-4+61——52-+4-32 a- 
mount to juft 21. This may ferve as a proof to the work, though not 
a neceflary one; for it is not impoffible but there may be a confiftency 
this way, and yet the work be falfe; but this will rarely happen, unlefs 
it be defigned. But the work may ftill be confirmed by making a= 1, 
and x ==—1; for then the multiplicand will be 64-7-+8==21; and 
the multiplicator 2-+-3-4-4==9; and the product 12--32-+-61-4+ 52 
-+32 = 189, which is the fame with the product of 21 the multiplicand, 
multiplied into g the multiplicator. 


How general theorems may be obtained by multipli- 
cation in Algebra. 


11. From thefe algebraic multiplications are derived and demon- 
{trated many very ufeful theorems inall the parts of Mathematics ; where- 
of I {hall juft give the learner a tafte, and then proceed to another fubject. 

In the fourth example of compound multiplication we found, that 
a+4 multiplied into z—é produced aa—4d; whence I infer, that 
The fum and difference of any two numbers multiplied together will give the 
difference of their fquares, and vice versd: for aand b will reprefent any 
two-numbers at pleafure; a-b their fum, a—dé their difference, and 
aa— bb the difference of their fquares: thus if we aflume any two num- 
bers whatever, fuppofe 7 and 3, the difference of their {quares is 49 —9, 
or 40; and 1o their fum, multiplied into 4 their difference, makes al- 
fo 40. 

But here I am to give notice once for all, that inftances in numbers 
ferve well enough to illuftrate a general theorem, but they muft not by 
any means be looked upon as a proof of it; becaufe a propofition may 
be true in fome particular cafes inftanced in, and yet fail in others; but 
whenever a propofition is found to be true iz /peciebus, that is, in letters 
or fymbols, it is a fufficient demonftration of it, becaufe thefe are uni- 
verfal reprefentations, 5 

In the 5th example it was fhewn, that 24-4 multiplied into itfelf pro- 
duced aa-+--2ab+-6b; whence I infer, that Jf a number be refolved into 
any two parts whatever, the fquare of the whole will be equal to the fquare . 
of each part, and the double rectangle, or product of the multiplication of 
thofe parts, added together : thus if the number ro be refolved into 7 and 
33 100 the fquare of 10, the whole, will be equal to 49 the fquare of 7, 

ma and 
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and g the fquare ‘of 3, and 42 the double product of 7 and 3 multi- 
plied together: for 49-+g-++42= 100. ` 

In the 6th example we found, that a—J multiplied into itfelf, pro- 
duced gza—2ab+-6b; whence I infer, that If from the fum of the /quares 
of any two numbers, be fubtratted the double product of thofe numbers, there 
will remain the fquare of their difference: for aa+-6b is the fum of the 
{quares of a and 4, and 2a is their double produét, and aa—- 2 ab -+44 
was found to be the fquare of a—d, that is, the fquare of the diffe- 
rence of a and 4: thus inthe numbers 7 and 3, the fquare of 7 is 49, 
the {quare of 3 isọ, and the fum of their fquares is 58; and if from this 
be fubtraéted the double product 42, the remainder will be 16, the {quare 
of 4, that 4s, the fquare of the difference of the numbers 7 and 3. 

‘Thefe two laft theorems are in fubftance the fourth and feventh pro- 
politions of the fecond ‘book of Euclid. 


How to expres the three fides of a right-angled triangle 


in rational numbers. 


12, From thefe two laft theorems may be folveda problem of no fimall 
eftimation among Algebrifts ; which is, to find three numbers, that {hall 
reprefent the three fides of a right-angled triangle; or rather, to find as 
many fets as we pleafe of fuch numbers; that is, in other words, To find 
three numbers of fuch a nature, that the fum of the fquares of two of 
them may be equal to the Jquare of the third. Now it is plain that 
thefe three numbers aa—2ab+64, and 4a4, and aa+2ab+-b4 are 
fuch, that the two firft added together, are equal to the third: it is cer- 
tain alfo, that of thefe three numbers, the two extremes are fquare num- 
bers, that is, are fuch as will admit of an exact fquare root; for aa— 
2ab-+-bb, is the {quare of a—b; and aa4+22b+-b) is the fquare of 
a--b; therefore, if the middle number 44) was a {quare number like 
the reft, we fhould have 3 {quare numbers, whereof the two firft added 
together would be equal to the third; and confequently, the roots of 
thefe three {quares, would be three numbers that would anfwer the con- 
dition of the problem. But the middle number 424 will be a fquare, 
if a and $ 'be fquare numbers: for if we fuppofe a=rr, and b=s5, we 
{hall have 4a@b==4rrss, which is a {quare number whofe root is 2rs: 
but the root of the firft {quare aza—2ab+-bb, was a—b, which in this 
cafe isrr—ss; and the root of the third fquare, aa- 2ab-}bb was 
a+b, which is rr--ss; therefore thefe three numbers, rr—ss, 27$ 
and 7*-+-s* are fuch, that the {quare of the firft added to the fquare of 
the fecond will make the fquare of the third ; and this will be the cafe, 
“eke: I what- 
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whatever numbers 7 and s are made to ftand for. But rr—ss is the dif- 
ference of the fquares of r and s, and 27s is the double product of their 
multiplication, and laftly rr+-ss is the fum of the fquares of r and s, 
Since then weare at liberty to aflume what numbers we pleafe for r and s, 
the problem will receive the following folution: Take any two numbers 
at pleafure, and ‘from thefe two numbers thus taken, derive three others 
thus : take the difference of their fquares, the double product of their multi- 
plication, and the Jum of their quares, and the three numbers thus found will 
anfwer the condition of the problem. As for example, let the numbers 
taken be 2 and 1: now the difference of the fquares of thefe numbers is 

—1==3; the double product of their multiplication is 2x2x1==4; 
and the fum of their fquares is 4-4- 1 = 5 ; therefore the numbers 3, 4 
and 5 are fuch as will anfwer the condition propofed: and fo we find 
them; for 3x3-+-4x4==5%5, that is, 9-4-1625. Again, let the 
numbers affumed be 3 and 2; and the difference of their fquares will be 
9—4==5, their double product 2x 3x2==12, and the fum of their 
fquares g--4==13; therefore 5, 12 and 13 is another fet of numbers 
that will anfwer the condition of the problem: for 5x 5-+-12x12=13 
x13, that is, 25 -4 144= 169. Laftly, let 4 and 1 be the numbers aflum- 
ed; and the difference of their fquares will be 16——1==15, their dou- 
ble produ& 2x4x1==8, and the fum of their fquares 164-117; 
therefore 8, 15 and 17, willalfo anfwer the condition of the problem: 
for 8x8—-15x15==17x17, that is, 644225 =289. 


Of the divifion of fimple algebraic quantities. 


13. The divifion of fimple algebraic quantities, where it is poffible 
in integral terms, is performed, firft by dividing the numeral coefficient 
of the dividend by the numeral coefficient of the divifor, and then putting 
down after the quotient, all the letters in the dividend, that are not in 
the divifor; the fign of the quotient in divifion being determined by thofe 
of the divifor and dividend, juft in the fame manner as the fign of the 
product in multiplication is determined by thofe of the multiplicator and 
multiplicand ; that is, if the figns of the divifor and dividend be both a- 
like, whether they be both affirmative, or both negative, the quotient 
will be affirmative, otherwife it will be negative: thus if the quantity 
— 124b is divided by — 3a, the quotient will be 4-44; which I thus 
demonftrate: In all divifion whatever, the quotient ought to be fuch 
a quantity, as being multiplied by the divifor, will make the divi- 
dend ; therefore, to enquire for the quotient in our cafe, is nothing elfe, 
but to enquire what number, or quantity, multiplied into — 3 4, the di- 

vifor, 


-3 
); 
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vifor, will produce — 124%, the dividend. Firft then I afk, what fign 
multiplied into —, the fign of the divifor, will give — the fign of the 
dividend, and the anfwer is +; therefore -+ is the fign of the quotient : 
in the next place I enquire, what number multiplied into 3, the coeffi- 
cient of the divifor, will give 12, the coefficient of the dividend, and 
the anfwer is 4; therefore 4 is the coefficient of the quotient: laftly 
I enquire, what letter multiplied into a, the letter of the divifor, will pro- 
duce ab, the denominator, or literal part of the dividend, and the anfwer | 
is 6; therefore 4 is the letter of the quotient: and thus at laft we have 

the whole quotient, which is 4-44. And this way of reafoning will carry 

the learner through all the other cafes. 


Examples of fimple divifion in Algebra. 


Example 1ft, 4ab) 24abbc ( 6bc. 
ad +7) —350b (—sab. 
3d, —x ) —3xx (43%, 
4th, —gab) +7226 (—8. 
5th, —4a3) —6od (+ 154°. 
6th, 4%) box (+ 15x’. 
gth, + 4a'x*) —bo dx ( —1 50w. : : | 
8th, 4) żab (ia, 
oth, $) $% ($4 


; 


Of the notation of algebraic fractions. 


Whenever a divifion according to the foregoing method is found im- 
poflible, the quotient cannot be otherwife expreffed than by a fraction, | 
whofe numerator is the dividend, and denominator the divifor ; fee the 
introdu&tion, art. 13. As if it was required to divide a by 4, whtich di- | 
vifion is impoffible according to the foregoing rule, the quotient muft be | 


exprefied by this fra&tion oc which is ufually read thus a by 4, that Is, | 


a divided by 4, or the quotient of a divided by 4: for in Algebra the 
word dy, is generally fpeaking, appropriated to divifion, as the word into 
is to multiplication. 
If the numerator, or denominator, or both, be compound quantities, 
a+b a a+b 


the refpective fractions muft be written thus ; 


c > bte c—d 
If a divifion be partly pofiible according to the foregoing rules, and 
partly impoflible, it muft be purfued as far as it is poffible, and the reft 
l muft 
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muft be’ repreiented by a fraction, as in common divifion: thus if ad+- 


$d-t-c was to be divided by d, the quotient. would be at b+—. 


Of the divifion of compound algebraic quantities. 


r4. The divifion of compound algebraic quantities is performed, firft, 
by ranging the feveral members both of the divifor and dividend accord- 
ing to the dimenfions of fome letter common to them both, and then pro- 
ceeding as in common arithmetick. s 

MW Dr mA — is faid to be difpofed according to the dimenfions 
of any letter in it, when the higheft power of that letter is placed firft, 
and the next in order, and fò on, as in the following example; where 
both the divifor and dividend are ranged according to the dimenfions of 
the letter x. 

Of this compound divifion, take the following example: let it be re- 
quired to divide this quantity 48 x3—76ax*—64a°x-+4-105a' by this 
quantity 2x—3a. Here, as my divifor confifts of two members, I take 
the two firft members of the dividend for a firft dividual ; then I divide 
the firft member of the dividual by the firt member of the divifor,. to 
wit, 48x? by 2x, and the quotient is 24x, which I put down in the 
quotient: this done, I multiply the divifor 2x—3a by the quotient 
24x, and the product is 48 x3——72ax*, which I place under my firft 
dividual 48 x}—76ax*, and then fubtracting the former from the latter, 
I find the remainder to be —4ax*; to this remainder I bring down the 
next place of my dividend, which is —64a*x, and fo have a fecond di- 
vidual to wit, -—4ax*—-644'x : here again I divide the firft member 
of this dividual, by the firt member of the divifor, viz. —4ax* by 2x, 
and the quotient is —2ax, which I put down im the quotient; then 
multiplying the divifor 2x— 34, by this laft quotient — 2a x, the pro- 
du& is —44a x-6 ax, which being fubtracted. from the fecond divi- 
dual —4ax*—64a*x leaves —70a’x. for a remainder ; to this remain- 
der I bring down ~+- 105 the taft place in the dividend, and fo. have a 
third dividual —7oa*x-+- 1054 ;, the firt member whereof divided by 
the firft member of the divifor, quotes — 3 54a, which being put down in 
the quotient, and the divifor multiplied by it, the product is—7oa*x 
-+ 1052, which being fubtracted. from the laft dividual leaves no. re- 
mainder ; fo that the whole quotient at laft amounts. to. 24«x—2ax 
»—3 54a. See the work: 


Example 
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Example 1ft. 


xaa ) 48x3—76 ax — 640 X+4- 1054 (24X m2 AK mm 354° 


48 x? —72 ax* | 
* —44x°—64a0'x 
—4ax* + 64'x 
— 


| 
# — 700X A 105a 
—708X+- 105a 

| 


* * 
Example 2d. | 


4X—— 52) 488 —76ax°——64ax+ 1054 ( 12X—44ax——2146 | 
48 x3-—60ax* 


* —16ax'—64 0x | 
— 16ax*+-20a°* 


* —84a'x-+ ioga 
—84ax-+ 1054" 


* * 


Example 3d. 


6x-+74) 48x'—76ax* —b4a*x-+- iog (8x*—220x-+ 150" 
48- 56a x* j 


* — 1324x —64a°x 
— 1328X’ I 4K 


¥ +H g0a*x-- roga 
-+ 900x410 5.43 


* * 
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Example 4th, 
gx’ =A X-i- 5 ) 18x4 6x3 H 822—6740 ( 6x" mmy x t 8 
18 xt+-— 24.43 -H 30 x* 


# S21 52x*—67x 
— 210+ 23x°— 35% 
* -24% —32x-} 40 
+24% — 32 %40 
* * * 


This, as I take it, is the moft intelligible way of working thefe divi- 
fions, as being the neareft of kin to common divifion ; but it may be 
fomewhat contracted, as will eafily be feen by working the foregoing 
examples over again thus: 


Example rit, 
Zim 30) 48x —— 76a — 640K 105d ( 24K —2aK—m 3500 
48 8 — 72 ax" 
* è  —4a x 
—4ax* -+6a'x 
— 7o a% 
— 7o x4 roga 


% *% 


Example 2d. 


4%= 5a) 48 xmm 760K mm 64 aX OG È 12 8am A A X 21 a 


48 x3 — boa x? 
* — bax 
— 64X’ -f 200% 
* —84a°% 
—84a*x-+- 1054! 
* * 


Example 
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Example 3d. 
6x-+-7a) 48%3—76ax—64a'x-+ 105a (8x'—22aK-+ iaa 
48 -+ 56.4 x* 
Rm 132ax° 
— 1324% 154 ax 


* -H 90a°x 
+ gorx- roga? 


* * 
Example 4th, 


BX max 5) 18xt—4sxit82xr—67x-+40 (6x°—7x +48 
18 xt —— 24 x3 -+ 30 x* 
me T E a 52 x 
—21 xX -+ 28 x — 35x 


*+ 24x — 32% 


q +24% — 32% -F 40 


This fort of divifion may be proved the fame way as in common di- 
vifion, to wit, by multiplying the divifor into the quotient, or the quo- 
tient into the divifor, and adding the remainder, if there be any; for 
then, if the product, or fum, be equal to the dividend, the divifion is 
right, otherwife not: thus if inftead of dividing 48 x3 — 76 ax*— 64a*x 
-+ 1054 by 2 x— 3a as inthe firft example, we divide 48 x: — 76a x* 
—64a*x-+ 1104? by 2x— 3a, the quotient will be the fame as before, 
to wit, 24.x7—2ax—35a*, but then there will be a remainder of 
5 æ ; therefore e conver/o, if the quotient 24 x*—~2 a x — 35 a be mul- 
tiplied into the divifor 2 x—3 a, the product together with the remain- 
der 5a? will make the dividend 48 x? —76 a x? — 64a x-+- 11043, See 
the proof: 


24 
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24. XM — 2 4 X — 35 a" 7 
2x% — 3a 
48 x3 — 4ax*—70 ax -H 105@° 
—72ax* +6a'*x 
48 x3 — 76ax* — 64 a°x-+4-105 a! 
Hya 


48 x3 — 76ax* — b4 a°x + 110 æ, 


If, when the divifor and dividend are placed according to the dimenfi- 
ons of fome common letter, there be any places wanting, thefe may be 
fupplied by ftars: as if it was required to divide 16 x+—72 a*x*-+4 81 at 
by 2 x— 3a; there are wanting two places in the dividend, to wit, the 
places where the third and fimple powers of x are concerned: thefe there- 
fore being fupplied, the dividend will ftand thus; 16 x+ x —72 ax? % 
+ 81 a+, See the work: s 


2x—3a) 16x æ —72@ x? + 8ra (8x34-120x*— 1 baxmaya 
1 6 xt —2 44x 


* 244x 
-H2 4a xmb x* 


* —36a*x* 
—3 6 s + 540x 


x — 540% 
— 54a'x-+-8 14t 
* * 


For another example of this kind, let it be required to divide 81 x 
— 256 at by 3x +44, and the work will ftand thus: 


3X-4+-4a) 81 xt * em 256 A270 — 3 b6ax ab 48a'n—64a 
81 xt+--108ax? 


* —r108ax} 


—1084xi—1440°x* 
* igya 
mj 14486x 102E 
# — 1928% 
—192a'xX—2 50 a* 


* ¥* 
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As divifion in decimal fraétions may be often, by the help of cyphers, 
continued at pleafure, fo likewife may divifion in Algebra by the help of 
ftars: as if 1 was to be divided by 1-+x, the quotient would be 1x 
Hx xt xs Fe ad infinitum: but if 1 be divided by 1 —x, the 
quotient will be 1- x- -Hx xt x5 Ge ad infinitum. See the 
work : 


Ibe) roe OR (Lee ate ate Se, 
I+x 


I—x) Io o* * * * # (1X EEE eS Ce, 


i errs T 


* -+x 
“+ xax? 


x? 
bx xt 


*+x 
-Hx 


*-+x* 
epy taS 


aema 


e+, 


Quotients arifing from this fort of divifion are for the moft part {o re- 
gular, that a few terms may be fufficient to difcover the whole procefs 
or continuation, as well as 1f the work was continued ad infinitum, As 
who that fees this work, and four or five of the firft members of the quo- 
tient, can doubt of the reft ? 


K For 


4 DIVISION OF Book 1. 


_ For another example of this kind of divifion, let it be required to di- 
vide unity by the quantity 1—2x--xx, and the work will be as follows: 


I—2x-++xx" ) 1 # xo o ow k (IAN BKK AKI xt Be, 
1—2% -xx 


KAZ = e 
-H2x——4x x-2% 


* -H3 xx—2x: 
+3xx— 623-34 


* +4X3-—3x* 
+4x3—8 x4 


oe 


* ++ 5x* 
+ 5x. 


1/?, By the four ftars annexed to the dividend unity, is fhewn, that 
this divifion, though produétive of an infinite feries, is not here intended 
to be continued beyond the fourth power of x. 

2dly, By the regularity of the quotient 1 -2x + 3xx%-+ 4x -+ 5 x*, 
none can doubt but that the next fubfequent terms will be +- 6x‘ -+ 7x6 
+8x7 &e ad infinitum. 

3dly, When quotients are thus regular, the very remainders will be fo 
too: thus in the prefent cafe, the remainders are 2~—1x*, 3x*— 2%, 
4xi—3jxt, sxt—4xs; but of this laft remainder, the latter part —4.° 
is dropped, as being out of the compafs of the work ; and fo muft all o- 
ther terms be that are fo, whether it be in multiplication, divifion, ex- 
traction of roots, or in any other operation whatever. 

Let us now try the foregoing divifion by multiplication ; that is, let 
the quotient 1-+2*-+-3x*-+ 4x°-+ 5x+ be multiplied by the divifor 
yı —2x-}xx, and let us fee whether the product will be 1 + * * * ; 
for as the quotient is not true to above five places, it muft not be ex- 
pected that the product fhould be true to more, See the work, where 
the multiplication is carried on from left to right ; 


ce 3-H- 5xt 
I——2x +x? 


ION 30° -+-400-4- gxt 
m—2 4—4 x’ mb x mm8 4 
-HxH 2x3-+ 3x4 


I %* * * Æ. 


There 
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There is alfo another way of performing thefe multiplications, which I 
{hall here put down ; not fo much for any extraordinary ufe it has in thefe 
cafes, as that it may {ferve very well to explain Mr. Oxghtred’s rule for 
contracting multiplication, which fee in his C/avis, chap. 4. 

Here then the multiplicator muft be inverted, wherein the place of 
units muft be put under that power of the multiplicand which is intended 
to be the laft in the product; that is, in the prefent cafe, 1 muft be pla- 
ced under 5 x*, thus: 


I 2x 3x7 4x 5x 
Mmm 2x + I. 


Having thus put down the multiplicand and multiplicator, every term 
of the multiplicator muft begin to multiply that term of the multipli- 
cand which is next above it, and then muft proceed to multiply all the 
other terms towards the left hand: thus 1 muft multiply 5 x+- 4.x: 
+3x*-+2*-+1; but the next term ofthe multiplicator, to wit, — 2 x 
muft multiply only 4 x? -+- 3 x*-+2 x- 1 ; and the laft term of the mul- 
tiplicator, to wit, xx, muft multiply only 3x x-}2x=}1, as may be 
feen by the work, which follows : . 


Tp 2K 3 eX He Xt 
Xm 2K fe I 


i ee ee i HeH at 
— 2X4 6 IB Xt 


X* af 2X3 fe 3 xt 


I Æ * * K . 


N. B. In the application of this example to Oughtred’s rule, x muft be 


I 
made equal to 4, x x to apr Ge 


I could not well fay lefs than I have done concerning divifion, to give 
the young Algebrift a tolerable notion of that operation; but to fay more, 
and to enter into a detail of all the particular cafes that may happen in 
literal divifion, would be to fill his head full of abftraéted notions, 
which he is almoft fure to forget, before ever he will come to apply 
them. It is for the fame reafon that I fhall at this time pafs by the in- 
vention of divifors, the doétrine of furds, the reduction of radicals, and 
fome other things of the fame nature, till we fhall have a more immedi- 
ate demand for them, and then I fhall produce and explain them as we 
want them, without obferving any other method, 


K 2 Of 


| 
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Of Proportion in numbers. 


15. The rule of proportion in Algebra is fo very little different from 
the rule of proportion in common arithmetick, that one example of it 
will be fufficient. Let then the following queftion be put: Jf a gives 
b, what will c give? here the fecond and third terms multiplied toge- 
ther produce 4c, and the quotient of this divided by the firft term a, can- 
not otherwife be expreffed than by the fraction ae this is evident from 
the notation of fractions explained in the 13th article, But as I have hither- 
to purpofely avoided all confideration of proportion, choofing rather to 
appeal upon all occafions, to the common idea every one has or thinks 
he has of it, than to be more particular, it may not be improper, now 
we come to reafon more clofely upon things, to enter more diftin@ly in- 
to the particular nature of proportion, fo far at leaft as it relates to num: 
bers, and {hew wherein it confifts. ; 

According to Euclid, four numbers are faid to be proportionable, that 
is, the firft number is faid to have the fame proportion to the fecond, that 
the third hath to the fourth; or the firft is fid to be to the fecond; as the 
the third is to the fourth, when the firft number is the fame multiple, 
part or parts, of the fecond, that the third is of the fourth: but it will 
be afked perhaps; How can we know, what parts, part, or multiple, a- 
ny one number is of another? To which I anfwer bya fraction, whofe 
numerator is the former number, and denominator the latter: thus the 
fraction 2 exprefily fhews, that the numerator 2 is two third parts of the 
denominator 3; for this is certain, that 1 is: part of 3, and therefore 2 
muft be ¢ of it: for the fame reafon the fraction ¥ fhews that the num- 
ber 12 is 2 or tof the number 8; and laftly, the fraction = fhews, that 
the number 12 is 4 of, or 3 times the number 4, and confequently, that 
12 isa multiple of 4, as containing it juft 3 times without any remain- 
der: therefore to any one who underftands fractions, Ewclid’s definition 
of proportion may be more diftin@tly exprefled thus: Four numbers are 
faid to be proportionable, when a fraction whofe numerator is the firf number, 
and denominator the fecond, is equal to a fraction whofe numerator ts the third 
number and denominator. the fourth, Thus 2 is to 3 as 4 is to 6, becaufe 
is equal to ¢; thus 12 is to 8 as 15 is to 10, becaufe ¥ equals is, both 
being reducible to 3; thus 2 is to 6 as 4 is to 12, becaufe equals 4, for 
each is equal to!; laftly, 6 isto 2 as 12 is to 4, becaufe f= Y= 3. 

From this idea of proportionality may be demonftrated a very ufeful theo- 
rem in Algebra; which is, that Whenever four numbers are proportionable, 


the * 
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the produ of the extreme terms multiplied together will be equal to the pro- 
duét of the two middle terms fo multiplied: for let a, b, c and d, be four 
proportionable numbers in their order ; that is, let æ be to asc isto d; I 
fay then that ad the product of the extremes will be equal to dc the 
product of the two middle terms: for fince æ is to 4 as ¢ is to d, it fol- 


lows from what has already been laid down, that the fraction 5 is equal to 


a 


the fraction = multiply both the terms of the fraction Z into d, and 


d 3 
both thofe of the fraction 5 into 6, (which multiplications may be made 
without altering the values of the fra¢tions,) and then you will have 
a 
See that is, the quotient of ad divided by dd, is equal to the 
quotient of bc divided by 4d; therefore ad muft be equal to dc, that is, 
the produét of the extremes muft be equal to the product of the middle 
terms. 9, 2. D. 

The converfe of this propofition is alfo true, to wit, that Whenever we 
have an equation in numbers, wherein the product of two numbers on one fide 
is found equal to the product of two numbers on the other, fuch an equa- 
tion may be refolved into four proportionals, by making the two numbers on either 
Jide, the extremes, and thoje on the other fide, the middle terms: thus if 
ad= bc; by making aand d the extremes, and 4 and ¢ the middle terms, 
we fhall have a to 4 as c to d: if this be denied, let æ be to 4 as c is to 
e; then we fhall have ae = bc by the laft; but ad= dc by the fup- 
pofition ; therefore ae = ad; therefore e equals d, and a.is to as ¢ is to æ. 
RED: 


Cento rt sy Y 
Whence if 2, $ and c, be continual proportionals, that is, if æ is to 


bash isto c, we fhall have & =ac : and e converfo, if & == ac, then 
a, b and c will be continual proportionals, 


The common properties of proportionality in numbers 


demonftrated. 


16. From what has been delivered in the laft article, may be demon- 
{trated all or moft of the common properties of proportionable numbers 
with a great deal of eafe, fome of the moft ufeful whereof I fhall here 

throw 
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throw together into one fingle article, for the reader to perufe, either at 
prefent, or hereafter, as he fhall fee occafion. 

Firft then, from what has been faid, may the rule of three, which con- 
fifts in finding a fourth proportional, be moft diftinétly demonftrated : 
for let a, 6 and ¢ be three numbers ‘given, in order to find d, a fourth 
proportional; then fince a is to 4 as ¢ is to d, you will have ad the pro- 
dué of the extremes, equal to 4c the product of the middle terms ; di- 


vide both fides of the equation by a, and you will have d= a which 


is as much as to fay, that if three numbers be given, a fourth proportio- 
nal may be obtained by multiplying the fecond and third numbers toge- 
ther, and dividing the product by the firft. 

In the rule of three inverfe, let the numbers when difpofed according 
to form be a, ġ and c; then whofoever attentively confiders the nature 
of that rule, will eafily fee, that the fourth number there fought for, is 
not to be a fourth proportional to the three numbers given as they are 
difpofed in the order a, 6, c, but as they ftand in the order c, 4, a, or 


a. : a 
£, a, 6, and therefore in this cafe, the fourth number will be pea 


Secondly, if two proportions be equal to a third, they muft be equal 
to one another, becaufe if two fractions be equal to a third, they muft be 
equal to one another : thus if æ is to 4 as c is to d, and ¢ is to d as e is to 
f, we fhall have a to å as e to f. 

Thirdly, if æ is to asc is to d; then 4 will be toaas d to c, which 
is called inverfe proportion: for if a is tod as c is to d, we fhall have 
ad= bc; make ġ and c the extremes, and you will have 4 to æas d toc. 

Fourthly, if a is tod as ¢ is to d; we fhall have by permutation, a to 
cas bto d: for fince a is to as c is to d, and confequently a d= bc, 
make a and d the extremes, and ¢ and 4 the middle terms, and you will 
have a to c as å to d, 


Fifthly, if ais to das ¢ is to d, and any two multiplicators what- 
ever be aflumed, as e and f; I fay then, that ea is to fb, asec to fd: 
for fince a is to bas cis to d, and fo ad= bc; multiply both fides of 
the equation by the product e f, and you will have adxef=dcxef; but 
adxef=eaxfd, and bexef==fbxec; therefore eaxfd=fbxec; 


make ea and fd extremes, and the proportion will ftand thus; ea is to 


fb as ecto fd. In like manner, mutatis mutandis, it may be demon- 
ree et a., AN E ER 
ftrated, that if æ is to b asc is to d, then h will be to 7 as = is to F 


Sixthly, if æ is to å as ¢ is tod; then æ is to J* as c* is to d*: for 
fince a is to å as cisto d, and fo ad= bc ; fquare both fides of the 
equation, 
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equation, and you will have œ d == 4*c* ; make a* and œ extremes, and 
you will have a* to 4 asc* to d*, And by taking thefe fteps backwards, 
it will alfo appear, that if a is to as ¢ is to d*; a is tod as ¢ is to 
d, and \/ais to /bas \/c is to (fd. 

Seventhly, if æ is to Å as c is to d; then by compofition (as it is cal- 
led) a+-4 is to basc-+d is to d; or a-b is toa, as¢-+d is toc: for 
fince a is to b as ¢ is to d, and confequently a d= bc; add dd to both 
fides of the equation, and you will have ad+-bd= bc-+-bd; butad+dbd 
is the product of a -+ġ multiplied into d, as is eafily feen ; and ġe- bd 
is the product of 4 multiplied into c-+-d; therefore a+-bxd=bxc+d; 
make a-+-4 and d extremes, and you will have æ -+4 to 6 as c + d tod. 
Again, fince 6c ==ad, add ac to both fides, and you will have ac -+ bc 
=ac--ad, that is, a+-bxc==axc+d; make a+b andc extremes, 
and you will have a+ 4 to a as c-+-d toc, 

Eighthly, if a is to å asc is to d; then by divifion a—4 is to b as c — d 
is to d;ora—distoaas¢—dtoe. This propofition is demonftrated. 
by fubtraction, juft in the fame manner as the laft was by addition, 

Ninthly, if to or from two numbers in any given proportion, be added 
or fubtracted other two numbers in the fame proportion, the fums or 
remainders will ftill be in the fame proportion with the numbers firft 
propofed : thus if the numbers ¢ and d be in the fame proportion with 


the numbers a and å, that is, if as æ isto 4 fo is¢ to d, and if to or 
from the former two numbers, be added or fubtracted the latter, we fhall 


have not only a +c to b+ das a to b, but alfo a—c tob—dasatob: 
for fince by the fuppofition, a is to basc is tod; it follows by permuta- 


tion, that a istocas å istod; and by compofition, that a -+c is to a as 
6-+-dto 4; and again by permutation, that a -+c is to 6--d as a is to 
b: in like manner by permutation and divifion we fhall have a—c to 


6—das ato È. 

Tenthly, if there be three numbers a, 4 and c, and other three num- 
bers d, e and f proportionable to them, and in the fame order, that is, 
if asa is tod fo dis toe, and as bistoc fo e is tof; I fay then, that 
ex aequo, the extremes will be in the fame proportion, (v7z.) that a will: 
be to ¢ as d is tof: for fince by the fuppofition, a is to as d isto e ; by 
permutation we fhall have æ to das 6 toe; and for the fame reafon,, 


fince Å isto ¢ as e is to f; we fhall have toe asc to f: fince then a is 
to 
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to das bto e, and d to easc to f; it follows from the fecond propofition, 
that a is to das ¢ to f; and by permutation, that ais to ¢ as d to f. 

Eleventhly, if there be three numbers, a, b and c, and three other 
numbers d, e and f proportionable to them, but in a contrary order, fo 
that a isto å as eto f, and $to c as dto e; I fay, that the extremes will 
{till be proportionable, to wit, that a will be to ¢ as d to f: for fince a is to 
bas eto f, we have a f= be ; moreover fince b isto c as d to e, we have 
cd= be; therefore af=cd; make a and f extremes, and you will have 
ato casd tof. 

N. B. If there be two feriefes of numbers as a, 4, c, Ge; d, e, f, Ge; 
each feries confifting of the fame number of terms; and if all the propor- 
tions between contiguous terms in one feries, be refpectively equal to all 
thofe in the other, that is, each to each, as they fland in order; as if a 
be to bas d to e, and å to case tof, Gc ; then the extreme terms of one 
feries will be proportionable to the extreme terms of the other : for the 
demonftration of the tenth propofition may be extended to as many terms 
as we pleafe; and this proportionality of the extremes, is faid to follow 
ex æquo ordinate, or barely ex equo, that is, from a refpective equality 
of all the proportions in one feries to their correfpondents in the other, 
in an orderly manner. But if every proportion in one feries, has an e- 
qual proportion to anfwer it in the other, but not in a correfpondent 
part of the feries; as if a beto 4 ase tof, and dtoc as d to e, Gc; then 
though the extremes will {till be proportionable, as will be evident by 
continuing the demonftration of this eleventh propofition ; yetnow the pro- 
portionality of the extremes is faid to follow ex equo perturbate, that is, 
from an equality of all the proportions in one feries to all thofe in the 
other, but in a diforderly manner. © 


Twelfthly, if æ is to 6 asc isto d; we fhall have a- 6 to a—é as 
£d isto c—d: for fince ais to basc is to d, we fhall have by com- 


pofition, a+ 4 to a as c-+dis toc; we fhall have alfo by divifion, 


a— b to a as c—d toc; and by inverfion, a to a—bas cto ¢—d: fince 
then we have a+b to a asc-+dto c; and a to a— b asc to c—d, 
that is, fince we have three numbers, a-+ 4, a, and a—d4, and other 
three numbers proportionable to them in the fame order, to wit, c-+-d, c, 
and c— d; it follows ex @quo, that the extremes will be proportionable, 


that is, that a -+ b will be to a—d asc+d is to c — d. 
Thirteenthly, if there be a feries of numbers, Å, /, m, n, whereof 2 is 
to/ as æ to 6, and/to wrasc to d, and m tonas e to f; I fay then 


that 
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that & the firft term, will be to z the laft, as ace the product of all 
the other antecedents to df the product of all the other confequents: 
for k is to J as a to 4, by the fuppofition ; and we fhall find that æ is to 
basace to bce by multiplying extremes.and means; therefore & is to Z 
as ace to bce; and for a like reafon / is to mas bce to bde, and m is 
to z as bde to bd}; therefore ex equo, k is ton as ace to bdf. 


Of the extrattion of the fquare roots of fimple algebraic 
quantities. 


17. The extraction of the fquare root of fimple algebraic quantities 
is fo very eafy, that it needs not to be infifted on. Thus the fquare 
root of aa is + or —a, the fquare root of gaa is + or —3a, and 
that of 4aabb is + or —2a4: this is plain from the definition of 
the {quare root; for the {quare root of any quantity, fuppofe of 4aabb, 
is that, which being multiplied into itfelf, will produce 4aabb: now 
— 2 ab multiplied into itfelf will produce 42464, as well as +244, 
and therefore one quantity is as much it’s {quare root as the other. 

When the fquare root of .a quantity cannot be extracted, it is ufual to 
fignifie it by this mark ,/: thus ,/ 2 aa fignifies the {quare root of 244; 


thus \/aa— 44 fignifies the fquare root of the whole quantity aa—4b; 


aa—4b pi T4 : 
thus Vaa— 40 fignifies a fraction whofe numerator is the fquare 


2a 
root of the whole quantity a a— 4b, and whofe denominator is 24; thus 
4ab— æ 4ab—a’, 


fignifies the {quare root of the whole fraction ae 


12a 
that is, the fquare root of both the numerator and denominator. 

When the fquare root of a quantity cannot be extracted, the quantity 
may fometimes however be refolved into two factors, whereof the one is 
a fquare, and the other is not; and whenever this is poffible, the root 
of the {quare may be extracted, and the radical fign may be prefixed to 


the other factor: thus 12 aa equals 4 aax 3 ; therefore y 12aa=2ax,/ 3. 


Of the extraction of the Square roots of compound alge- 


braic quantities. 


18. The extraction of the {quare root of compound algebraic quantities 
is fo very like that of whole numbers in common Arithmetick, efpecial- 
ly in the cafe of feriefes where it is chiefly required, that one would be 
apt to imagine, a bare infpection of the work would be fufficient to fhew 
the procefs to any one tolerably well {killed in the latter; but if that be 
not thought fufficient, take the following directions, with an example. 

L Let 


oa 


2 EXTRACTION OF THE SQUARE ROOTS- Book i. 


Let it be required to extract the fquare root of this quantity x‘ 4x’ 
10x 2008 2 5x7 24x16: here, pointing every other place 
from the place of units, that is, from 16, I demand the {quare root of 
the member belonging to the firft point to the left hand, that is, of 
x®, and the anfwer is x3, which I put down in the quotient; then I 
fquare x, and fubtra& the produ& x‘, from x‘, the member belonging 
to the firft point, and there remains nothing: then I bring down the 
two next members belonging to the next point, to wit, 4x$-} rox for a 
refolvend, and divide it by 2x’, the double of the root in the quotient, 
that is, I divide 4 x5 the firft member of the refolvend, by 2 x, and the 

uotient is 2x*, which I put down in the quotient, as likewife after 
the divifor 2 x3; then I multiply the quantity 2 x -+ 2 x* by it’s laft mem- 
ber 2x7, and the product 4x°-+ 4x* I fubtract from the refolvend 
4x5-- 10 x4, and there remains 6x*; to this remainder I bring down 
the next two places 20x?-- 25%, and fo have a new refolvend, 6 xt- 
20x'-+25x*; this refolvend I divide by the double of the root already 
found, that is, by 2x*-++ 4.x*, dividing the firft member of the refolvend 
by the firt member of this double root, and the quotient is + 3 x, 
which I put down in the quotient, and alfo after the divifor 2.x3-++4.x*; 
then multiplying this laft quantity 2+39-+-4x*-+- 3x by it’s laft member 
3.x, the product is 6x+--12 x? + 9 x’, which being fubtracted from the 
laft refolvend, leaves 8 x3 -+ 16 .x*; to this remainder I bring down the 
two laft places 24%- 16, and fo have anew refolvend 8 x+ 16 x* +- 
24%- 16; this I divide by the double of the root already found, that 
is, by 2x°--4x*-4-6x, and the quotient is +4; this being put down in 
the quotient, and alfo after the divifor 2°--4.x*+-6x gives 2x3 -44x 
--6x-+4; which being multiplied by it’s laft member 4, gives 8x34 
16x7--24x-+-16, which being fubtracted from the laft refalvend, leaves 
no remainder ; therefore the whole root is x3-+4-2x*-+3x-++4. See 
the work: 


Ng STON ZONEX AKIO (xaxa t 
6 


x 


2x3 2x7) Fae 4 x5 fe O 

2x" 4x5 4x4 
a eS + 6xt-4- 2083 + 25x" 
+-3x 6xt4-12%3 + 9%" 


207} 4x bx- x + 82x34 16x74 24K 16 
4 8 xia 16X* 4 240-416 


Other. 
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Otherwife thus: 


Xo A XS oh LOX OKIE 2 OX R24 Kab O (NI DK BERL 
a r 


ae 


Iie won 
42x + 4x5 + 4x 


ees as Sate * óx 


-43x xt 12x jH 
203 fed x? -6x 4-4. % = 8x3 16x* 
+4 8x3 16x*-+ 24x-4-16 


Since the laft member- -+16 of the quantity given, was a {quare, I 
might have begun the extraction at that end, and the root would have 
come out the fame as before, but inverted. 

N. B. By a fquare number I mean a number that admits of a fquare 
root ; therefore —16 is no fquare number, fince there is no ‘root either 
affirmative or negative, which multiplied into itfelf will produce — 16. 

For another example, let it be propofed to extract the fquare root of 
the following quantity, or at leaft to reduce the root to the fimpleft ex- 
preflion, 1243—72x%*-++- 108x: this quantity, becaufe neither of the ex- 
tremes are {quares, muft be reduced to a more convenient form thus; 
if 12x be divided by 12x, the quotient xx will be a {quare number ; 
therefore I divide the whole by 12x, and the quotient is xx—-6x-+-9 ; 
whence I conclude e converjo, that if xx—6x-+g be multiplied into 
12x, the product will be the quantity propofed, to wit, 12x3—72.* 


-++108x; therefore by the 8th article, J 12072 x° 108x equals 
vV xx—6x-49 into 12x: but /x*—6x-+9 being extracted as 
above, is x—3, or 3—x ; and becaufe 12x==4x 3%, we have \/12% 
=2x/ 3x ; therefore, y 12x —72 x°- 108x =x—}3 or 3—x in- 
to 2x /3x=2x—6ó or 6—2x into ./3x. If the fquare root of 
the factor xx—6x-+9 could not otherwife have been extracted, it 
might however have been obtained by an approximation, as is that of a 
binomial in the following article. 
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To extradt the [quare root of a binomial by an infinite 
Cr les. 


1g. By a binomial in this place I mean any quantity confifting of 


two fimple quantities conneéted together by the fign -+ or —, as a-+-4, 


1—z, &c: now though the fquare root of fuch a quantity cannot be 
exprefled by any finite number of terms, yet by an infinite feries it may, 
as in the following cafes. 

Cafe the 1ff. The fquare root of the binomial 1+-~x, fuppofing x to 
be lefs than one, is found by the following operation to be 1-++-!x— 


J 5 4 E . ~ F.. > . . 
pt Exe t &c; a feries, whofe regularity is not immediately 


perceived, but I fhall make it appear in the courfe of this work, that 
thefe feriefes are as regular as any others whatever, and as eafily cam- 
puted, 


2. 0.0.7 365-288 
I 
X\ *% -ex 
2+7) 
x x’ 
+3 Sats 
a x* 
2 fX— * maa 
8 4 8 64 
2 3 x3 xt 
24x TD i +y 64 
x3 x? xt 
SE 16 gt 16 
x x3 5x+* 5x* 
a § 128 tri 
5x a 
128 64. 
* 


Since 


Art. rg. or ALGEBRAIC QUANTITIES, 85 


Since in all thefe feriefes, the powers of x afcend or defcend regularly, 
thefe roots may be extracted by the help of the coefficients only, and 
the powers may be fupplied afterwards; but then due care muft be 
taken to keep the terms diftin, fo as to place all of the fame kind orderly 
one under another, that no confufion may arife in the operation. 

Let us now try the root thus found, and fee what it will produce when 
multiplied into itfelf: but firft I muft advertife the reader, that as this 
root is not extended beyond the fourth power of x, fo neither ought it 
to be expected that the {quare of this root when multiplied into itfelf, 
fhould be true to more places than the root ; therefore in this multipli- 
cation, all the powers of x beyond the fourth ought to be excluded out 
of the product as ufelefs terms, Now in order to fquare the quantity 


I ixn—ixt pix -5 x4, it muft be multiplied, 

Firft into 1, and the product will be = 1-+-ix—}x’ +53 — xt Ge, 
then into !x, and the product will be HPN fix? — Ex fixie, 
then into —:x*, and the product will be jt EX pb Et Se, 
then into 4x73, and the product will be beet pixt&e, 
then into —, x+, and 
the product will be 


add thefe together, and the fum wilt be 1-4” * % 
as it ought, 

As in fquaring this root, no notice was taken of any powers of x be- 
yond the fourth, fo likewife in extracting the {quare root, the work muft 
not be fuffered to run on beyond the power where the feries is defign- 
ed to terminate, that is, all other powers mutt be excluded out of the 
work, as they are out of the root. 

Café 2d. Let now the {quare root of the binomial 1—z be required: 
where it is plain that z muft be lefs than 1, otherwife 1— % would 
be a negative quantity, and could have no fquare root: put then — z 


ae xt c. 
128 


inftead of x in the foregoing cafe, and you will have xx=- z’, 3=—23, 
‘Sp é 5 

xo et Feo; Ee I HIS — 2, tae 
— 5 Pre TEEST ie TTR ee eae, | ig 2 

xt zt Ge: therefore y 1 — Z= I —i 3—2 e mz eic, 


Cafe 3d. Let the fquare root of the binomial z-+1 be required, fup- 
pofing z to be greater than 1: here, though 1 be a fquare number, yet 
as this root is to be expreffed by an infinite feries perpetually converging 
nearer and nearer to it; the feries muft take it’s rife from the greater part 
of the binomial, that is, from æg: divide then the quantity z-+-1 by z, 

and 
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and the quotient will be 1 +5, where = will be lefsthan 1, becaufe x 


, Bel phái 
is greater: fince then —-— equals 1 +=, it follows e converfo, that 


sere 


I ks EES I 
I Hy Xe z+; therefore Vitoss z= z+ bini piti n 


ftead of x in the firft cafe, and you will have „/ 1 +>=1 +ix> -p$ 


I I 5 i I I I 5 
rm. Ly ae KX HOLS I pete yaad —_—_—_o — m ° 
Xe ION 23 128° gt Trz 8z one 128 2 Ge: 


call the fum of this feries continued ad infinitum s, and you will have 

Sebi =s z, that is, sx/z. 
Cafe 4th. Let it be required to exprefs by an infinite feries, the fquare 
root of the binomial a+b, fuppofing a to be the greater part of the 
ats 


b 
binomial : here =1 4+7; therefore 1 -++ ~xa=a-+5; but 


b ; b b bs 55 
whi +7 by the firft cafe is 1 -+ 


2a ga* 16a 1284+ Se: 
call the fum of this feries continued ad infinitum s, and you will have 


aá +b=s ya. 


Preparations for demonftrating the rule for finding the 


greateft common meafure of two numbers given; that 


is, their greateft common divifor. 


20. Coming now to give fome examples of the#feveral reductions and 
operations of algebraic fractions; I fhall take this occafion before I be- 
gin, to give fome account of the rule for finding the greateft common 
meafure to any two numbers propofed; a rule very ufeful in vulgar 
fractions, and fometimes in Algebra, when both the numerator and de- 
nominator of a fraction are compound quantities. 

This fhould have been done fooner, but that I made fome doubt whe- 
ther fuch a demonftration of this rule could be given, as might be fuit- 
ed to the capacity of a young beginner ; nay I am not abfolutely certain 
whether even full he will be able to comprehend it: but if he finds it 
too difficult for him, the beft advice I can give him is, to pafs it by till 
he finds his imagination more confirmed, his attention more fixed, and 
his reafon improved by habit and exercife. 


For 
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For the better underftanding of this rule and the demonftration be- 
longing to it, I fhall lay down the following definitions and axioms. 

Def. 1. One number is faid to meafure another, when it is exactly con- 
tained in that other without any overplus or remainder. 'Thus 3 may be 
faid to meafure 12, as being exactly four times contained in it. 

2. A number is faid to be a common meafure to two others, when it 


meafiures them both, Thus 3 is a common meafure both to 12 and 21. 


Ax1omM tft. 


If one quantity meafures another, and that other meafures a third, then 
will the firft meafure the third. Asif 3 meafures 12, and 12 meafures 
24, 3 will meafure 24. 


Axt1romM 2d. 


Tf a number be a common meafure to two others, it will meafure both 
their fum and their difference. "Thus 3, which is a common meafure to 
12 and 21, will meafure both their fum 33, and their difference g; 
for if 3 be four times contained in 12, and feven times in 21, it ought to 
be eleven times contained in their fum, becaufe 4++-7—=11 ; and it ought 
to be three times contained in their difference, becaufe 7—4=3. 


Ax1oM 3d, 


Tf one number be divided by another, and there be any remainder, take a- 
way the remainder from the dividend, and the divifor will meafire the reft. 
Thus if 14 be divided by 3, and there remains 2, take away 2 from 14, 
and 3 will meafure the reft, which is 12.. In general thus: Jfa be di- 


vided by b, and there remains c, then will b meafure a—c, 
The rule explained and demonftrated. 


21, Thefe things being laid down, I come now to the rule for finding 
the greateft common meafure to any two numbers propofed, which is as 
follows: Lt a and b be the two numbers whofe greateft common meafire 
is wanted, to wit, a the greater, and b the lefi: let a be divided by b, 
and without any regard had to the quotient, let ¢ be the remainder ; then 
divide b by c, and let the remainder be d; then divide c by d, and let the 
remainder be es laftly divide & by e, and let there be no rematnder at all; 
I fay then, that this laft divifor'e, which had no remainder, will not only 
be a common meafiwre to a and b, but will be the greateft comuen meafure 


they will admit of. 
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But firft I fhall prove, that e is a common meafure to a and b, which 
is thus done ; 


1ft. e meafures d ex hypothefi; and d meafures c—e, by the third axiom, 
becaufe when ¢ was divided by d, the remainder was e; therefore e 


meafures c—e, by the firft axiom: but e meafures itfelf; therefore e 
» DY 5 5 


meafures both e and c—e; but the fum of e and zz isc ; therefore 
e meafures ¢ by the fecond axiom, 


2dly, It has now been proved that e meafures c; but ¢ meafures 


b6—d; therefore e meafures 6—d ; but e meafures d ex hypothefi ; there- 


fore e meafures both d and 4—d; but the fum of d and Ld is b; 
therefore e meafures 4, 


3dly, It has been proved that e meafures 4; and 5 meafures a—c ; 
therefore e meafures a—c ; but it was proved before, that e meafures c ; 


therefore e meafures both c and a—c ; but the fum of c and gc is a; 
therefore e meafures a. Thus then we have proved the firft part of our 
afiertion, which was, that e meafures both a and 4. 

We thall in the next place, by tracing back the fteps of the former 
demontftration, prove, that e is the greateft quantity that will meafure 
them both: for, if poffible, let us fuppofe f to be greater than e, and 


yet to be a common meafure to a and 4, and let us fee what will be the 
confequence of this fuppofition. 


if?. f meafures b, and 6 meafures a—c ; therefore f meafures a—c ; 
but f meafures a by the f{uppofition ; therefore J meafures both a and 


a—c; but the difference between a and a—c is c ; therefore f meafures 
c, by the fecond axiom, 


2dly. f meafures c, as above, and ¢ meafures 6—d ; therefore f mea- 
fures 6—d; but f meafures 4 by the fuppofition ; therefore J meafures 
both 6 and 4—d; but the difference between 4 and b—d is d ; there- 
fore f meafures d. 

zdy. Again, f meafures d as above, and d meafures c—e; therefore 
f meafures c—e; but f meafures c, as was proved before; therefore f 
meatures both ¢ and c—e; but the difference between c and c—e is e; 
therefore f meafures e, that is, a greater quantity meafures a lefs, which 
is abfurd ; therefore the fuppofition that a and 6 would admit of a great- 
er common meafure than e, from whence this abfurdity flowed, was 
falie; for truth never leads to abfurdities: therefore e is the greateft com. 
mon meafure the two numbers a and 4 will admit of. 2, B.D. 


N. B, 
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N. B. This demonftration is Euclid’s a little changed, and may ferve 
as a {fpecimen of the fubtilty of the Ancients. 

Fer an example to the foregoing rule, fee the introdu¢tion, art, yth, 

Co8-0.t 4 ARIE S 

rft. If in finding the greateft common meafure we can have no divi- 
for without any remainder till we come to unity, we ought then to con- 
clude, that the numbers propofed are primi inter Jè, that is, are fuch as 
will admit of no common meafure but unity: for Æs every number is 
called a prime number, that will admit of no divifor but itfelf and unity ; 
/o two numbers are faid to be prime to each other, that will admit of no 
common divifor but unity. 

2d. Whatever number will meafure two others, it will alfo meafure their 
greateft common meafure : thus upon the fuppofition that f would mea- 
fure both a and 4, it was proved to meafure e, their greateft common 
meafure. 


The Jeveral rules of fraétions exemplified in Algebraic 
quantities. 
22. Fractions in Algebra are treated juft in the fame manner as in 


common arithmetic, only ufing algebraical inftead of numeral opera- 
tions ; as will plainly appear from the following examples, 


Examples of the reduction of fractions from higher to lower 
terms, according to introduction art. 7th. 


ab 


Sr ee ee ee ra À 
The fraction Ee dividing both the numerator and denominator by 
C 


al . 2 a . 
the fame quantity 24, will be reduced to the fra&tion ye a fraction of the 


3 
fame value with the former, but expreffed in more fimple terms : whence 
we may infer, that whenever a common letter or factor is to be found 
in every member both of the numerator and denominator, it may be 
cancelled every where, without affecting the value of the fraction: thus 
ac+be ; a+b as 
cdance &xpunging c, becomes Tre? fraction of the fame 
value. But if there be any one member, wherein the faGtor is not 
acthbe 
cde 


the fra&ion 


concerned, it muft not be expunged at all: thus the fra&tion 


cannot be reduced, becaufe the factor c is not to be found in e. 
Note, That cancelling here, is not fubtraéting, but dividing: thus te 
cancel the letter bin the quantity aÅ, fo as to reduce it to a; is not to 
M fubtract 
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fubtra&t 6 from ab, but to divide ad by b, in which cafe the quotient 
will be a. 


Examples of frattions reduced to the Jame denomination, 
according to introduction art. 8th. 


ot oe c l 
if, The fractions > , > and < , when reduced to the fame denomina- 


j 12a 86 6¢ byes nH E Ra 
tion, will ftandthus;—, z~ and —. 2d, The fractions ~ and = fo 
24.” 24 24 b d 
rath’ ad be s PSA 
reduced, will ftand thus; 77 and 77. 3d. The fractions gra’ | and 
x 3 A psuy qruy qsty qsux 
> . ties; m ae << 
, after reduction, will ftand thus; qsuy? qsuy? qsuy ii qsuy” 
‘And here I cannot but obferve, that now the rule for this reduction de- 
monttrates itfelf: for in this example it is impoffible not to fee, that all 
thefe fractions, notwithftanding this reduction, {till retain their former 


psuy 


values: thus the firft fraction qrup by cancelling common factors, is 


qsu 


reduced to f , it’s former value; and the fame may be obferved of all the 


reft: and this example amounts to a demonftration, becaufe it is com- 


; to Aad 1 
prehended in general terms, But to goon: 424, The fractions z Zand 
a 2 C 


A ~ ° F CWC ab 
being reduced to the fame denomination, become shark and- FS gh. 
z I I dal 
And laftly, mem, and 7—3} when thus reduced, become Sangh and 


a+s s PENR 
meia Fa for 1 the numerator of the firft fraction multiplied into 4—4, 
“eer 
the denominator of the fecond, makes a—); and 1 the numerator of 
the fecond fraction multiplied into a+4, the denominator of the firft, 
makes a-å; and the product of the two denominators a+-4 and a—é 
multiplied together is aa — bå, as in the 4th example of the gth article. 


Examples of addition in frattions, according to introdu€tion 
art. gth. 


7 i 
1ft. Thefe fractions - 2 and =, when added together, make | 


at+b—e 
a 


2d, 


i 
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b ——} 
2d. The fraction S added to the fraction —: makes =e Or a 


— $} 
3d. The fractions ; =r , and a when added together, make 


12a—8b+6c¢ 


24 i 
4th. The fraction ; added to the fraction S makes a 


b ; b 
sth. a added to rt that is, $ added toz E a 


> 


] 
th, = added to — Saas ai 
a b ab 


É 
7th. The fractions t A -, 2 
psuy gruy +gqsty+qsux 


qsuy 


and m , when added together, make 


b 
8th. A added to 5 gives an $ 


I I 2a > 
th. —— added to —— gives ——; See the rth example of frac- 
Perey gop BINS radh See the 5th examp c 


tions reduced to the fame denomination. 


Examples of fubtrattion in fractions, according to intro- 
duttion art. roth. 


Note firj, If the figns of both the numerator and denominator of 
any fraction be changed, which isno more than multiplying both terms 
into — 1, the value of the fraction will {till remain, 

Secondly, The denominator of a fraction is always fuppofed to be affir- 
mative; and therefore ifat any time it happens to be otherwife, it muft 
be made affirmative by changing the figns of both terms, 

Thirdly, +7 and —5 are the fame in effe& as ES and = , as i 
evident from the nature of divifion: and fometimes, this latter way of no- 
tation is more convenient than the former. 

Fourthly, Therefore the fign of the numerator is the fign of the whole 
fraction ; and to change the fign of the former, is the fame in effect, as 
to change the fign of the latter, 

M 2 Fifthly, 
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Fiftbly, Whenever one algebraic fraction is to be fubtracted from ano- 
ther, the fafeft way will be to change the fign of the numerator of the 
fraction to be fubtracted, and to place it after the other, and then to re- 
duce them at laft into one fraction: for if the fubtraction be deferred 
till after the reduction is over, one may make a miftake, and fubtraé the 


i 2a—4b 
wrong quantity. Thus 1ft. “2 fubtracted from = gives — = E 
~) s h, $ 
104— I2% 
is 
ad, — fubtracted omit gives a Aa En 
s ne" gg qs 
b a—b ac—b 
3d. = fubtraéted from a, gives- -= 5 
¢ ie Or: É 
i 2% 


I I : I 
4th, 743 fubtraéted from PEE te gabe dt oo 73° 


Examples of multiplication in fraétions. 


The multiplication of fractions is performed, by multiplying the nu- 
merator and denominator of the multiplicand, into the numerator ang 
denominator of the multiplicator refpectively. 


Thus rft. fs Soke: 
q s 


>d Erab ener ae ae 

"4g Or 24gr 7 
Pee or 6a ae 

Pe eee 

4th. 5% b oh 5 aeh 

e 32 _ 60ab _ 

ses Eua ee: a 

a 


§ (84. 464-30 
wih SMe 3a OF" 
= bit ~~ 4688 


Sth, 
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oe ETE ace 
8th 


. Rall SRE 


gth, apa xd, peace E PEA va 


Se do ey 

roth, ix $, a i he F— x5 re. 
b p d > 
11th, eer “= m eetan hes 


This multiplication might alfo be performed thus ; 


e 
PIR 
7 
b 
eee 
PRUO T iais F 
the F tg te 


b b aacc+2abc+-b6 
y2th. aaa xa- P i ae 


CC 


2ab bb 
Or ea esi See the work > 


b 

a47 

b 

a+ 
a v 
da+-+— rs -PPA 

ah 

¥ 
ap 
I he 


Examples 
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Examples of divifion in fractions. 


Divifion in fraétions is performed by multiplying the dire& terms of 
the dividend into the inverted terms of the divifor: thus, 


oh eee eh E Sa 
iit = 7 oe 2d. =] ers 

I a ac a a 
3d. =) T 5° 4th. c) a (> 

1, ab sabe e b pack+bf 
sth. ig m ee orab. 6th. d+=) a-+-— are re 


ath, fb) fa (= vy: for if we make x = vie {hall have 


ney, and x=: 


I fhall only give one example more, and that fhall be of the rule of 
e 


b 
proportion, as follows : I ee £ what will à Sth haiti 2 


we > IPFE e . ce 

for = the fecond number multiplied into -> the third, produces =; and 
d Si ? df 

a 


b 
this divided by the firft 7 quotes adë 


Of equations in Algebra; and particularly of fimple eguati- 
ons, together with the manner of refolving them. 


23. An equation in Algebra is a propofition wherein one quantity is 
declared equal to another, or where one expreflion of any quantity is 
declared equal to another expreffion of the fame quantity: as when we 
fay ?==}3; where ? is faid to poffefs one fide of the equation, and 3 the 
other. 

An affected quadratic equation is an equation confifting of three diffe- 
rent forts of quantities; one wherein the fquare of the unknown quan- 
tity is concerned, another wherein the unknown quantity is fimply con- 
cerned, and a third wherein it is not concerned at all: as if xw—2x=3; 
fuppofing x to be an unknown quantity. 

If either the term wherein the fimple power of x is concerned, as —2 x, 
ox that which is called the abfolute term, to wit, 3, be wanting, the equa- 

tion 
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tion is ftill a quadratic equation, though incompleat. Some indeed there 
are, who rank this latter fort of equations under the denomination of 
fimple equations; and fo fhall we, upon account of their eafy refolution ; 
though properly fpeaking, a fimple equation is that wherein fome fimple 
power of the unknown quantity is concerned, all others being excluded:. 
as if 3 x=6 ; 2% -H3 =4 4 — 5, Ge. 

The ufe of thefe equations is for reprefenting more conveniently and 
more diftinétly the conditions of problems, when tranilated out of com- 
mon language into that of Algebra. As for example; let it be propo- 
fed to find a number with the following property, to wit, that ? of it with 
4 over, may amount to the fame as .Z of it with g over: here, put- 
ting x for the unknown quantity, the condition of this problem, when 
tranflated out of common language into that of Algebra, will be repre- 


fented by the following equation, to wit, + AFi Z +9: for ż of x, 


; 28 2x s ; 
that is, ż of ih therefore —-+ 4 fignifies + of x with 4 over ;. and 
fince this expreflion according to the problem, amounts to the fame with 


. x“ . . 
the other, to wit, =+ g; hence it is that we pronounce them equal to 


one another. 
Now fince in the foregoing equation, as well as in almoft all others: 


arifing immediately from the conditions of problems themfelves, the un- 
known quantity is embarraffed and entangled with fuch as are known, 
the way to difengage it from fuch known quantities, fo that itfelf alone 
poflefling one fide of the equation, may be found equal to fuch as are 
entirely known on the other, that is, in the prefent cafe, to determine the 
value of the unknown quantity x, is what is commonly called the refo- 
lution of an equation: for the effecting of which, feveral axioms and 
proceffes are required; fome whereof, namely fuch as moft frequently oc- 
cur, I fhall here put down ; the reft I fhall take notice of occafionally, 


as they offer themfelves, 


Of the refolution of fimple equations. 


A x1 OM ch, 


Whenever a fraction is to be multiplied by a whole number, it will be 
Sufficient to multiply only the numerator by that number, retaining the de- 
nominator the fame as before. ‘Thus ¢ multiplied into 2, gives $, for the 
fame reafon that 4 fhillings multiplied into 2 gives 8 fhillings: thus in 

; orafa daez pee 
the firft example following, ves multiplied into 3, gives ee 


Axiom. 
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AXIOM 2. 


But if the whole number into which the frattion is to be multiplied, be | 
equal to the denominator of the fraction, then throw away the denominator, 
s atom r 
and the numerator alone will be the product. “Thus the fraction z multis 


ERY Y : 2x ak d 
plied into 4, gives FG oa: thus in the firft example, — multiplied into 
3 


; arw vinen gi 4 
2, gives 2x; and Jp” Multiplied into 12 gives 21 x, | 
AXIOM 3 


If the two fides of an equation be multiplied or divided by the fame 
number, the two products, or quotients, will fill be equal to each other, 


Thus in the firft example, where +45 ZZ g ; if both fides of 


21x 


the equation be multiplied into 3, we fhall have 2x +- 12 =p +27; 


and if again this laft equation be multiplied into 12, we fhall have 
24% --- 144==21¥-+ 324, 
Axiom 4, 


If a quantity be taken from either fide of an equation, and placed on the 
ether with a contrary fign, which is commonly called tranfpofition, the two 
Sides will fiill be equal toeach other. Thus if 7+-3==10, tranfpofe + 3, 
and you will have 7==10—-3; thus if 7—3==4, tranfpofe —3, and 
you will have 7—=4-+3; thus if (as in the firft example) 24x- 144=21% 
+324, tranfpofe 21x, and you will haye 24xn—21x-+4 144== 324, 
that is, 3x- 144==324 ; and ifagain in this laft equation you tranfpofe 

144, you will have 3 v==324—144== 180. 

Tranfpofition therefore, as it is here delivered, is nothing but a general 
name for adding or fubtraéting equal quantities from the two fides of an 
equation; in which cafe it is no wonder, if the fums or differences ftill 
continue equal to each other. As for inftance, in this equation a—é=c, 
tranfpofing —4 we have a=c--4: and What is this after all, but add- 
ing- to both fides of the equation? for if 6 be added to a—b, the fum 
will be a; and if 5 be added to c, the fum will be c-+-4; therefore 
a==ct-}b: again, in the equation g -+ b==c, tranfpofing +-4 we have 
az==c—b6, which is nothing elfe but fubtracting 4 from both fides of the 
equation, 


The 
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The 1ft Procefs, 


Tf, when an equation is to be refolved, fractions be found on one, or both 
fides, it muft be freed from them by multiplying the whole equation into the 
denominators of thofe fractions fuccefively. i 


The 2d Procefs. 


After the equation is thus reduced to integral terms, if the unknown 
quantity be found on both fides the equation, let it be brought by tranfpofiti- 
on tocne and the fame fide, viz. to that fide, which after reduction will 
exhibit it affirmative. 


The 3d Procefs, 


After this, ifany lofe known quantities be found on the fame fide with 
the unknown, let them aljo be brought by tranfpofition to the other fide of 
the equation. 


The 4th Procefs, 


Tf now the unknown quantity has any coefficient before it, divide all by 
that coefficient, and the equation will be refolved, 


The 5th Procefs. 


If the whole equation can be divided by the unknown quantity, let fucha 
divifion be made, and the equation will be reduced to a more Simple one. 
Thus in the 16th example you have 6156 —7xxx==48%; divide 
the whole equation by x, and you will have 615 —7xx==48. In the 
aa 
x—2 x— 
is done by dividing only the numerators of the two fractions, and you 


13th example you have ; divide the whole by x, which 


will have -1 = 32., 
x—2 x—3 


The 6th Procefs. 


Lf at laf the fquare of the unknown quantity, and not the unknown guan- 
tity itfelf, appears to be equal to fome known quantity on the other fide of 
the equation, then the unknown quantity muft be made equal to the /quare root 
of that which is known. 'Thus in the 14th example we have xx = 36; 
therefore x= 6, and not 18: in the 15th, we have xx==64; therefore 


x==8, the fquare root of 64, and not 32, it’s half. 
N Examples 
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Examples of the refolution of fimple equations. 


24. This preparation being made, I fhall now give fome examples 
of the refolution of fimple equations; and my firft example fhall be the 
equation given in the laft article, in order to trace out the number there 
defcribed, 

Example 1. 


2x 7 
3 kine TEA 9 
ey ; 2% x 
In this equation it is plain, that there are two fractions, —, and ee 
which muft be taken off at two feveral operations, thus: as 3 is the de- 
nominator of the firft fra@tion, multiply the whole equation by 3, and 


2 


Ix : : 
Ta +27: again, as the denominator of the 


remaining fraction is 12, multiply all by 12, and you will have 24%-+ 
144==21X-+324; which isan equation free from fraétions, 

2dly, It muft in the next place be confidered, that in this laft equation 
24X-}-144==21xX-- 324, the unknown quantity is concerned on both 
fides, to wit, 24x on one fide, and 21x on the other ; tranfpofe there- 
fore 21x, and you will have 24x—21¥-++-144==324, that is, 3x144 
==324. If it be afked why I chofe to tranfpofe 21x rather than 24x; 
my anfwer is, that had 24% been tranfpofed, the unknown quantity, or 
it’s coefficient at leaft, after reduction, would have been negative, con- 
trary to the rule in the fecond procefs; for refuming the equation 
24X--144==2 1 x324, if 24x be tranfpofed, we fhall have 144 = 21~— 
24x-+ 324, that is, 144==—3x-+ 324: but even in this cafe, another 
tran{pofition will fet all right; for if —3. be tranfpofed in this laft e- 
quation, we {hall then have 3x-+-144==324 as before: all that can be 
faid then againft this laft way is, that it creates unneceflary tran{pofitions, 
which an artift would always endeavour to avoid, 

3dly, Having now reduced the equation to a much greater degree of 
fimplicity than before, to wit, 3x-++-144==324; becaufe the unknown 
quantity 3 has ftill a loofe quantity, viz. 144 joined with it, tran{pofe 
that quantity 144 to the other fide of the equation, and you will have 
3*==324—144, that is, 3 x= 180. 

N. B, By a loofe quantity I mean fuch a one as is joined with the 
unknown by the fign + or —, and not by way of multiplication, as is 
the coefficient 3 in the laft equation, 


you will have 2x-+-12=> 


4thly, 
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_. 4thly, By this time the quantity w is very near being difcovered; for 
i 3 x= 180, it is but dividing all by 3, and we fhall have x= 60: 60 
therefore is the number defcribed in the laft article by this property, to 
wit, that ? of it with 4 over, will amount to the fame as 4 of it with 9 
over: and that 60 has this property, will now be eafily made to appear 
fynthetically ; for tof 60 is 40, and this with 4 over is 44; moreover 
iz Of 60 is 35, and this with g over is alfo 44. 

N. B. A demonftration that proves the connexion between any num- 
ber and the property afcribed to it, is either analytical or fynthetical : 
if this connexion is fhewn by tracing the number from the property, the 
demonftration of it is called an analytical demonftration; but if it is fhewn 
by tracing the property from the number, the demonftration is then faid 
to be fynthetical. 

Example 2, 


2% 


4x 
—-—+- ee ee 


3 
Here multiply by 3, and you will have 2x -+ 36 = z -+ 18; mul 


tiply again by 5, and you will have rox- 180= 12 x-}90; tran{pofe 
10x, and you will have 180==12x—10x-+-g90, that is, 180=2x-4-90, 
or rather 2 x -+4-go==180, for I generally choofe to have the unknown 
quantity on the frft fide of the equation: tranfpofe go, and you will 
have 2 x= 180 — ço, that is, 2x==90; divide by 2, and you will have 


‘X= 45. 
The Proof, 


2% x 
3 as EEN. 


-+ 6: now if x=45, we 


The original equation was : 
5 


2% 2% ; 4x Ax 
have === 30, and TE 12==42: again, we have F == 36, and y + 
3 y 


2x x 
6= 42; therefore — -} 12 = Tak 6, becaufe the amount of both 
3 5 


Example 3. 


Psy: therefore 3x20 = "48; therefore 18x 


4 
-+ 120=20% +48; therefore 120 = 20x — 18x- 48, thatis, 120 == 


2x-+- 48; therefore 120—= 48 = 2x, that is 2 x= 72; therefore 
x= 30, 
N 2 The 
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The Proof, 
The original equation was T+ 5 == -+ 2: now if x= 36, we 


fhall have = 27, and + 5 == 32: we fhall alfo have 5 =40, 


and 5-4 2== 32; therefore if x == 36, we fhall have + sas a 
wir: 
Example 4.. 
x x 2x 
75 —s= 25 — 8: therefore 7 x— 40 = 64; therefore 7ox 


—400==72x—640; therefore —400==72x—70x—640, that is, 
—400==2x—640, or rather 2x—640=-—400; therefore 2x== 
640—400, that is, 2x==240; and x= 120. 


The Proof. 

The original equation, a — i= 2x — 8; but. x== 120; therefore 
ie =105; therefore oe 5§== 100: moreover 27 = 108; therefore 
y ine Rik roo; therefore ions poe ue S, 

10 8 10 
Example 5. 
5” 8 = 74— 7”; therefore 5x—72 = 666 amt b ; therefore 


12 12 

bo x — 864 = 7992—63 x; therefore 6o x -+ 63 x— 864 = 7992, 
that is, 123 x— 864 = 7992; therefore 123 x = 7992 -+ 864, that is 
L23 «== 8856; and x= 72, 


The Proof. 


; ae x x 
he original equation, < —8 = 74— >, x == 72; therefore = 


we i ad 
—==40; therefore i — 8 = 32: again, Z =42; therefore 74 — Cod 


12 
=š — AA s S m KO we ——— 
== 74-42 == 32; therefore . 8==74 ZZ, 


Example 
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Example 6. 
a - 6 
pee therefore x —24=—> 144— os therefore 8x— 
1g2==1152—6x; therefore 8x-+6x—192==1152, that is, 14% 
—192==1152; therefore 14x==1152-4-192, that is, 14%==13443 
and x= 96. 
i The Proof. 


. o . x “ x xX 
The original equation, 6444-7 5 x= 96 ; Fie 16; 6. 4 


hick; x 
12: again, ¢==125 therefore 24— p=24—12= 12; therefore 


s m 
i e E 
Example 7.. S 
x x ae 
so therefore 224—3¥==192 — ; therefore 


1792—24% = 1 536 — 20x; therefore 1792 = 1536--24x— 20x, i 
that is, 1792 = 1536-4% ; therefore 1792—1536 =4x, that is, 4x | 
= 256; and x= 64. | 

The- Proof. | 


The original equation, 56 48 —+ ; x*==64; therefore | 


3x 


ax st) ii 
: == 48 ; therefore yP aes 56—48 = 8: again, “9 == 405 there- 
fore 48 —*F=48—4o=8 ; therefore so 48 — 5. 
Example. 8. 
26-18 : therefore:324——4x==72; therefore 324==72--4%; 
therefore 324—72==4.%, that is, 4x = 252; and x= 63. 


The Proof, 
oe è 4% 4% 
The original equation, g ate BEATE therefore- = 28; | 


therefore 36— t = 36— 288, 


Example 
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Example 9. 


2x I176—4x% 28—126K 
whinge rameh A therefore 3 ge 2 


; therefore 10x = 528 
3 
s—12x; therefore 1ox-+-12x== 528, that is, 22x= 528; and x==24. 


The Proof. 
ash ; 6—4x 
'The original equation, = BRR fe ; *==24; therefore olny 
again, 4x==96; therefore 176—4x=176-—96=80 ; therefore 
176— 8 é 70—4x 
af bt Sia 16; aae 2 e 
5 5 3 5 
Example 10. 
ie a alas 
Fels = 29: therefore 30 Eis e 116 ; there- 


fore 18x- 720-— 20% == 696, that is, 720-—-2x = 696 ; therefore 
720==2x-+ 696; therefore 720-— 696 = 2x, that is, 2~== 245 and 
x = I2. 


The Proof, 
a ; 180— r3 
‘The original equation, = -+ Lo =29; x==12; therefore 
x 
a 93 sx==60; therefore 180=— 5x = 180— 6o = 120; there- 


180——5% 120 3x 180-—5x% 
fore 5 =F = 205 therefore 2 aN g = 29. 


Example 11. 


eee a 

2K 3 rH 

II4x-+ 171 
4X%—— 5 

by 4x— 5, and you will have 180x —225 = 114% + 171 ; therefore 

18o% — 114x% —225 = 171, that is, 66x-—225== 171; therefore 

66x == 171+ 225, that is, 66x = 396; and x = 6. 


Multiply by 2x-+ 3, and you will have 45 = ; multiply 


The 
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The Proof. 
The original equation, > 1 = = ; x= 6; therefore 2x==1 25 
45 45 


therefore 2x- 3 = 1 § ; therefore =~ == 3: again, 4x==24; 


2X-+-3°° «2S 
TT ol TREA rit a 
therefore 44— 5 = 19; ee, T therefore Ea 
SIETA 
4X— 5 
Example 12. 
128 216 648 x— 864 


ce T therefore iia PT e aaa ; therefore 640x 
— 768 = 648 x— 864; therefore — 768 = 648 x — 640x — 864, 
that is, — 768 = 8x— 864; therefore + 864—768 = 8x, that is, 
8x ==96 and x= 12, 


The Proof. 

The original equation, -e 3 x=12; therefore. 3x 
= 36; therefore 3 x — 4 = 32; therefore -= = = 4: again, 
5x = 60; therefore 5x— 6= 54.;. therefore gee 4s 
therefore’ = = ras 

Example 13. 

= : divide both numerators by x, and you will have 

et see ; therefore 42 = mit omy ; therefore 42 x— 126 = 


35 x— 70; therefore 42 x — 3 § x — 126 = — 70, that is, 7x — 126 


= — 70 ; therefore 7x = 126-—70, that is, 7x = 56; and x = 8. 
The Proof. 


42%. 35% 
Komen 2 Koen 


The original equation, ; x = 8; therefore x—2=6; 


42% 
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2% 6 ; 
42x == 336; therefore at = 56: again, x——3==5; and 
S S 35g iala. 42x% 35% 
35x == 280; therefore rye == 56; therefore a Sa a 
Example 14. 

Cxx— 12 mee ry g 

er oars ce therefore ioe i therefore 
4Axx—48 = 3xx—12; therefore 4 x x— 3 x x— 48 = — 12, that 
is, xx— 48 = — 12; therefore xx= 4- 48 — 12, that is, xx = 36; 


and x = 6. 
The Proof. 


S | XX—I2 xx—4 
‘The original equation, Ey = ———; x= 6; therefore xx= 


4 
a“ — 
36; therefore x x— 12 = 24; therefore aye ES = = 8; again, xx 
—42=32; therefore ohana a ee ; therefore a he anak: | 
4 3 4 
Example 15. 


Eka 
= — 8= 12: therefore 5xx-—128=192; therefore 5xx==192 


-4 128, that is, 5xx==320; therefore xx—=64; and x=8, 
The Proof. 


Pi . 5x% : 
The original equation, er a: 8==12; x==8; therefore xx=64; 


xx xx 
therefore 5xx==320; therefore —— === 20; therefore ll 
16 16 


8==-20—8=12. 
Example 16. 


615x—7xxx==48x: divide the whole by x, and you will have 
615—7xx== 48 ; therefore 615—=7xx-+48; therefore 615— 48 
==7xx, that is, 7xx== 567; therefore, xx==81; andx=g, 

The Proof. 

The original equation, 615x—-7xxx=48x; x==9g; therefore 
xx==81; therefore xxx=729; 7xxx= 5103; again, 615 x= 
5535; therefore 615x—7xxx== 5535—5103==432: laftly, 48 x= 
432; therefore 615x—7xx x= 48x, 

THE 
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ELEMENTS of ALGEBRA 
BOOK If. 
Preparations for the folution of Algebraic problems. | 

Article 25. N folving the following problems, I fhall make ufe of 
a fort of mixt Algebra, ufing letters only in reprefent- 


ing unknown quantities, and numbers for fuch as are 
known, This method, as I take it, will be the beft 
to begin with: but afterwards, when my young fcholar has been {uffi- 
ciently exercifed in this way, I fhall then introduce him into pure Al- 
eebra, which he will find much more extenfive than the former, not 
only as it enables him analytically to find out general folutions, taking | 
in all the particular cafes that can be propofed in the problem to which l 
the folution belongs, but alfo as it enables him afterwards to demonftrate 
the fame folutions or theorems fynthetically. 

And becaufe I am not yet to fuppofe him fkilled in any of the mathe- | 
matical fciences, I fhall draw my problems, generally fpeaking, from num- 
bers, either confidered abftractedly, or elfe as they relate to common life. 

Ifa problem be juftly propofed, it ought to have as many indepen- 
dent conditions comprehended in it, expreffly or implicitly, as there are 
unknown quantities to be difcovered by them ; and it muft be the chief 
bufinefs of an Algebrift, to fearch out, fift and diftinguith thefe conditi- 
ons one from another, before ever he enters upon the folution of his | 
problem. 

i I faid, that fo many conditions ought to be comprehended in the prob- 
lem expreflly or implicitly, becaufe it may happen, that a condition may 
not be expreffed in a problem, and. yet be implied in the nature of the | 
thing: thus in the 44th problem, where feveral rods are to be fet up- 
tight in a ftreight line, at certain intervals one from another, it is impli- 
ed, though not exprefied, that the number of intervals muft be lefs than 
the number of rods by unity. 


O Some- 


106 Preparations for the folution of Algebraic problems. Book it. 


Sometimes a condition may be introduced into a problem, that includes 
two or more conditions: as when we fay, four numbers are in continu- 
al proportion, we mean, not only that the firft number is to the fecond 
as the fecond is to the third, but alfo, that the fecond number is to the 
third as the third is to the fourth. 

. Whenever a problem is propofed to be folved. algebraically, the Al- 
gebrift muft fubftitute fome letter of the alphabet for the unknown 
quantity ; and if there be more unknown quantities than one, the reft 
muft receive their names from fo many conditions of the problem; and 
if the problem be juftly ftated and examined, there will ftill remain a 
condition at laft, which tranflated into algebraic language, will afford 
him an equation, the refolution whereof will give the unknown quan- 
tity for which the fubftitution was made; and when this unknown 
quantity is once difcovered, the reft will be eafily difcovered by their 
names. Suppofe there are four unknown quantities in a problem; then 
there ought to be four conditions: now the firft unknown quantity re- 
ceives it’s name arbitrarily without any condition; therefore the other 
three muft take up three of the conditions of the problem for their names; 
and the fourth condition will ftill be left to furnifh, out an equation. 

The learner muft here be very careful to make no pofitions but what 
are fufficiently juftifiable, either from the exprefs conditions of the prob- 
lem, or from the nature of the thing; all the liberty he is allowed in 
cafes of this nature is, that he is not obliged to draw out the conditions in 
the fame order as they are given him in the problem, but may make ufe 
of them in fuch an order, as he thinks will be moft convenient for his 
purpofe ; provided that he does not make ufe of the fame condition twice, 
except in company with others that have not yet been confidered, 

My method in the forty four following problems will be, to put down 
the anfwer immediately after the problem, and then the folution: for 
in my opinion, this way of putting down the anfwer firft, will not only 
ferve to illuftrate the following folution, but may alfo ferve to fix the 
problem more firmly in the minds of young beginners, who are but too 
apt to neglect it, and to fubftitute chimerical notions of their own, that 
are not to be juttified, either from the conditions of the problem, or com- 
mon fenfe. 

After the learner has run over fome of thefe problems, and has got a 
tolerable infight into the method of their refolution, it will be very proper 
for him to begin again, and to attempt the folution of every problem 
himéfelf, and not to have recourfe to the folutions here given, but in 
cafes of abfolute neceflity: but after the work is over, he may then com- 
pare his own folution with that which is here given, and may alter or re- 
form it as he thinks fit, 

The 


kd 


Art. 26, 27. The folution of problems producing fimple equations, x07 


The folution of Jome problems producing fimple equations. 


PROBLEME 


26. What two numbers are thofe, whofe difference is 14, and whofe fum 
when added together, is 48.? 

Anf: The numbers are 31 and 17: for 31——-17==14; and 31+ 

i d =a 48. 

l SOLUTION, 


In this problem there are two unknown quantities, to wit, the two 
numbers fought; and there are two conditions ; firft, that the lefs num- 
ber when fubtracted from the greater muft leave 14; and fecondly, that 
the two numbers when added together muft make 48: therefore I put 
x for the lefs number; and to finda name for the greater, I have recourfe 
to the firft condition of the problem, which informs me, that the difference 
betwixt the two numbers fought is 14; therefore, if I call the lefs num- 
ber x, I ought to call the greater x- 14 : thus then I have got names 
for both my unknown quantities, and have ftill a condition in referve 
for an equation, which is the fecond: now according to this fecond con- 
dition, the two numbers fought, when.added together, muft make 48 ; 
therefore x and x-+ 14 when added together muft make 48 ; but x and 
x-+ 14 when added together make 2x-+-14; whence I have this equa- 
tion, 2x-++14==48; therefore 2x=48—14= 34; therefore x, or 
the lefs number = 17, and x-+-14, or the greater number =31, as 
above. l s 

In our folution-of this problem, the notation was drawn from the firft 
condition, and the equation from the fecond; but the notation might have 
been drawn from the fecond condition, and the equation from the firft, 
thus: put x for the lefs number fought; then becaufe the fum of both 
the numbers is 48, if you fubtract the lefs number x from 48, the re- 
mainder 48 —x will be the greater number, fo that the two numbers 
fought will be x, and 48 — x; fubtract the former number from the 
latter, and the remainder or difference will be 48—2; but according 
to the firft condition of the problem, this difference ought to be 14; there- 
fore 48—2x== 14: refolve this equation, and you will have x= 17, and 
48 —x==31, as above, 


PROBLEM 2. 


27. Three perfons, A, B and C, make a joint contribution, which in the 
whole amounts to 76 pounds: of this, A contributes a certain fum un- 
known; B contributes as much as A, and 10 pounds more; and C, as 

Oz puch 
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much as both A and B together: I demand their feveral contributions. 
Anf. A contributes 14 pounds, B 24, and C 38: for 14-++-10==24, 
and 14-++-24==38, and 14-+-24-4+38==76. 


SoLUTION. 


In this problem there are three unknown quantities, and there are 
three conditions for finding them out; firft, that the whole contribution 
amounts to 76 pounds; fecondly, that B contributes as much as 4, and 
10 pounds more; and laftly, that C contributes as much as both 4 and 
B together. 

Thefe things being fuppofed, I firft put x for #’s contribution; then 
fince, according to the fecond condition, B contributes as much as 4, 
and 10 pounds more, I put x-+ 10 for B’s contribution ; laftly, fince. 
C contributes as much as both 4 and B together, I add x and x-+-10 
together, and fo put down the fum 2x-++-10 for C’s contribution : 
thus have I got names for all my unknown quantities, and there remains 
ftill one condition unconfidered for my equation, which is, that all the 
contributions added together make 76 pounds; therefore I add x, and 
x-+10, and 2-10 together, and fuppofe the fum 4x- 20o=76; 
therefore 4x==76—20==56; therefore x, or 4’s contribution equals 
t4; x-+10, or B’s contribution equals 24; and 2x-+4e10, or C’s con- 
tribution equals 38, as above. 


PROBLEM 3. 


28. Suppofe all things as before, except that now, the whole contribution 
amounts to 276 pounds; that of this, A contributes a certain fum un- 
known; that B contributes twice as much as A, and 12 pounds more ; 
and C three times as much as B, and 12 pounds more: I demand 
their feveral contributions. 

. Anf. A contributes 24 pounds, B 60, and C 192: for 24x2-b12 
=-60; and 60x%3-+12==192; and 24-++-60-++ 192= 276. 


SOL et EN 


Put x for £’s contribution ; then becaufe B contributes twice as much 
as 4, and 12 pounds more, B’s contribution will be 2x- 12; there- 
fore if C had contributed juft three times as much as B, his contribution 
would have amounted to 6x-+ 36; but according to the problem, C 
contributes this, and 12 pounds more; therefore C's contribution is 6x 
+48; add thefe-contributions together, to wit, x, 2x- 12, and 6x 
+48, and you will have 9x-++-60==276; therefore gx==276—60 
-=216; and x, or A's contribution equals 24; whence 2¥-++12, or 

B's 
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Bs contribution equals 60; and 6x-+-48, or C’s contribution equals 
192, as above. 


ADVERTISEMENT, 


I know not whether it may not be thought impertinent here to put 
the learner in mind, that after x was found equal to 24, the other two 
unknown quantities, 2%-+-12, and 6x-4+-48 were found, by fubftituting 
24 inftead of x. 


PROBLEM 4, 


29. One begins the world with a certain fum of money, which he improved 
Jo well by way of traffick, that at the years end, he found he had dou- 
bled his firft fock, except an hundred pounds laid out in common ex- 
pences ; and fo be went on every year doubling the laf years flock, ex- 
cept a hundred a year expended as before; and at the end of three 
years, found himfelf juf three times as rich as at frf: What was 
bis firft ftock ? 

Anf: 140 pounds: for the double of this is 280, and 280— 100 = 
180 pounds at the end of the firft year ; the double of this laft is 360, and 
360—100==260 pounds at the end ofthe fecond year ; again, the dou- 
ble of this is 520, and §20— 100 = 420 pounds at the end of the third 
year ; and 420 pounds is juft three times as much as 140 pounds, his firí 
tock, 

SOLUTION, 


Put x for his firft ftock, that is, let x be the number of pounds he 
began with ; then the double of this is 2x, and therefore he will have 
2x— 100 at the end of the firft year; the double of this is 4.1.—200 ; 
therefore he will have 4x—200— 100, that is, 4x— 300 at the end 
of the fecond year; the double of this is 8x—600 ; therefore he will 
have 8 x—600—100, that is, 8*—7oo at the end of the third year ; 
but according to the problem, he ought to have three times his firft ftock, 
that is, 3x, at the end of the third year; therefore 8 x—700=3% ; 
therefore 8x—3x—700==0, that is, 5x—7oo==0; therefore 5x== 
700 ; and x, or his frit ftock equals 140, as above. 

To this problem I fhall add another of a like kind, for the learner to 
folve himéelf. 

One goes with a certain quantity of money about him to a tavern, where 
he borrows as much as be had then about him, and out of the whole, 
Spends a fhilling ; with the remainder be goes to a fecond tavern, where 
he borrows as much as he bad then left, and there alfo fpends a fhilling ; 
and fo he goes on to å third, and a fourth tavern, borrowing and fpend- 


Ing 
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ing as before; after which he had nothing left : J demand how much 
money he had at firft about bim. 
Anf. 3 of one fhilling, that is, 11 pence farthing. 


PROBLEM $, 


30. One has fix fons, each whereof is four years older than bis next young- 
er brother ; and the eldeft is three times as old as the youngeft: What 
are their feveral ages? 

Anf. 10, 14, 18, 22, 26, 30: for 30, the age of the eldeft, will 

then be juft three times 10, that is, three times the age of the youngeft. 


SOUTO MG 


For their feveral ages putx, x-4, x+8, x+12, x+16, x-++20; 
then according to the problem x-+-20 the age of the eldeft, ought to be 
equal to 3.x, that is, three times the age of the youngeft ; fince then 3x= 
x-++-20, we fhall have 3x—x==20, that is, 2x= 20, and x= 10, 
as aboye, 


PROBLEM 6, 


31. There is a certain fifh whofe head is ġ inches ; the tail is as long as the 
head and half the back ; and the back is as long as both the head and tail 
together: I demand the length of the back, and of the tail. 

Anf. The length of the back was 36 inches, and that of the tail 27: 

for 27 =9 + #; and 36 =9-+27. 
SOLUTION. 

For the length of the back put x; then will x be equal to the length 
of both head and tail together, by the fuppofition ; therefore if from x, 
the length of the head and tail together, you fubtra&t 9, the length of 
the head, there will remain x—g for the length of the tail; but ac- 
cording to the problem, the tail is as long as the head and half the back ; 


x 
therefore x —9 = z +9; therefore 2~—18—=x-+18; therefore 2x 


—x—18= 18, that is, x—18= 18; and x, the length of the back 
equals 18-4 18= 36; therefore x—g, the length of the tail equals 27, 
as above. 


PROBLEM 7,’ 


32. One has a leafe for 99 years; and being asked how much of it was 
already expired, anfwered, that two thirds of the time paft was equal 
2o four fifths of the time to come: I demand the times pah, and to come. 

Anj: 


Art, 32,33, PRODUCING SIMPLE EQUATIONS. TIY 
Anf. The time paft was 54 years ; and the whole term of years was gq ; 
therefore the time to the expiration of the leafe was 45 years; now ? of 
54 is 36; and tof 45 is 36. 
SOLUTION, 


__ Put x for the time paft; then fince the whole term of years was gg, 
if x the time paft, be fubtracted from gg the whole time, there will re-- 


; à 5 - £8 
main gg——.x for thetime to come; but 2 of the time paft is —,; and 4. 
3 3 ? 5 


j = ee 6— &. 2 we 
of the tirne. to come is # of ono = K Ea hati therefore — = 
3 


396 —4 1188 — r2% 


x 
; therefore 2x = therefore 10x = 1188 — 


5 
12x; therefore 10x- 12 x= 1188, that is, 22x == 1188; and x the 
time paft == 54: years; therefore g9 — the time to come equals 45 


years. ; 
To this problem I fhall add two others of the fame nature, without 


any folution. 
Firft, To divide the number 84 into two Juch parts, that three times one 


part may be equal to four times the other. 
Anf. The parts are 48 and 36: for in the firft place, 48 +- 36 = 84 ; 


and in the next place, three times 48 = 144 = four times 36. 
Second, To divide the number 60 into two fuch parts, that a feventh 
part of one may be equal to an eighth part of the other. 
Anf. The parts are 28 and 32 : for in the firft place, 28-+-32=60; 


and in the next place, ! of 28 equals 4 = į of 32. 
| PROBLEM 8, 


33. It is required to divide the number 50 into twa fuch parts, that } of 
one part being added to; of the other, may make 40. 

Anf. The parts are 20 and 30: for in the firft place, 20 + 30 == 50 ;. 
and in the next place, : of 20, which is 15, added to $ of 30,. which is 
25, makes 4o. 
SoLUTION. 

Put x for one part, and confequently 50—. for the other part ; then 
we fhall have 3 of x = 3% and į of so——x =e ; but accord- 
ing to'the problem, thefe two added together ought to make 40 ; whence 


we have this equation, ias 40: multiply by 4, and you 


will 
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th _ 1000—20% 3 

will have 3x + —— p = 160; multiply again by 6, and you 
will have 18x-++ roo0o—20x= 96o, that is, t000 —2 x= 960; there- 
fore r000 =2x--960; and r000—g60==2x, that is, 2x==40; and 
x, which is one of the parts fought, will be 20; whence ṣo—x or the 
other part will be 30, as above, 

Other two problems of the fame nature. 

Firft: It ts required to divide the number 20 into two fuch parts, that 
three times one part being added to five times the other may make 84. 

Anf: The parts are 8 and 12: for 8+-12==20; and 8x3-+12x5, 
that is, 24-+ 60 = 84. 

Second: It ts required to divide the number 100 into two fuch parts, 
that if a third part of one be fubtraéted from a fourth part of the 
other, the remainder may be 11. 

Anf. The parts are 24 and 76: for firft, 24 added to 76 makes 100; 
and fecondly, : part of 24, which is 8, fubtracted from z of 76, which is 
19, leaves 11, 

PROBLEM Q: 


34. Two perfons A and B engage at play; A has 72 guineas and B 62 
before they begin ; and after a certain number of games won and lof be- 
tween them, A rifes with three times as many guineas as B : I demand 
how many guineas A won of B. 

Anf. 21: for 72 +21 = 93 ; and 52—21==313 and n EEROR 


SOLUTION 


Put x for the number of guineas 4 won of B, and confequently that 
B loft; then will 4’s laft fum be 72- x, and B’s laft fum 52 —x: 
now according to the problem, .4’s laft fum is three times as much as 


B’s laft fum; that is, three times 52 — x, or 1 56—3x ; therefore 72+ 
x==156—3x ; therefore 72 -4+-x-+3x==156, that is, 72-4% = 156; 
therefore 4 x = 156-—72== 84 ; therefore x, the money 4 won of B, 
equals 21 guineas, as above. 


PROBLEM Io, 


35. One meeting a company of beggars, gives to cach four pence, and 
bas fixteen pence over; but if he would have given them fix pence apiece, 
be would have wanted twelve pence for that purpofe : I demand the 
number of perfons. if 


Anf. 14: for 14x4- 1672 =14x6—12, 


SOLU- 
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SOLA Tot O. Ne A 


Put x for the number of perfons; then if he gives them four pence 
apiece, the number of pence given will be four times as many as the num- 
ber of perfons, that is, 4x; therefore 4x-+-16 will exprefs all the money 
he had about him ; and fo alfo will 6x— 12 by a like way of reafoning; 
therefore 4.x -+ 16 = 6 x——= 12 ; therefore 16==6x—4x—12=2% 
— 12; therefore 2x = 16 + 12 =28 ; and x, the number of perfons 
equals 14, as above. 

P 8.0.8 L: 2 M14. 
36. What two numbers are thofe, whofe difference is 4, and the difference 
of whofe fquares is 112? 

Anf. 12and 16: for 16—12==4, and 16x 16—12x 12, that is, 
256—144== 112. 

SOLUTION, 


The lefs number, x. ade 4 
The greater, x-4. xb 4. 
ai KXAN 16 
+4x 
The {quare of the greater, xx-+-8x-+- 16 
The fquare of the lefs, x 


The difference of their {quares, x 8x-+-163 whence 8x+-16— 
112; therefore 8 x= 112 —+16 = 96; therefore x the lefs number equals 
12, and x-+-4 the greater equals 16, as above. 


PROBLEM 12. 


37. What two numbers are thofe, whereof the greater is three times the 
lefi, and the fum of whofe fquares is five times the fim of the numbers ? 
Anj. The numbers are 6 and 2, whofe fum is 8: now 6==3 times 2 ; 


and 6x6-+-+-2x2==40== 5 times 8. 


SELU TION 


The lefs number, X. 
The greater, 2 Ms 
Their fum, 4%, 
The fquare of the lefs, PC. 


The fquare of the greater, g xx. 
The fum of their fquares, 10 x x. 


P But 
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But according to the problem, the fum of their fquares is 5 times the 
fum Of the numbers, that is, § times 4x or 20x; therefore 10x x = 
20x; and 10x==20; and x the lefs number = 2; whence yw the 
greater equals 6, as above. 


PROBLEM 13. 


38. What two numbers are thofe, whereof the lefs is to the greater as 2 


to 3, and the product of whofe multiplication is 6 times the fum of 
the numbers ? 

Anf. The numbers are 10 and 15, whofe fum is25: for ro is to r% 
as 2 to 3; this will be plain by putting the queftion thus ; if 2 gives 3, 
what will ro give? for the anfwer will be 15: thefe numbers will alfo 
anfwer the fecond condition of the problem; for 10x15==150==25x6. 


SoLUTION. 
Put x for the lefs number; then to find the greater number fay, if 2 
gives 3, what will x give? and the anfwer is 35, therefore if x ftands 


3% x è 
=— , their fum will be 


for the lefs number, the greater number will be A 


x 3x 2X-+- 3K x ° ise 
2— or 7 2. or 2 ; and the product of their multiplication x x 
2 


x L ; : 
3Y or 3%*; but according to the problem, the produé of their mul- 
2 2 


tiplication ought to be fix times the fum of the numbers, that is, ‘fix times 
5x. Ox 2M. OOR 


`~ < ® ~ _—_— . De mama . — 
Peat at therefore 2— = and 3 x*== 30x; and 3 x= 30; 


3% 
and x the lefs number equals 10; therefore ry the greater number 
equals 15, as above. 
PROBLEM If4, 


39. Two perfons A and B were talking of their money; fays A to B, 
give me five fhillings of your money, and I fhall have juft as much as you 
will have left: Jays B to A, rather give me five feillings of your 
money, and I fhall then have juft three times as much as you will have 
left: How much money had each ? 

Anj: A had 15 fhillings, and B 25: for then, if 4 borrows 5 fhill- 

ings of B, they will have 20 fhillings each ; on the other hand, if 


A 
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A lends B 5 fhillings, then will 4 have rọ fhillings left, and B will 


have 30, which is three times as much. 
SOLUTION. 


Put x for .4’s money ; then if 4 borrows five fhillings of B, 4 will 
have x-+ 5, and B by the fuppofition, will have the fame left, to wit, 
x-+ 5; butif B after having lent 4 5 fhillings, has x+ 5 left, he muft 
have had x-+ 10 before; therefore if x reprefents 4’s money, x- ro 
will reprefent B’s: let us now fuppofe B to borrow 5 fhillings of 4; 
then will B have x- 15, and 4 will have x— 5; but according to the 
problem, B in this cafe ought to have three times as much as 4 has left, 


that is, three times x — 5, or 3x— 15; therefore 3 x — l5==x-+15; 
therefore 3x—x—15==15, that is, 2x— 15==15; therefore 2x 
= 1 § + 15 = 30; therefore x, or £s money equals 15 fhillings, and 
x- 10, or B’s= 25, as above, 


PROBLEM Ig, 


40. What two numbers are thofe, the product of whofe multiplication is 
108, and whofe fum is equal to twice their difference 2 
Anf. 18 and 6: for the product of their multiplication is 108 ; and 
their fam 24, is equal to twice their difference x12. 


SoLuTION, 


For the greater number I put x; then, had their fum been 108, I 
fhould for the other number have put 108 —x; but it is not the fum of 
their addition, but the product of their multiplication that is equal to 


of ; 
aa which 


Cà 


1085 therefore if one number be called x, the other will be 


I thus demonftrate : let y be the other number; then will E E ea 
108 by the fuppofition ; divide both fides of the equation by x, and you 


, Io ee 3 
will have y = ; as was to be demonftrated. 'This being admitted, 


Eee Eo 
the difference between the greater number x, and the lefs z iS xem 


108 TPES A 108 ae 
ay and their fum is os cara but by the condition of the problem, 


this fum ought to be equal to twice the difference, that is, to twice 


108 216 216 108 
mm —— OF 2 meen ; therefore 28——— =x 3 therefore 2.x 


# v 


i — 216 
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| —216 =x x4 108 ; therefore 2 x—xx—216=108,, that is, xx 
—216==-108; therefore xx= 108-+--216=324; therefore x the 


108 
greater number equals 18, and mae the lefs equals 6, as above. 
PROBLEM TO. 


41. It is required to divide the number 48 into two fuch parts, that one 
part may be three times as much above 20, as the other wants of 20. 
Anf. The two parts are 32 and 16: for 32- 16 = 48 ; moreover 
22 is 12 above 20, and 16 wants 4 of 20, and 12 is three times 4. 


5:0. 5 UT ION. 


Put x for the lefs number fought ; then will 48 —x be the greater, 
and the excefs of this greater above 20 will be 28 — x, as is evident by 
fubtra@ting 20 from 48 — x : again, the excefs of 20 above the lef num- 
ber (which is, what the lefs number wants of 20) is 20—wx; and ac- 
cording to the problem, the former excefs is three times the latter, that 


is, three times 20— x, or 6o —3x; whence we have this equation, 
28 — x = bo — 3 x ; therefore 28-—x-+ 3 x= 60, that is, 28 -+2 x 
= 6o; therefore 2 x = bo — 28 = 32; therefore x the lefs part =16, 
and 48 — x the greater == 32, as above, 


Another folution of the Soregoing problem. 


Put x for what the lefs number wants of 20 ; then will the lef num- 
ber be 20 — x, the greater 20-++ 3x, and their fum 40o + 2x; but by 
the problem, their fum is 48 ; therefore 40 + 2 x= 48; therefore zx 
== 48 — 40 = 8 ; therefore x = 4; whence 20——.x the lef number 
= 16, and 20-+ 3x the greater = 32. 


PROBLEM 17. 


42. One has three debtors, A, B and C, whofe particular debts he bas 
forgot ; but thus much be could remember from his accounts, that A's 
and B's debts together amounted to 60 pounds; A’s and C’s to 80 
pounds; and B's and C's to g2 pounds: I demand the particulars. 

| Anf: A's debt was 24 pounds, B’s 36, and C’s 56: for 24+ 36 = 

i 60, 24- 56 = 80, and 36+ 56 = 92. 


SoLUTION. 
| Put x for 4’s debt; then becaufe 4’s and B’s together made 60 pounds, 
| B’s debt will be 6o — x: again, becaufe 4’s and C’s together made 80 
pounds, 
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pounds, C’s debt muft be 80 — x : now fince according to the problem, 
B’s and C’s debts when added together make g2 pounds, I add 6o — x, 
and 8o — x together, and fuppofe the fum 140—2x= 92; whence 
2x- 92 =140; and 2x = 140—92 = 48 ; and x, that is, £’s debt 
==24 pounds; whence 60—., or B’s debt = 36 pounds; and 80 
— x, or C’s, is 56 pounds, as above. 


PROBLEM 18, 


43. One being afeed how many teeth he had remaining in his head, an- 
fered, three times as many as he had lft; and being afked how many 
be had loft, anfwered, as many as being multiplied into part of the num- 
ber left, would give all he ever had at firft: I demand how many he 
had loft, and how many he had left. 

Anf. He had loft 8, and had 24 left: for then 24 the number left, 
will be equal to 3 times 8, the number loft ; and moreover 8 the num- 
ber loft, multiplied into 4, that is, into part of 24 the number left, 
will give 32 = 24 + 8, all he ever had at firft. 


SOL Url eon: 


Teeth loft, x. 
left, 3. 
In all, 4.x. 


Cee : E paii 
i part of the number left +, or > ; this multiplied into the num- 
x xx 3 $ 
ber loft, makes — x x or PE. but. according to the problem, this pro- 


duc is equal to all he ever had at firft; whence A 4x 3 and xx 


= 8x; and x, the number loft = 8; whence 3x, the number left 
== 24, as above. 


PROBLEM Ig. 


44. One rents 25 acres of land at 7 pounds 12 fhillings per annum; 
which land confifts of two forts, the better fort he rents at 8 Shillings 
per acre, and the worfe at 5: I demand the number of acres of each 
ort. 

My He had g acres of the better fort, and 16 of the worfe: for g 
+-16acres==25 acres; and g times 8 fhillings = 72 fhillings; and 16 
times 5 fhillings = 80 fhillings; and 72-+4+-80==152 fhillings= 7 pounds 
12 fhillings, 

SOLU= 
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Put x for the number of acres of the better fort ; then will 2 g — x 
be the number of acres of the worfe fort, becaufe both together made 
25 acres: moreover, fince he paid 8 fhillings an acre for the better fort, 
he muft pay 8 times as many fhillings as he had acres, that is, 8x ; and 
fince he paid 5 fhillings an acre for the worfe fort, he muft pay 5 times 


as many fhillings as he had acres of this fort, that is, 2 5—xX 5, or 
125 — çx: put both thefe rents together, and they will amount to 
8x-+-125— 5x, or 3x-+125 in fhillings; but they amount to 152 
fhillings, by the fuppofition ; therefore 3x ~+ 125 = 152; therefore 
3 x= 1 52 — 125 = 27; therefore x, the number of acres of the bet- 
ter fort — 9, and 25—-x, the number of the worfe fort = 16, as 
above, 
PROBLEM 20, 


4s. One hires a labourer into his garden for 36 days upon the following 
conditions, to wit, that for every day he laboured, he was to receive 
two fhillings and fixpence; and for every day he was abjent, he was to 
forfeit one fhilling and fixpence : now at the end of the 36 days, after 
due deductions made for his forfeitures, he received clear 2 pounds 18 
foillings : I demand how many days he laboured, and how many he was 
abjent. 

Anf: He laboured 28 days, and loitered 8: for 28 half-crowns amount 
to 3 pounds ro fhillings due to him for wages; and 8 eighteenpences 
amount to 12 fhillings due from him in forfeitures; and this latter fum 
fubtraéted from the former, leaves 2-pounds 18 fhillings to be received 


lear, 
Seti T La N 


Put x for the number of days he laboured ; then will 36 —x repre- 
fent the number of days he was abfent : again, fince he was to receive 30 
pence for every day he laboured, the pence due to him in wages will be 
30xx, or 30x; and fince he was to forfeit 18 pence for every day he 


was abfent ; the pence due from him in forfeitures will be 18 x 36 —*x, 
or 648—18«: fubtra& now 648 — 18x, the pence due from him in 
forfeitures, from 30x, the pence due to him for wages; or, which is all 
one, add 18 x — 648 to 30x, and there arifes 48x — 648, the pence to 
be received clear: but he received clear 2 pounds 18 fhillings, or 696 pence, 
by the fuppofition ; therefore 48 x — 648 = 696; therefore 48x = 648 | 
++ 696 = 1344 ; therefore x, the number of days he laboured = 28 ; 


and 36—.«, the number of days he loitered = 8, as above, 
Pro- 
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PROBLEM 21; 


46. Suppofe that i9 pounds of gold weigh 18 pounds in water; and more~ 
over, that 10 pounds of filver weigh 9 pounds in water; laftly, fuppofe 
a mafi weighing 106 pounds, and confifing of both gold and fiver, 
when weighed in water, weighs only gg pounds: Idemand the diftinét 
quantities of gold and filver in the mafs. 

Anj: There were 76 pounds of gold, and 30 of filver: for 76-+ 30 
==106; moreover, if 1g pounds of gold weigh 18 pounds in water, 76 
pounds of gold will weigh 72 pounds in water, by the golden rule; 
and if ro pounds of filver weigh g poundsin water, 30 pounds of filver 
will weigh 27 pounds in water, by the fame rule; and laftly 72 +. 27, 
the weight of the whole mafs in water == 99, as the problem requires, 


SoOEUT TON. 


Put x for the number of pounds of gold in the mafs; then will 106 
—.x reprefent the number of pounds of filver; and to find the weight of 
the former in water, I fay, if 19 pounds of gold weigh 18 pounds in 


; r E aa : 
water, what will x weigh ? and the anfwer is Tp 7 again, to find the 


weight of the filver in water, I fay, if ro pounds of filver weigh g 


pounds in water, what will 106-—.x weigh? and the anfwer is ETON, 


O 


ox 


then I add both thefe weights together, and their fum. is + 


954—9* 


Serie but according to the problem,. the weight of the whole mafs 


. . 18x | 954-—-9x 
in water is ọọ pounds ; therefore the equation is Fui fa OD 
18126—171x - 

a eee E ; therefore 180x-+ 18126— 


therefore 18x-- 


— 1126 =6?4 ; therefore x, the pounds of gold in the mab =76,. 
and ro6—wx, the pounds of tilver = 30, as above. 

Note. In the folution of this problem it is taken for granted, that all’ 
bodies of the fame fpecific gravity, have their weights in water propor- 
tionable to their weights in air, which. is eafily demonttrated from hydrofta- 
tics, and is further confirmed by experiments: thus if the weight of 
any one quantity of gold in air be to it’s weight in water as 1g to 18, 


171 x= 18810, that is, gx-+-18126—= 18810; therefore gx—=18810 


the 
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the weight of any other quantity of gold in air will be to it’s weight in 
water in the fame proportion ; and the fame may be obferved of filver ; 
only as filver is a body of a different fpecific gravity from gold, the pro- 
portion will be different, being as ro to 9, and fometimes as 13 fo 10. 


PROBLEM 22, 


47. One lets out a certain fum of money at 6 per cent, fimple intereft ; 
which intereft in xo years time wanted but 12 pounds of the princi- 
pal: What was the principal ? 

Anf. The principal was 30 pounds, and the intereft 18 pounds =30— 
12: for as 100 pounds principal is to it’s annual intereft 6 pounds, {o is 30 
pounds principal to its annual intereft 1.8 pounds ; and therefore it’s 10 
years intereft will be 18 pounds, 


Sats t.0,%. 


Put x for the number of pounds in the principal; then to find it’s 
intereft for one year, fay, if 100 pounds principal give 6 pounds intereft, 


what will x principal give? and the anfwer will be a 5 this will be 


the intereft of x for one year, and therefore it’s intereft for ro years will 
year, J 


6ox 6x x , ny 
be =o OF To OF 3°. put according to the problem, this intereft is to 


be x— 12; for it is to want juft 12 pounds of the principal, by the 


X À 
fuppofition ; therefore x— 12 = T ; therefore 5x—60== 3 x ; there- 


fore 5x-—3x-—6o0==0, that is, 2x—6o= o0; therefore 2x= 6o, 
and x the principal = 30, and x the ro years intereft == 18 pounds, 
as above. 

PROBLEM 23. 


48. One lets out 98 pounds in two different parcels; one at 5, the other 
at 6 per cent, fimple interef ; and the intereft of the whole in 16 years | 
amounted to 81 pounds: What were the two parcels ? 

Anf. The parcel at 5 per cent was 48 pounds, and the other at 6 / 
per cent was 50 pounds: for in the firft place, 48-+- 50==98; and 
moreover, the annual intereft of 48 pounds at 5 per cent amounts to 2 
pounds 8 fhillings ; and the annual intereft of 50 pounds at 6 per cent 
is 3 pounds; therefore the whole intereft amounts to 5 pounds 8 fhill- 
ings in one year; and confequently to 81 pounds in 15 years, 


Soru- 
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So Liv T -2 On. 


Put x for the number of pounds in the parcel at 5 per cent, and con- 
fequently g8—. for the number of pounds in the other parcel at 6 per 
cent; then to find the annual intereft of x, fay, if 100 pounds principal 


give ç pounds intereft, what will x give? and the anfwer will be = 


again, for the other parcel, fay, if too pounds principal give 6 pounds 
»>O 
; : À n : 55°—6x 
intereft, what will ọ8—x give? and the anfwer will be arty add 
x 588 — 6x 
d — 


: ¥ BSS 
thefe two interefts together, to wit, —— an 
100 


, and the fum 


: 8 — 88 — ‘ i 
will be = mat kp that is, 3 — ; this is the intereft of the 


two parcels for one year; and therefore in 15 years time, this intereft 


8820 — 
seal a ; but it amounts to 81 pounds, by the 


100 
fuppofition ; therefore se = 81; therefore 8820 — 15x = 
8100; therefore 8820 = 15x%-+8100; therefore -1 p x= 8820—8100 
=720; therefore x, the parcel at 5 per cent == 48 pounds; and 98 
— x, the parcel at 6 per cent = 50 pounds, as above, 


muft amount to 


PROBLEM 24. 


49. A gentleman hires a fervant for a year, or 12 months, and was to 
allow him for bis wages fix pounds in money, together with a livery 
cloak of a certain value agreed upon: but after feven months, upon 
fime mifdemeanour of the fervant, he turns him off, with the afore- 
faid clak and 50 fhillings in money; which was all that was due to 
‘him for that time: I demand the value of the cloak. 

Anf. The value of the cloak was 48 fhillings: for then his whole 
wages for 12 months would be 168 fhillings ; and by the rule of pro- 
portion, his wages for 7 months would be g8 fhillings; whence fub- 
trating 48 fhillings, the value of the cloak, there would remain 50 fhil- 
lings due to him in money. 

SOLUTION, 


Put x for the value of the cloak in fhillings ; then will his whole 
wages for 12 months be x-+-120; and his wages for 7 months, may 
be found by the golden rule, faying, as 12 is to 7, fo is x -+- 120 to 


Ce 7* 
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x-+ 840 
fabs ee but according to the problem, his wages for 7 months was 
12 


the cloak and ço fhillings in money, that is, x+-50; therefore x4-so= 
7x- 7x +840 
12 
== 840, that is, 5x-+- 600=-840; therefore 5 x= 840—6oo=240; 
therefore x, the value of the cloak in fhillings, is 48, as above. 


; therefore 12 x-+-600==7x-++-840 ; therefore 12 x—7 x- 600 


PROBLEM 26. 


50. One diftributes 20 fhillings among 20 people, giving 6 pence apiece 
to Jome, and 16 pence. apiece to the reft: I demand the number of 
pe rfons of each denomination. 

Anj: 'There were 8 perfons who received 6 pence apiece; and r2 
who received 16 pence apiece: for in the firft place, 8 -+ 12 ==20 per- 
fons ; and fince 8 fixpences are equivalent to 4 fhillings, and 12 fixteen- 
pences to. 16 fhillings, we fhall have in the next place, 4- 16 = 20 
{hillings. 

SOs Uk hot. 


Put x for the number perfons who received 6 pence apeice; then 
fince there were 20 perfons in all, 2o—. will be the number of thofe 
who received fixteenpence apiece: the number of pence received by the 
former company wil will be 6x; and the number of pence received by the 


latter will be 2o—x x16, that is, 320—16x ; and therefore the whole 
number of pence seceied will be 6 x+ 320— 16x, Or 320—I10%; 
but SHOTS to the problem, there was received in the hide. 20 fhill 
ings, or 240 pence; therefore, 320— 10%==240;3 therefore rox- 
Kaie therefore ad Seena Bee BO thecefare x, the number 
of perfons who received fixpence a piece, is 8, and confequently 2o—x, 
the number of the reft is 12, as above, 


P26. bb Ew 26; 


51. It ts required to divide 24 fhillings into 24 pieces, conffing only of 
ninepences and thir teenpencebalff ennies. 
Anf: There muft be 8 ninepences and 16 thirteenpencehalfpennies : : 
for in the firft place, 8 + 16 = 24 pieces; and fince 8 ninepences are 
equivalent to 6 fhillings, and 16 thirteenpencehalfpennies to 18 fhillings, 


we have in the next place 6-+ 18==24 fhillings, 


5 i A ie 
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Put æ for the number of ninepences, and confequently 24—. for the 
number of thirteenpencehalfpennies: now the number of halfpence equi- 
valent to the former is 18x, becaufe there are 18 halfpence in every 


9 pence; and the number of halfpence equivalent to the latter is 24 — x 
x27, or 648 —27x, becaufe there are 27 halfpence in every thirteen- 
pencehalfpenny piece; therefore the number of halfpence equivalent to 
the whole will be 18x-+648—27., that is, 648—gx; but according 
to the problem, the whole amounts to 24 fhillings, or 576 halfpence ; 
therefore 648 — 9x = 576; therefore gx-+ 576= 648; therefore gx 
= 648—576==72; therefore x, the number of ninepences is 8; and 
the number of thirteenpencehalfpennies is 16, as above, 


24—x, 


PROBLEM 27, 


52. Two perfons, A and B, travelling together, A with 100, and B 
with 48 pounds about him, met .a company of robbers, who took twice 
as much from A as from B, and left A thrice as much as they left Bx 
I demand how much they took from each. 

Anf: They took 44 pounds from B, and twice as much, that is, 88 
pounds from Æ, fo they left B 4 pounds, and 4 12 pounds, which is 
3 times 4. 

SOL UT 18s 
Taken from B, x. 
from A, 2x. 
Left B, 48—x. 
Left 4, 100—2x. 


But according to the problem, they left 4 three times as much as they 
left B, that is, three times 48—.x, or 144—3 x; therefore 100 —2w 
= 144— 3x; therefore 10o—2x-+3%x=144, that is, 100+-x=1445 
therefore x, the fum taken from B =144—100==44; and 2x, or 88 
is the fum taken from 4, as above. 


C 
K . 


PROBLEM 28 

53. A certain ciftern which would be filled in 12 minutes of time by two 

pipes running into it, would be filled in 20 minutes by one alone; I 
demand in what time it would be filled by the other alone. 

Anf. In 30 minutes: for at this rate, this pipe would difcharge $ part 

of a cifternful in one minute’s time, and #% or 2 ‘ia 12 minutes: but 

the other pipe in 12 minutes time difcharges 3 or 3 of a cifternful, by 


Q2 the 
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the frppofition ; therefore both pipes in 12 minutes will fill 4, that is, the 


whole ciftern. 
Soe Ura ONE 


Put x for the time fought wherein the fecond pipe will filk the cift- 
ern; then to find how much of this ciftern will be filled by that pipe in 
12 minutes time, fay by the golden rule, if in the time x be difcharged 
one whole cifternful, how much of it will be difcharged in 12 mi- 


; 12 ; {2° 
nutes ? and the anfwer will be ss and for the fame. reafon Sei will be 


the part filled by the firft pipe in the fame time of 12 minutes; and 


= = = will be the quantity they will both difcharge in this time; but 


according to the problem, they ought both. together to difcharge one 
; sy ow iy. 22 
whole cifternful in this time; therefore re ee therefore 12 +- 


12x 
20 
==240; and x, the time wherein the fecond pipe alone would fill the 
ciftern, is 30 minutes, as above, 


=x ; therefore 240-++-12x==20%; therefore 20x%x— 12x, or 8x 


PROBLEM 29. 


54. A general of an army difpofing his men in rank and file in form of 
a fyuare, found he had 60 men more than would fland in the figure ; 
but when he thought of enlarging the fide of his fquare, though but by 
one man more, he found he fhould want 41 men for that purpofe: I 
demand his number of men, and how many they flood of a fide. 

Anf: He had 2560 men, and they ftood 50 of a fide: for the better 
underftanding whereof it muft be obferved, that foldiers are faid to ftand 
in rank and file, when a rank is placed behind the foremoft, and then 
another behind that, and fo on: thus if there be 6 ranks, and 7 men 
in every rank, they are faid to be 7 in rank and 6 in file; and the num- 
ber of men fo difpofed are 6 times 7, or 42. This being underftood, let 
us now fuppofe the general to have 50 ranks with 50 men in every rank ; 
then they would conftitute a fquare whofe fide is 50, and the number 
of men fo difpofed would be 50 times 50, or 2500; therefore if we fup- 
pofe him to have 2560 men in all, he would have 60 men more than 
could ftand in this figure: fuppofe then that the fide of his fquare was 
enlarged from ṣo to 51 men, that is, let us fuppofe 51 ranks with sr 
men in every rank; then it is plain, that this figure would take up 51 
times 51 or 2601; but he had only 2560 men; therefore this figure 

would 
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would take up more than he had by 41; for 2560 fubtraéted from 
2601 leaves 41. 
SOLUTION. 


Put x for the number of men that conftituted the fide of the fquare; 
then will xxx or xx be the number of men the figure took up; but 
according to the problem, he had 60 men more ; therefore.x x- 60 will 
reprefent his whole number of men: fuppofe now he had x-+1 men 


of a fide, then x+ 1xx-} 1, OF XX2K+1 x+-1 
will be the number of men this fuppofed figure xT 


would have taken up; but according to the prob- XXX ET 
lem, this lat number xx-2%-}r muft be +x 
greater than the true number of men xx- 60 XxX 2xX-+- I, 


by 41; therefore xx-+ 6o fubtracted from xx 
—-+-2x-+1, ought to leave 41; but xx-+ 60 XX 2x-+-1 
fubtracted from x x- 2x -+ 1 leaves 4- 2 x — 59; xx  *-60 


therefore 2x—59==41; therefore 2 x= 41 -+ * -H 2x%— 59. 
59 == 1o00; therefore x, the number of men 


of a fide = 50; and xx-++-60, the whole number of men = 2 560,, 


as above, 
PROBLEM 30, 


55. There are two places 154 miles diftant from each other; fron whence 
two perfons fet out at the fame time with a defign to meet, one travell- 
ing at the rate of 3 miles in 2 hours, and the other at the rate of 5 
miles in 4 hours: I demand how long and how far each travelled before 
they met. 

Anf. As our travellers were fuppofed both to fet out at the fame time, 
and they muft both meet at the fame time, it follows, that each muft 
perform his journey in the fame time; I fay then, that each performed 
his journey in 56 hours: for if in 2 hours the firft travelled 3 miles, in 
56 hours he muft travel 84 miles, by the rule of proportion; in like 
manner, if in 4 hours the fecond travels 5 miles, in 56 hours he mutt 
travel 7o miles; and 84-++ 70 = 1 §4 miles, the whole diftance, 


NST Oe Se es be Geo We 


Put x for the number of hours each travelled ; then to find how many 
miles the firft travelled, fay, if in 2 hours he travelled 3 miles, how far 


did he travel in x hours? and the anfwer is =, then for the other fay, 
if 
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af in 4 hours he travelled 5 miles, how far did he travel in x hours? and 
3” 


. 5X Poe á 
the anfwer is ard therefore both their journies put together make oq 


-- ia but they both travelled the whole diftance, 154 miles ; therefore 
5 % ; 
3z +2 = 154; therefore $e ee 308; therefore 12x- 10x, 


that is, 22x==1232; therefore x, the number of hours each travelled 


= 56; therefore =, the number of miles the firft travelled = 84; 


x > 
and ee the number of miles the fecond travelled = 70, as above. 
PROBLEM 31. 


56. One fèts out from a certain place, and travels at the rate of 7 miles 
in 5 hours; and 8 hours after, another fèts out from the fame place, 
and travels the fame road at the rate of 5 miles in 3 hours: I demand 
how long and how far the firft muft travel before he is overtaken by 
the fecond. 

Anf. The firft muft travel 50 hours and confequently 70 miles; the 
fecond muft travel so—8, or 42 hours, and confequently alfo 70 miles: 
fince then they both fet out from the fame place, and the fecond traveller 
has now travelled as far as the firft, he muft have overtaken the firft. 


5G UT Ton 


Put x for the number of hours the firft travelled, and confequently 
x— $8 for the number of hours wherein the fecond travelled: then to 
find the miles travelled by the firft, fay, ifin 5 hours he travels 7 miles, 


: _ 7K 
how far will he travel in x hours? andthe anfwer is “he ; then for the 


other fay, if in 3 hours he travelled 5 miles, how far will he travel in 


. 5X—40 
x— 8 hours, and the anfwer is SSE 2 but as thefe two travellers 


both fet out from the fame place, and muft come together at the fame 

place, it follows, that they muft both travel the fame length of {pace ; 
=s 21% 

therefore f = 7 ; therefore 5x—40 = therefore 25 x 

—200==21x; therefore 25x—-21x—200==0, that is, 4x— 200 

=mo; therefore 4-200; and x, the hours travelled by the firft 50; 

. whence 
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whence x —8, the hours travelled by the fecond = 42 ; < E the miles 


NI 


x— 40 


travelled by the firt = 70 ;. and erga the miles travelled by the 


fecond = 70, as above. 
PROBLEM 32. 


57. One looking upon.a clock, and being afked what a clock it was, anf- 
wered, between 5 and 6; but a more particular anfwer being defired,. 
he faid, that at that very moment, the minute hand and the hour hand 
were together: what was the time of the day ? 

Anf: Jott $ of an hour, or 27 minutes.and.about 16 feconds paft 5.- 

For a clearer and more diftinét explication of this anfwer, and of the 

following folution, let us call that point upon the dial-plate wherein the 
two hands are fuppofed to exift together at the inftant fought, between 
the hours of 5 and 6, 4; then, fince the hour hand moves from 12 to 5 
in 5 hours, if the time of 4 of an hour be rightly affigned, it ought to: 
move from 12 to 4 in 5 hours and $ of an hour: again, at 5 a clock 
the minute hand pointed at 12, and according to this account, $ of an 
hour after, it pointed at 4; therefore the minute hand moves from 12 
to 4 in į ofan hour; this then being the cafe, to wit, that the hour 
hand moves from 12 to Æ, in 5 hours and § of an hour, and that the 
minute hand paffes over the fame fpace in $ of an hour, let us in the 
next place enquire how thefe times agree with the known velocities of 
thefe two hands; for the minute hand makes a revolution in an hour’s 
time, and the hour hand in 12 hours; therefore the hour hand moves 
12 times flower than the minute hand; therefore the hour hand ought 
to be 12 times as long in pafling over any ‘given fpace, as the minute 
hand is in paffing through the fame {pace ; but according to our 
account, the hour hand paffed from 12 to Æ in 5 hours and % of an 
hour, and the minute hand pafled over the fame fpace in $ of an hour; 
therefore if the time enquired after be truly affigned, 5 hours and ¥ of 
an hour ought to be 12 times as much as ¥ of an hour; and fo we find 
it’; for 12 times $= 2 5S. 


SOLUTION 


Put x for the part or parts of an hour from 5 a clock to the in- 
ftant fought; then will the hour hand move from 12 to 4, in x+% 
hours, and the minute hand will pafs over the fame fpace in the time x; 
and x- 5 will be to x as 12 to 1; all which are manifeft from what 
has been faid above; multiply-the extremes and middle terms of this laft 

proportion 
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proportion together, according to the 15th article, and you will have 
12x==«“-+5 hours; and 12x—wx, that is, 11x== 5 hours; and x= 
s ofan hour, as above, 


PROBLEM 33. 


58. A clock has two hands turning upon the fame center, whereof the 
fwifter makes a revolution every 12 kours, and the flower every 16 
hours : I demand the fynodical period of thejè two hands. 

Anf. 48 hours. 

By a fynodical period is here meant, the time that paffes from the in- 
ftant the two hands are together, to the inftant they next come together 
again: but to acquire a more diftin&t idea of this time, that is, fuch a 
one as we may form a calculation upon, let us fuppofe the two hands 
together; then it is plain, that the fwifter hand will immediately get be- 
fore the flower; and in time, will have got a quarter of a circle, and half 
a circle, and three quarters ofa circle, and at laft an entire circle before 
the flower, in which cafe the two hands will now be together again; 
and this will be the firft time of their coming together again fince the 
fuppofed time of their fetting out ; therefore a fynodical period may now 
be defined to be the time wherein the fwifter hand gets an entire circle 
of the flower, or makes one revolution more than the flower: fince 
then in 48 hours the flower hand makes 3 revolutions, and the fwifter 
4, it follows, that 48 hours muft be their true fynodical period, 


SoLruyTion, 


Put x for the number of hours in a fynodical period; then to find 
the number of revolutions made by the flower hand in the time x, fay, 
fin 16 hours the flower hand makes one revolution, how many will 


; : oe 
it make in the time.x? and the anfwer will be TE> then for the fwif- 


ter hand fay, if in 12 hours it makes one revolution, how many will it 


r . ~ z x x 
make tn the time x? and the anfwer will be z3 therefore X is the 
I 


: x 
number of revolutions made by the flower hand, and =r the number of 


revolutions made by the fwifter hand in the fame time x: now to know 
how much the fwifter hand has got of the flower, I fubtract the former 


x“ x à $ xX x“ x 
ace —, from the latter —-, and the remainder is — — — ahs 
fpac 16’ faces 12 16? 7 483 


but as x is the time of a fynodical period, it is plain from what has been 
faid, that the fwifter hand ought to have got one entire circle or revo- 
lution 
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lution before the flower ; therefore z= 1; and x, the number of hours 
in a fynodical period == 48, as above. 
PROBLEM 34. 


59. A vintner has two forts of wines, one fort worth 20 pence a quart, 
and the other worth 12 pence a quart ; out of which he wants a mix~ 
ture of a 100 quarts worth 14 pence the quart: the queftion ts, how 
many quarts he muft mix of each fort. 

Anf. There muft muft be 25 quarts of the better fort, and 75, that 
is, 100— 25 of the worfe: for 25 quarts at 20 pence a quart amount 
to 500 pence; and 75 quarts at 12 pence a quart amount to goo pence ; 
therefore the whole amounts to 1400 pence; which divided by 100, 
the number of quarts, gives 14 pence a quart. 


SOLUTION. 


Put x for the number of quarts of the better fort, and confequently 

100—x for thofe of the worfe; then will 20x be the price in pence of 

the better fort, 1200—12x that of the worfe, and 8x-+ 1200 that of 

the whole: but 100 quarts at 14 pence a quart amount to 1400 pence ; 
therefore 8x- 1200==1400; 8x==200; and x, the number of quarts: 

of the better fort ==253 and 100o—x,the number of quarts of the worfe 

fort 75, as above. 

PROBLEM 36. 


bo. It is required to divide the number go into 4 fuch parts, that the 
firft part encreafed by 2, the fecond diminifbed by 2, the third multi- 
plied by 2, and the fourth divided by 2, may be all equal. 

Anf: The parts are 18, 22, 10, and 40: for 18-+-22-+-10-++- 40== 

go; and 18-+-2=22—-2=10x2=>=¥=520, 

| 


SODU TION, 


rft, Put x for the firft part; then if this firft part be encreafed by 2, 
the fum will be x-+-2 ; therefore the fecond part when diminifhed by 2, 
the third when multiplied by 2, and the fourth when divided by 2, 
ought each to make x +2. 

2dly, But if the fecond part when diminifhed by 2 be x-+2, then 
before it was diminifhed it was x-++4. } 

‘3dly, If the third part when doubled or multiplied by 2 be x-+-2, 


then before it was multiplied, it muft be the half of x-+-2, that is, : +1, 
R Laftly, 
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Laftly, If half the fourth number be x- 2, the fourth number it- 
felf muft be 2x-+-4; fo.that at laft, the parts are found to be x, x-++-4, 


: +-1, and 2x-+4; add thefe parts all together, and the fum will be 


- = 
4x += -+g; whence we have this equation, 4x ee -++9= 90; there- 
fore 8x--x-+-18==180; therefore 9x 162; and x, the 1ft part =18; 
x 
whence x-+4, the 2d part = 22 ; and Sedil, the 3d part = 10; and 2% 


-++4, the 4th part = 40, as above. 
PROBLEM 36. 


61. A fhepherd driving a flock of “heep in time of war, meets a company 
of foldiers who plunder him of half his flock, and half a fheep over ; 
the fame treatment he meets with from a fecond, a third and a fourth 
company, every fucceeding company plundering him of half the flock the 
lafi had left, and half a fheep over, infomuch that at laft he had but 7 
fheep left : I demand how many he had at firft. 

Anf. His flock at firft confifted of 127 fheep; and if the firft compa- 
ny had only robbed him of half his flock, they would have left him 63: 
fheep; but as they plundered him of half his flock, and half a fheep 
over, they left him only 63 fheep; in like manner the fecond company 
left him 31, the third 15, and the fourth 7. 

N. B. Before I enter upon the folution of this problem, I muft put 
the learner in mind of what he has been told before, (introduction art. 
13.) to wit, that a fraction may be halved two ways, either by halving 
the numerator, or doubling the denominator, 


So: IRT £0: 


Put x for the number of his firft flock ; then had the firft company 
only taken half his flock, they would have left him the other half, viz. 
= ; but they took half his flock and half a fheep over; therefore they 

I x— 


Re a I 3 
left him juft fo much lefs, to wit, <= ——, or : again, had the 
A TA 


fecond company only taken half what remained, they would have left him 
half, to wit, R ; but by taking half a fheep more, they lefë him 


x—1 2x— 2—4 2 x—6 x — 


> OF ——g—, OF 


I . el 
— —, that is, 3 ;. in like mans 


4 2 8 


ner 
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p x—3 I 2x—6—8 2X——I4 
ner the third company left ET gh Ma pee, ir eo 
int is A PE deat ES ones © 

g^; and the laft company left him | Sapa sah 2 BL, but they 


left him 7 fheep, by the fuppofition ; therefore “ay ; and «—~ 
15==112; and x his firft number = 127, as above. 
PROBLEM 37, 


62. One buys a certain number of eggs, half whereof he buys in at 2 a 
penny, and the other half at three a penny; thefe he afterwards fold 
out again at the rate of 5 for twopence, and contrary to his expeéta- 
tion, loft a penny by the bargain: what was the number of his eggs ? 

Anj: ‘The number of his eggs was 60; half whereof at two a penny 

coft him 15 pence; and the other half at three a penny, ten pence; and 
the whole 25 pence: but 60 eggs fold out at 5 for two pence, would 
only bring him in 24 pence, as appears by the rule of proportion; there- 
fore he loft a penny by the bargain, 


SoLUTION, 
Put x for the number of eggs; then fay, if 2 eggs coft one penny, 


what will = one half of his eggs coft? and the anfwer will be . ; and 
x 
for the fame reafon the other half at three a penny will coft him —; fo 


that for the whole he muft pay of + =, or 2 : again fay, if 5 eggs were 
fold for two pence, what were x eggs fold for? and the anfwer will be 


x 2x . : 
— ; therefore F will be the number of pence he received for his eggs; 


: á x r * 
fubtraét this from a the pence he paid for them, and the remainder 


5x 2% 


most or Z will be his lofs; but by the fuppofition, he loft one pen- 


x à 
ny; therefore — == 1 ; and x the number of eggs will be 60, as above. 
> 60 > oD > 


PROBLEM 38. 


63. One draws a certain quantity of wine out of a full veffel that held 
81 gallons; and then recruiting the veffel with water, takes a fecond 
2 drauzht 
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draught of as much wine and water together, as before he did of wine; 
and fovhe goes on for four draughts one after another, always taking 
the fame quantity at a draught, and then recruiting the veffel with 
water; infomuch that at laft, there were not above 16 gallons of pure 
wine left in the veffel, all the reft being water: I demand how much 
be took at every draught. 

Anf. He took 27 gallons at every draught ; therefore as there were 
81 gallons of liquor in the veffel before every draught was made, he took 
27 or + part of all the liquor in the veffel at every draught: but a mix- 
ture of wine and water, whenever it is made, may be fuppofed to be 
uniform; therefore in taking a third part of all the liquor in the veffel, 

-he muft not only take a third part of all the pure water in the veffel, 
but alfo a third part of all the pure wine ; with this difference however, 
that the water was again recruited by filling up the veffel, whereas the 
wine was not: fince then ! part of the wine was taken at every draught, 
it follows, that whatever quantity of pure wine was left in the veffel 
-before any draught was made, there would only remain 3 of that quan- 
tity afterwards ; but the quantity of wine at the beginning was 81 gal- 
lons, ex Aypothefi; therefore ż of 81, or 54 gallons muft be left after the 
firft draught ; ? of 54, or 36 gallons after the fecond draught ; 2 of 36, 
or 24 after the third draught ; and?of 24, or 16 after the fourth draught, 
as the problem requires. 

SoLUTION. 


As there was the fame quantity of liquor in the vefiel before every 
‘draught was made, to wit, 81 gallons, and as there was*taken the fame 
quantity at every draught, it follows, that the fame quantity muft be 


left after every draught ; for this put x; then will 7 {hew what part 


or parts of all the liquor in the veffel was left after every draught, and 
confequently of the wine; whence the quantity of wine left in the veffel 
after every draught may be found thus; there were 81 gallons at the be- 


x“ 
ginning, therefore 81 x yp T” muft be left after the firft draught ; 


x” 


x E- x3 
xxo, or g- muft be left after the fecond draught; z- 
81 81 S 81 


os 6561 
x3 x oer 


after the third; and ER x g- OF 534441 after the fourth; but accord- 


ing to the problem, there were left after the fourth draught 16 gallons; 
be È 


x 
therefore —= == 16; therefore x*== 8503056 ; therefore x*== 


531441 


v 8503056 
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8503056 = 2916; therefore x, or the number of gallons left in the 
veffel after every draught = y/ 2916 == 54; therefore 81 —x, or th 
quantity taken at every draught muft be 27, as above. : 


PROBLEM 39, 


64. It is required to divide the number go into two fuch parts, that one 
part may be to the other as 2 to 3. 

nf. The numbers are 36 and 54: for in the firt place, 36-+ 54. 
==90; and in the next place, if both 36 and 54 be divided by 18, the 
quotients will be 2 and 3 ; whence I infer, that 36 is to 54.as 2 to 3; for 
a common divifion by the fame number cannot alter the proportion of 
the numbers divided ; and therefore if, after this common divifion, the 
quotients be to one another as 2 to 3, the dividends muft be alfo-in the 
fame proportion. : 

SoLUTION. 


Put x for the lefs part, and 90—. for the other; then will x be to 
90—x as 2 to 3, by the fuppofition; but by art. 15, whenever there 
are four proportionals, the product of the extremes will be equal to the 
product of the middle terms: here the extremes are x and 3, whofe pro- 


dué is 3x; and the middle terms are go—wx and 2, whofe produét is 
180—2.x; therefore 3 x= 180—2x%; therefore 5x==180; and x, the 
lefs part = 36; and go—w, the greater = 54, as above, 


PROBLEM 40. 


65. Two weights, one of 5 pounds, the other of 7, are. fifpended at the 
extremities of a very finall rod 36 inches long: I demand the point in 
the rod, where thefe two weights will be in æquilibrio; that is, I 
demand the diftance of this point from either extremity of the rod. 
Anf: The diftance of the point of equikbrium from the greater weight 
was 15 inches, and confequently 36—15, or 21 inches from the lefs : 
for if the weights had been equal, the point of equilibrium would have 
been exactly in the middle of the rod; but as one weight is lefs than 
the other, it will be proportionably nearer the greater weight; and thus 
15 isto 21 as ¥ isto ¥, that is, as 5 to 7. 


SoLvUTIoN. 


Put x for the diftance of the point of equilibrium from the greater 
weight, and 36 —x for it’s diftance from the lefs; then. will x be to 
36— x as 5 to 7; whence by multiplying extremes.and means, accord- 


ing 
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ing to art. 15, we-have this equation, 7 x= 180-——5x; whence 12x 
== 180; and x, the diftance of the point of equilibrium from the greater 
weight = 15, and 36—x, it’s diftance from the lefs = 21, as above, 


PROBLEM 41, 


66. What number is that, which being feverally added to 36 and 52, 
will make the former fum to the latter as 3 to 4? 
Anj: The number is 12: for 36- 12 is to 52-+- 12, as 48 isto 64, 
as # is to $, as 3 to 4. 
SoLU TION, 


Put x for,the number fought, and you will have this proportion ; 
36-+x is to 52-+-x as 3 to 4. Whence by multiplying extremes and 
means you will have 144-++- 4*== 15643x; therefore 144-4+-x—=156; 
therefore x, the number fought == 12, as above. 


PROBLEM 42. 


67. A bookbinder fells me pale books, one containing 48 fheets for 
3 frillings and 4 pence, an another containing 75 fheets for 4 fhile 
ings and 10 pence, both bound at the fame price, and both of the 
fame fort of paper: I demand what he allows himfelf for binding. 
Anf. He reckoned 8 pence for binding; fo that the price of the paper 
of the firft book was 32 pence, and the price of the paper of the latter 
50 pence: now if this anfwer be juft, the two prices ought to bear the 
fame proportion to one another as the two quantities of paper; and fo 
ave {hall find them: for 32 pence are to 50 pence as # are to £, that is, 
as 16 to25; and 48 fheets are to 75 fheets as # are to 4%, that is alfo, as 
36 to 25, 
SoLUTION, 


Put x for the number of pence reckoned for binding; then we thal] 
have 40-—x for the price of the paper in the firft book, and 58—~¥x 
for. the price of the paper in the {fecond book; and 4o —x will be to 
53-—x as 48 to 75; multiply extremes and means, and you will have 
this equation, 2784—48 x==3000—75x; therefore 2784 +27 x= 
3000; therefore 27~==216; and x, the number of pence reckoned for 
binding == 8, as above. 


PROBLEM 43, 


68. What number is that, which being feverally added to 15, 27, and 
45, will give three numbers in continual proportion ? 
à N. B. 
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N. B. Three numbers are faid to be in continual proportion, when 
the firft is tothe fecond as the fecond is to the third. 

Anf: The number fought is 9: for 15-+g==24; and 27-++-9= 36; 
and 45-+-9==54; and 24 is to 36 as 36 is to 54: for 24 is to 36 as 
if Is to %, that is, as 2 to 3; and 36 isto 54 as 3 isto 4, that is alfo, 
as 2 to 3. 

SoLUTION, 


‘Put x for the number fought; then we fhall have this proportion, 
x-+15 istox-+-27, as x-+27 is tox-++45; where the two middle 
terms are x-+-27 and x-+-27: multiply extremes and means, and you 
will have. this equation, xx- 60% -H 975 =% x + 54% -+729 ; therefore 
60X%-+675==54x-+ 729; therefore "6x-+-675 = 729; therefore 6 
= 54; and x, the number fought-—=g, as above. 


PROBLEM 44. 


69. One places a certain number of rods upright ina ftreight line, at 
equal diftances one from another, the vacancies being no more than fuffi- 
cient to contain two rods apiece; but finding that by this means, his 
line would not reach above 125 inches, he extended it to 208 inches 
by opening the vacancies juft as wide again as before: What was his 
number of rods? 

Anf. The number of rods was 84, and confequently the number of 
intervals 83: for if two rods admit but of one interval, three rods of 2, &c, 
84 rods will admit of 83 intervals, which intervals if they were to be 
filled, would take up 83x2, or 166 rods; therefore if the firft line had 
been full, it would have taken up 84— 166, or 250 rods: again, the 
number of rods fufficient to fill the vacancies of the fecond line was 83 
x4, or 332; therefore if the fecond line had been full, it would have 
taken up 84-332, or 416 rods: now if this anfwer be juft, the lengths 
of thefe two lines ought to have the fame proportion to one another, as 
have the number of rods they would have taken up had they been full; ~ 
and fo we fhall find them: for 125 inches are to 208 inches as 125x2 
to 208x2, that is, as 250 rods to 416 rods, as was to be demonftrated. 


SOLUTION. 


Put x for the number of rods; then will the number of vacancies be 
x— 1; and the number of rods fufficient to fill the vacancies of the firft 
line, 2 x —2;, and the number of rods the firft line would have taken, 
had it been full, 3%—-2: again, the number of rods fufficient to fill the 


vacancies of the fecond line will be 4 x— 4; and therefore the number 
of 
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of rods the fecond Iine would have taken, had it been full, will be 5x—4 ; 
whence we {hall have this proportion, 3x— 2 is to 5x——4 as 125 is 
to 208; and by multiplying extremes and means, this equation, 624x 
—416=625x—500; therefore x — 500==—416, therefore x, the 
number of rods == 84, as above. 


Of the method of refolving problems wherein more un- 
known quantities than one are concerned, and repre- 


sented by different letters. 


70. Hitherto we have ufed but one fingle letter in every problem for 
fome one unknown quantity in it; and if there were ‘more, the reft re- 
ceived their names from the conditions of the problem: but in-cafes of 
a more complicated nature, where many unknown quantities are linked 
and entangled in one another, this method will be found very difficult ; 
and therefore in fuch cafes, the Algebrift is allowed to ufe as many diffe- 
rent letters as he has unknown quantities, provided he finds out as many 
independent equations for difcovering their values ; fee art. 92.: for though 
in every equation wherein more unknown quantities than one are con- 
cerned, they hinder one another from being found out, yet if as many 
fundamental equations at firit be given, as there are unknown quantities, 
it will not be difficult in many cafes, from thefe to derive others that 
are more fimple, till at Jaft you.come to an equation wherein but one on- 
ly unknown quantity is concerned, in which cafe all the reft are faid to 
‘be exterminated. 

Whenever two or more equations are propofed, involving as many 
unknown quantities, thefe equations muft firft be prepared by freeing 
them from fractions wherever there are any, and by ordering every par- 
ticular equation fo, that all ‘the unknown quantities may poflefs one fide 
of the equation, and fuch as are known the other ; or elfe, that all the 
quantities may poffefs one fide of the equation, and a cypher the other : 
it will be alfo convenient, that in every particular equation, the unknown 
quantities be placed in the fame order. 

In laying down rules for exterminating unknown quantities, I fhali 
begin with the fimpleft cafe firft, which is that of two equations and two 
unknown quantities; and when I have given as many examples as {hall 
be thought proper in this cafe, I fhall then proceed to others where more 
unknown quantities are to be exterminated. 

But here I muft not forget to advertife the reader, that as I am now 
treating of fimple equations, and problems producing fuch equations, I 
{hall not meddle with any cafes of extermination which lead to equations 
of 


Art.70. PRODUCING SIMPLE EQUATIONS, 137 


of higher forms: when I come to treat of quadratic equations, I may 
then perhaps add fomething further upon this fubject; but to undertake 
to explain all the various methods of exterminating unknown quantities 
would be an endlefs tafk, and a moft intolerably laborious and tedious 
one both to the writer and the reader, whom I cannot yet fuppofe to be 
fo far gone in Analytics, as to be willing to purchafe this fort of know- 
ledge at any rate. 

Let then x and y be two unknown quantities to be found out by the 
help of the two following equations, 4x—s5y==2, and 6x—7y=4; 
or the queftion may be ftated thus; if 4x— 5y==2, and 6x—7y==4, 
what are x and y? now as thefe equations want no preparation, put them 
down one under another ; then upon a bye piece of paper multiply the 
firft equation (4x—sy==2) by 6 the coefficient of x in the fecond 
equation, and the product will give this equation, 24x — 30y = 12 ; 
again, multiply the fecond equation (6x—7y==4) by 4, the coefti- 
cient of x in the firft equation, and the product gives 24 x—28y= 16; 
fubtra&t now either of thefe two laft equations from the other, and x 
will be exterminated: I choofe in the prefent cafe to fubtract the former 
equation from the latter, that the coefficient of y after fubtraction may 
affirmative, thus ; 24x —28y= 16 

24x% — 30y = 12 


tPF 2 = 4. 


From this fubtraction you have the following equation, 2y = 4, which 
put down under the two firft equations to make a third; then refolve this 
third equation 2y==4, and you will have y=2, which put down un- 
der the reft for a fourth equation. 

Having thus found the value of y==2, put this value inftead of y in 
the more fimple of the two firft equations, fuppofe in the equation 4 x 
—5y==2, and you will have 4x—10==2; whence 4x = 12, and 
x==3, which put down for a fifth equation, and the work is done; for 
x is now found equal to 3, and y equal to 2, and thefe numbers three 
and two being fubftituted for x and y refpectively, will anfwer both the 
Conditions of the queftion, that is, you will have 4x— 5y= 12 — 19 
= 2, and 6x—7 y= 18—14==4, 


it Equ. 4x—sy=2, 


2d, 6x—7y= 4. 
3d, * + 2y=4. 
4th, E Ina, 
sth, Se * == 3, 


S The 
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The coefficients of x, the quantity to be exterminated in the two firft 
equations were 4 and 6: now as thefe numbers admit of a common di- 
vifor without any remainder, namely 2, divide them both by 2, and the 
quotients will be 2 and 3; ufe now thefe numbers 2 and 3 inftead of 
4 and 6, and the operation as well as the equation refulting from it, will 
become more fimple : for the firft equation multiplied by 3 inftead of 6, 
gives 12x—~15y==6; and the fecond equation multiplied by 2 inftead 
of 4, gives 12x—~14y==8; and the difference of thefe two equations 
is y==2, 

idler way of exterminating the unknown quantity x, is as follows: 
find out the value of x in refpect of y, in the more fimple of the two firft 
equations; then fubftitute this value inftead of x in the other equation, 
you will have an equation, wherein y alone is concerned: thus in the 
foregoing example, the firft equation was 4x — 5 y= 2, therefore 4x 


ara ; fubftitute now this value (23) inftead 


30V-+-12 
4 
—7y=4; therefore 30y 


= 5y-+2, andx= 
of x in the fecond equation, 6x—7y=—=4, by making 6 x= 


30y- 12 


and you will have this equation, aha 


+ 12— 28y = 16; therefore 2y-+ 12 = 16; whence 2y = 4, and y==2 ; 
Sy+2 


and x, or = 3, as before. 


N. B. 1f, What has here been faid concerning the extermination of 
the quantity x, may as well be applied to the other quantity y, except 
that it’s coefficients 5 and 7 will not admit of a common divifor, as did 
the numbers 4 and 6. 

2dly, Of the two different ways of extermination here laid down, 
fometimes one will be found more expeditious, and fometimes the other, 
as will appear by the following problems. 

3dly, In the cafe of two unknown quantities, if the value of either of 
them can be had in integral terms in both equations, equate the two 
values one to the other, and you will have the other unknown quantity, 
by means whereof the firft will alfo be known; and this makes a third 
way of extermination, whereof there are fo many examples in the fol- 
lowing problems, that nothing more needs here to be faid of it. 

Whenever two quantities, as x and y, are multiplied together to pro- 
duce a third xy, the two multiplicants x and y are called factors, or 
efficients, in which cafe, each is faid to be the others coefficient: thus 
in the quantity xy, » is faid to be the coefficient of y, and y the coeffici- 
ent of x; therefore ifin any quantity wherein x is concerned as an effici- 


ent, 
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ent, it’s coefficient be defired; divide that quantity by x, and the quoti- 
ent will be the coefficient: thus if the quantity 12 x—yx be divided by 
‘x, the quotient is 12—y; therefore in the quantity 12x —yx, the 


coefficient of x is 12—y 
ADVERTISEMENT. 


The reader muft now’no longer expect to have all fimple equations 
refolved to his hand, as hitherto has been done. If after fixteen examples 
of fimple equations refolved, and the folution of forty four Algebraic 
problems, he be ftill at a !ofs how to reduce a fimple equation, it muft 
proceed from a weaknefs that either admits of no cure, or deferves none, 


PROBLEM 45. 


71. What two numbers are thofe, the product of whofe multiplication is 
144, and the quotient of the greater divided by the lef is 16? 


SoLUTION, 
Put x for the greater number, and y for the lefs; and the queftion 


when abftracted from words will ftand thus: if xy = 144, and =r 6, 


what are x and y ? 
The firft of thefe equations wants no preparation, and therefore may 


be put down thus ; 
; Egu. 1ft, xy #*== 144. 

The fecond equation, when prepared according to the laft art. will 
{tand thus ; Equ. 2d, x —16y==0. 

Multiply the firft equation by 1, the fuppofed coefficient of in the 
fecond, and the equation not being altered by fuch a multiplication, will be 
xy*— 144; multiply alfo the fecond equation by y, which according 
to the foregoing art. is the coefficient of x in the firft, and you will have 
xy—r16yy==0; fubtra& this latter produd from the former, and you 


will have, 
Equ. 3d, * 16yy= 144; whence 


Equ: 4th, * yu 3. 
Subftitute now 3 inftead of y, or 3x inftead of xy in the firft equa- 
tion, and you will have 3 x= 144, and confequently, 
Equ. sth, x x =48. 
So that the numbers at laft are found to be 48 and 3; and they will an- 


{wer the conditions of the queftion: for 48x3 = 144, and = 16. 


S 2 Equ. 
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Equ. rft, xy #* ==144. 
2d, x—— 16y = 0. 
qd, + 1167y = 144. 
4th,e ~ y=>3. 
sth, x * = 48. 
Another folution of the foregoing problem, from the laft article. 


Having found from the fecond equation that x== 16y, put 16y for x, 
or 16yy for xy in the firft equation, and you will have 16yy—= 144; 
‘whence y and x may be found as before, 


PROBLEM 46, 


72. It is required to find two numbers with the following properties, to 
wit, that the firft with half the fecond may make 20 ; and moreover, 
that the fecond with a third part of the firft may make 20. 


SoLUTION. 


Put x for the firft number, and y for the fecond, and the fundamen- 


tal equations will be x +t= 20, and y -+ ieee aw 5 which being pre- 
pared according to art. 70, will ftand thus; 
Equ. 1ft, 2x-++-y = 40. 
Equ. 2d, x-+-3y==60. 
Subtract the firft equation from twice the fecond, and you will have 
Equ. 3d, * 5y==80; whence 
Equ. 4th, * y==16. 

Put 16 inftead of y in the firft equation, and you will have 2x-+4-16 

==40, whence 
Egu: sth, x #2 12. 

Therefore the numbers fought are 12 and 16, and not 16 and 12, though’ 
16 was found firft; becaufe x= 12 was put for the firft number, That 
thefe numbers will anfwer the conditions of the queftion is plain: for 12 
-+ or 12-+-8==20; and 16+-%, or 16-++4==20. 


Another falution from art. 70. 


Having found from the fecond equation that x= 60o— 3y, put 60o— 
3y for x, or 120—6y for 2x in the firft equation, and you will have 
120——6y-+y==40 ; whence y= 16, as before. 


PRO B- 
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PROBLEM 47. 


73. One exchanges 6 french crowns and two french dollars for 45 fhil- 
lings ; and at another time 9 crowns and § dollars of the fame coin for 
76 fhillings : I demand the diftinét values of a crown and of a dollar. 


SOLUTION: 


Put x and y for the number of fhillings a crown and a dollar are re- 
fpectively worth, and the equations will {tand thus ; 
Equ. it, 6x+-2y=45. 
Equ. 2d, 9x- 5y=76. 
Subtract 3 times the firft equation from twice the fecond, and you will 
have Equ. 3d,  * 4y==173 whence 
Equ. 4th, * y==4} fhillings ; 
that is, 4 fhillings and 3 pence; put now 4: for y, or 8: for 2y in the 
firft equation, and you will have 6x-+4-8:==45, and 6 x= 36%, and 
u. sth, x *=63; 
that is, 64 fhillings, or 6 fhillings and a penny ; therefore the value of 
a crown was 6 fhillings and a penny, and that of a dollar 4 fhillings and 
3 pence ; and thefe values will anfwer the conditions of the queftion ; for 
at this rate, 6 crowns will amount to 36 fhillings and 6 pence, 2 dol- 
lars to 8 fhillings and 6 pence, and the whole to 4.5 fhillings; moreover, 
9 crowns will amount to 54 fhillings and g pence, ¢ dollars to 21 fhil- 
lings and 3 pence, and the whole fum to 76 thillings, 


PROBLEM 48, 


74. It is required to find two fuch numbers, that half the firft together 
with a third part of the-fecond may make 32; and moreover, that a 
fourth part of the firft together with a fifth part of the fecond may 
make 18. 

SOLUTION. 


Put x and y for the two numbers, and the fundamental equations wil? 
be ~= + digs 32, and + í ==18; which equations when duly prepar- 
ed, will ftand thus; 

Equ. 1ft, 3%x-}2y= 192. 


Equ. 2d, 5%-+-4y==360. 
Subtract 5 times the firft equation from 3 times the fecond, and you will 
have 
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have Equ. 3d, æ 2y==120; whence 

Equ. 4th, * y==60 ; 
whence, and from the firft equation, you will have 3x-+2y, or 3 x- 
120 == 192, which gives ` 

Equ. sth, ~ #*= 24. 

So the numbers are 24 and 60; and they will anfwer the conditions of 
the queftion: for #-+-%, that is, 12-+-20==32 ; and moreover, AS, 
that is, 6: 12 = 18. 

PROBLEM 49. 


75. Two perfons A and B were talking of their ages; fays A to B, 7 
years agoe I was juft three times as old as you were, and 7 years hence 
I fhaill be juft twice as old as you will be: I demand their prefent ages. 


SoLUTION. 


Let a and b reprefent the prefent ages of 4 and B refpectively ; then 
their ages 7 years agoe were a—7 and —7, and their ages 7 years 
hence will be 4-4-7 and 6+ 7; whence, and from the conditions of the 
problem, may be derived the two following fundamental equations ; 

a—7 = b—7x3=3b—21, and 

a+-7=b+-7x2=26+ 14. 
From the former of thefe two equations, to wit, a— 7 = 3 ġ—21, we 
have a = 3 b— 14; from the fecond equation, to wit, a+ 7=2b-+- 14, 
we have a==25-+-7; therefore 35— 14=2b-+ 7, fince both are e- 
qual to a; whence b= 21, and 26+-7, or a= 49. 

A therefore was 49 years old, and B 21 years old; which is true: 
for then, 7 years before, .4’s age would be 42, and B’s 14; and 42 is 
three times 14: on the other hand, 7 years after, 4’s age would be 56, 
and B’s 28; and 56 is twice 28, ; 


PROBLEM 50. 


76. A jocky has two horfes, A and B, whofe values are fought ; he has 
alfo two faddles, one valued at 12 pounds, the other at 2: now if be 
Jets the better faddle upon A and the worfe faddle upon B, A will then 
be worth twice as much as B; but on the other band, if he fèts the 
better faddle upon B, and the worfe faddle upon A, B will then be worth 
three times as much as A: I demand the values of the horfes. 


SOLUTION. 


Let a and b reprefent the prices of the two horfes 4 and B refpective- 
ly in pounds; then jf the better faddle be fet upon 4, and the worfe up- 
. on 
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on B, A will be worth 2++12, and B will be worth -+-2, and the 


firft fundamental equation will be a+-12==4-++-2x2==26-4+-4; on the 
other hand, if the better faddle be fet upon B, and the worfe upon 4, 
then B will be worth +12, and: Æ will be worth a+-2, and the 


fecond fundamental equation will be 64-12 ==4a-+-2x3==3¢-+6: in 
the firft fundamental equation, where a-+-12==24-+-4, we have a= 
2b6—8; fubftitute therefore 24—8 inftead of a, or rather 66—24 
inftead of 3a, in the fecond fundamental equation, (which is 3¢+-6= 
b+-12) and you will have 64—24-+-6, that is, 6b— 18 =4-+ 12; 
whence 6==6, and 24—8, or a= 4: A then was valued at 4 pounds, 
and B at 6, and they will anfwer the conditions of the queftion, as any 
one may eafily try. 
PROBLEM Si. 


77. There is a certain fraction, which if an unit be added to the nume- 
rator, will be equal to +; but if on the contrary an unit be added to 
the denominator, the fraction will then be equivalent toz: I demand 
the numerator and denominator of the fraétion. 


So. 5. 0T FON 


Call the fraétion = and you will have thefe two fundamental equa- 


i x-+I x , 
tions, ——==!, and —— =!: the former of thefe equations when 
? 3 It I 4 q 


reduced, gives y=3x-+3, and the latter gives y>=-4x—1; therefore 
4x—1==3x-+3, becaufe both are equal to y; whence x the numera- 
tor of the fraction is 4.; and 3x-+-3, or y, the denominator is 15; and the 
fraction itfelf is, 4; which if an unit be added to the numerator, will 


. 15 z . . . . 
be £, or!; but ifan unit be added to the denominator, it will be 4, or į 


PROBLEM 52, 


78. There is a certain fifhing rod confifting of two parts, whereof the 
upper part is to the lower as 5 toy; and moreover g times the upper 
part together with 13 times the lower, is equal to 11 times the whole 
rod and 36 inches over: I demand the length of the two parts. 


SOLUTION. 


Put x for the length of the upper part in inches, and y for the lower ; 
then will x-y be the length of the whole rod; and fince x is to y as 
5 to 7 ex hypothe, by multiplying extremes and means according to art. 

è J 5. > 
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iş, you will have 7x==5y for a fundamental equation: again, as 9 
times the upper part, together with 13 times the lower, is equal to 11 
times the whole rod, and 36 inches over, you have gx--13y==11« 
-+H 1ty-+ 36 for a fecond fundamental equation: the latter of thefe two 
equations gives x==y— 18, and confequently 7 x=7y— 126; fubfti- 
tute this value inftead of 7x, in the firft fundamental equation, where 
7x == 5y, and you will have 7y—126= 5y; whence y==63; and y— 
18Or Wate. 

The upper part therefore was 45 inches, and the lower 63, as will 
appear upon tryal. 

; PROBLEM S53. 


79. One lays out 2 Jhillings and fixpence in apples and pears, buying his 
apples at four, and his pears at five a penny; and afterwards accom- 
modates bis neighbour with half bis apples and one third part of his 
pears for thirteenpence, which was the price he bought them at: I de- 
mand how many be bought of each fort. 


SoLuTION, 
Put x for the number of apples, and y for the number of pears ; then 


if 4 apples coft one penny, «x will coft = pence ; and for the fame reafon 
PP penny ar 

y will cott pence, and you will have pt = 30 fora firft funda- 

mental equation; again, the price of 5, half of his apples will be 5; and 


the price of F , a third part of his pears will be S ; and you will have 


5 oy ee 3 for a fecond fundamental equation. Hence 


I 
? Equ. ift, 5x-+4y== 600. 
Equ. 2d, 15x-+-8y==1560. 
Subtract the fecond equation from three times the firft, according to art, 
70, and you will have 
Equ. 3d, «* 4y==240; whence 
Equ. 4th, *  y==60. 
Subftitute now 60 for y, that is, 240 for 4y in the firft equation 5+ -p 
4 == 600, and you will have 5 x-+-240==600; whence 
' Eqn, sti, *. ; e272: 
Therefore the number of apples was 72, and the number of pears 60, 
as will appear upon tryal, is 
Ame PROB- 
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PROBLEM 54, 


80. A greyhound fpying a hare at the diftance of fifty of his own leaps 
Srom him, purfites her with full fpeed, making three leaps for every four 
of the hares; and moreover paffing over as much ground in two leaps, 
as the hare did in three: I demand how many leaps each made during 
the whole courfe. 
SOLUTION. 


The number of the dog’s leaps during the whole courfe, x; 

The number of the hare’s leaps in the fame time, ys 
Therefore while the dog makes x leaps, the hare makes y; but accord- 
ing to the problem, while the dog made three leaps, the hare made four ; 
therefore x is toy as 3 to 4; whence by multiplying extremes and means 
we have 4x= 3y: again, from the hare’s form to the end of the courfe, 
the dog made x — 50 leaps, and paffed over as much ground as the hare 
did in all her’s y; but according to the problem, the dog paffed over as 
much ground in two leaps as the hare did in three; therefore x — 50 is 
toy as 2 to 3; whence again by multiplying extremes and means we 
have 3 x— 1 ço== 2y : the reft of the folution is as follows; 

Equ. 1t, 4x—3y==0. 
Equ. 2d, 3x—2y==150. 
Subtract three times the firft equation from four times the fecond, and 
you will have 
Equ. 3d, #  y==600. 
Put 600 for y in the firft equation, and you will have 4x—3y, that is, 
4.X%—1800==03 whence 
Equ. 4th, x #«=4950. 
Therefore the dog made 4.50 leaps, and the hare 600 during the whole 


. 450 . 600 4 ae ks 
courfe; and 450 is to 600 as = is to ie that is, as 3 to 4: again, from the 
hare’s form to the end of the courfe the dog made 4.00 leaps; and 400 is 


to 600 as 4 to 6, or as 2 to 3. 
PROBLEM 655. 


81. It is required to find two numbers x and y of fuch a nature, that 
if both be multiplied by 18, the firft product will be a fquare, and the 
fecond will_be the fide or root of that fquare ; but if both be multiplied 
by 3, the firft product will be a cube, and the fecond the fide of that cube. 


T SoLu- 
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SoLuTiAON. 


If xand y be both multiplied by 18, the products will be 18x and 
18y, whereof the former is to be a fquare, and the latter the fide of 
that {quare, that is, in other words, the former product is to be equal 
to the {quare of the latter; and fo we have 18 x = 324yy, and x= r8yy: 
again, 1f x and y be multiplied by 3, the products will be 3 x and 3y, 
whereof the former is to be equal to the cube of the latter ; and fo we 
have 3x==27y', and x==9)3; therefore 9y’ = 18)", becaufe both are 
found equal to x; therefore y=2, and gy or x==72; fo that the 
numbers fought are 72 and 2, which will anfwer the conditions; for if 
both be multiplied by 18, the products will be 1296 and 36, whereof 
the former is a fquare, and the latter it’s fide; but if the numbers 72 
and 2, be both multiplied by 3, the products will be 216 and 6, where- 


of the former is a cube, and the latter it’s fide. 
PROBLEM 56. 


82. There is a certain floor in form of a rectangle or long fquare, whofe 
dimenfions are fuch, that if it had been two feet broader, and three feet 
longer, it would have beeiffixty four fquare feet larger ; but if on the other 
band, it had been three feet broader and two feet longer, it would then 
bave been fixty eight fquare feet larger: I demand the length and breadth 
of the floor. 


SOLT TIOR, 


Put x for the breadth, and y for the length ofthe floor; then will it’s 
area, or number of fquare feet it contains be xxy or xy, as every one 
knows; but if it had been 2 feet broader and 3 feet longer, it’s area 


would then have been x-+ 2 xy-+3, that is, xy-+-3x-+-2y-+6; and 
as by fuppofition, this area is to exceed the true one by 64 {quare feet, 
we have the following equation, xy+-64==xy-+ 3x-+2y-+6: again, 
if this floor had been 3 feet broader and 2 feet longer, its area would 
then have been x+-3xy-+2, that is, xy--2"-+3y-+63; and this laft 
area is to exceed the true one by 68 {quare feet; whence we have this 
equation, xy -+ 68 = xy-+2 x-+3y-+6; whence 

Equ. 1ft, 3 x+ 2y = 58. 

Equ. 2d, 2x-+-3y==62. | 
Subtract twice the firft equation from three times the fecond, and you 
will have 

Equ. 3d, *  sy==70; and 

Equ. 4th, # yo Fe. 

Sub- 
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Subftitute now 14 for y, or 28 for 2y in thefirft equation 3x--2y=58, 
and you will have 3 x-}28= 58, whence 
Egu. sth x # == ro, 

The floor therefore was 10 feet broad, and 14 feet long ; and its arta 
140 fquare feet, which anfwers the conditions of the queftion : for then, 
if it had been 2 feet broader and 3 feet longer, its area would have been 
12xX17==204== 14.0-+-64; but if it had been 3 feet broader and 2 feet 
longer, its area would have been 13 x 16==208==140-++ 68, 


D Pry 
PR O BL EM ye 


$3. A certain company at a tavern found, when they came to pay their 
reckoning, that if they had been three more in company to the fame 
reckoning, they might have paid one fhilling apiece lefs than they did ; 
and that, had they been two fewer in company, they muft have paid 
one fhilling apiece more than they did: I demand the number of perfons, 
and their quota. 
SoLUTION. 


Put x for the number of perfons, and y for the number of fhillings 
every one actually paid; now if 4 perfons are to pay 5 fhillings apiece, 
the whole reckoning muft be 4x5 or 20 fhillings; therefore if x per- 
fons are to pay y fhillings apiece, the whole reckoning muft be yx. or 
xy fhillings: this being laid down, fuppofe them now to be three more 
in company; then will the number of perfons be x+ 3; and to find what 
every particular perfon ought to pay in this cafe, the whole reckoning 
xy, muft be divided by x-+ 3, the number of perfons, and the quotient 


3? 


xy 3 E ; t 
—— will be every one’s particular reckoning; but according to the 
TER 
problem, every ones particular reckoning in this cafe would have been 


one fhilling lefs than it actually was, that is, y— r ; therefore ora 
y—1, in like manner the fecond condition of the problem furnithes this 
RY 3 < ; EENT, 
equation, > =J -+1 : the firft of thefe equations, to wit, = ne 
3; and the fecond equatinn, to wit, 


gives X= 3y 
ve 


25 


y— 1, being reduced 

xy 
x—2 
+2, and y==5; whence 2y-+-2, or x= 12. 

So there were 12 perfons in company, their reckoning ¢ fhillings a~ 
piece, and their whole reckoning 3 pounds, or 60 {hillings ; which an- 
wers the conditions of the queftion: for == 4, and &==6. 

Tez P RO B- 


=y-+1 being reduced gives x= 2y- 2 ; therefore 3y— 3 = 2y 
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PROBLEM 58, 


84. A vintner has two forts of wines, a better fort and a worfe, whofe 
values are fuch, that if he mixes them in the proportion of two to three, 
that ts, after the rate of two quarts of the better fort to three of the 
wore, the mixture will be worth one and twenty pence a quart; but if 
be mixes them in the proportion of feven to eight, that is, after the rate 
of Jeven quarts of the better fort to eight of the worfe, the mixture will 
then be worth two and twenty pence the quart: I demand the price of a 
quart of each fort. ; 

SoLUTION, 


Put x for the price in pence of a quart of the better fort, and y for the 
price of a quart of the worfe in pence: then if he mixes 2 quarts of the 
better fort with 3 of the worfe, the mixture will be worth 2x-+3y; 
but as there were 5 quarts of this mixture, valued at 21 pence a quart, 
the whole mixture muft be worth 105 pence; whence we have thi 
squation, 2x -+ 3y==105: in like manner the other condition of the pro- 
blem furnifhes this equation, 7 x- 8 y = 22 x 15 = 330; which equations 
are folved as follows ; 

Equ. 1ft, 2x-+3y==105. Egu. 4th, x ‘es 
Equ. 2d, 7x-+-8y=330. Equ. sth, * #* = 
Bag..30, ak epee. 

So the better fort of wine was worth 30 pence a quart, and the worfe 15; 
which anfwers the conditions of the problem: for at this rate, two quarts 
of the better fort will be worth 60 pence, three of the worfe 45 pence, the 
whole five quarts 105 pence, and a fingle quart 21 pence; again, feven 
quarts of the better fort will be worth 210 pence, eight of the worfe 120 
pence, the whole fifteen quarts 330 pence, and a fingle quart 22 pence, 


PROBLEM 59. 


85. There is a certain number confifing of two places, which is equal to ) 
four times the fum of it’s digits; and tf to the number be added 18, the l 
digits will be inverted: Idemand the number. | 

N. B. By the digits of any number are meant the figures that reprefent 

it, without any regard had to their places; thus the digits of the number 
36 are 3 and 6, whofe fum is 9; whence it appears, that the number 
36 has the firft property defcribed in the problem, to wit, that it is 
equal to 4 times g, or 4 times the fum of it’s digits; but it is not the 
true number fought, becaufe it has not the fecond property; for if it 
had, then 36 and 18 together would make 63, a number with the former 
digits inverted ; whereas they only make 54. 5 

OL U- 
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SoLuTIoN. 


Put x for the digit in the ten’s place, and y for the digit in the place 
of units, and the fum of the digits will be x- y; but how to read fuch 
a number as this, that hath x in the ten’s place and yin the place of 
units, comes next to be confidered: now in order to do this, the reader 
muft reflect what paffes in his own mind when he fees a number of two 
places, as 36 ; then he will eafily fee, that he makes the 6 in the place 
of units ftand for no more than it’s value, but the 3 in the place of tens 
he makes to ftand not for 3, but for 30, a number ro times as much; 
fo that he reads the number 36, guafi 30-+-6; therefore a number that 
has x in the place of tens, and y in the place of units, ought to be read 
thus, trox-+y; anda number with the fame digits inverted muft be read 
thus, roy-+x: this being well underftood, the fundamental equations 
flow eafily from the conditions of the problem thus; 10x- y=4xK-+4y, 
and 1ox-+y-+18==10y-++x. Theformer equation reduced gives y= 
2x, and the latter gives y>=x-+-2; therefore 2x==x-++-2; whence 
x==2, 2x or y==4, and the number fought is 24; the fum of whofe 
digits is 6: and that it anfwers the conditions of the problem, is plain; for 
24= 4 times 6; and 24-+-18= 42. 

A LEMMA, 


86. If there be a compound quantity confifting of any two multiples: of x 
and y, whereof one is affirmative and the other negative, and if this com- 
pound quantity is to be fubtratted from x-y ; this fubtraétion may be eafily 
made without the work of the pen, thus: change the figns of the two parts 
to be fubtracted; then encreafé the coefficient of the affirmative part, and di- 
minifh the coefficient of the negative part by unity, and you will have the re- 
mainder. Thusif 6*%—10y is to be fubtracted from x+y, firft change 
the figns 6x— 10y and you will have roy—6x ; then encreafe the af- 
firmative coefficient 10, and diminifh the negative coefficient 6 by unity, 
and you will have 11y—§x for a remainder, as may eafily be feen by 
actually fubtracting 6x— 10y from x-y: again, if 2y, that is, 2y 
—owx is to be fubtracted from x-+-y, the remainder will be x—y, 


PROBLEM 6O 


87. Two perfons A and B have each a certain number of counters; A 
gives to B as many as B has already ; after which, B returns back a- 
ain to A as many as A has left; then A returns again to B as many 

as B has left, and fo they go on; and after four exchanges thus made, 
they had each of them fixteen counters: I demand how many each had 


at firft. 
SoL U- 
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SOLUTION, 


Put x for A's number of counters, and y -for that of B’s; then it is 
plain that the fum of both their counters at the beginning will be x-y; 
and if fo, then it is as plain, that the fum of both their counters will 
ever afterwards be x-y; becaufe, whatever exchanges were made back- 
wards and forwards, there were no counters loft between them : there- 
fore if in any cafe an expreffion for either of their counters be given, it 
is but fubtra¢ting that expreflion from x-y, and the remainder will be 
an expreflion for the other’s counters; whence we have the following 
{olution ; 

As number of counters, x. 
B’s, y. 
B’s after the firft exchange, 2y. 
As, X—Y. 
A's after the fecond exchange, 2 x—2 4. 
B's, 3y—*. 
B’s after the third exchange, 6 y—2 x. 
AS 3X5. 
As after the fourth exchange, 6 x— 10y. 
B's, 11y— 5x. 
And thus may the exchanges be carried on with eafe to any number at 
pleafure : but according to the problem, after four exchanges thus made, 
they had each of them 16 counters; whence we have thefe two equati- 
ons, 6x—-1oy==16, and 11y—5 x==16: the refolution follows; 
Equ. 1t, 3x—sy=8. | Equ. 4th, # ‘Peel Fs 
2d, 5x—11y==—16. sth, “x *— 21. 
3d, * 8 y= 88. | 

So that 4 had 21 counters, and B 11; and the account will ftand thus: 
After the firft exchange, B has 22 counters, and 4 has 21—11 = 10, 
After the fecond exchange, 4 has 20,' and B has 22—10 = 12. 

After the third exchange, B has 24, and 4 has 20— 12 = 8. 
After the fourth exchange, 4 has 16, and B has 24—8 = 16. 


Objervations upon the foregoing problem. 


If any one has curiofity enough to enquire by what contrivance in this 
and many other problems, fuch data can be made choice of as that the 
anfwers {hall come out in whole numbers; whereas, were thofe data aflu- 
med arbitrarily and at random, the anfwers would, generally fpeaking, come 
out in fractional numbers ; this is effected by the following artifice: fup- 
pofe that in this problem, after four exchanges made between 4 and B, 


I had 


| 
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I hada mind they fhould both have the fame number of counters, but 
did not know what number to affign them at laft, fo as that each fhould 
have a whole number of counters at firt; I put down fome letter, as c, 
for the number of counters each had left at laft; then the two funda- 
mental equations will ftand thus, 6x.—-1oy==c, and 11y—5x=¢c; 
and muft be refolved thus: 
Equ. 1ft, 6x—10y==c. PaE We FOYET, 
lic 


Equ. 2d, 5x——-11y==—c. | Equ. 4th, + y =: 


: ; 110¢ 
Therefore by the firft equation, 6x— 10y, that is, 6*— y os 


therefore g6x— 110c==16¢; therefore 96x==126¢; therefore 


126¢ 2IC 
Equ. sth, v # = BET 


So that, to make each perfon 4and B, have the fame number ¢ of coun- 
2IC 11¢ 

ters at laft, Zs firt number muft be oe and B’s Ts: whence it fol 

lows, that if for the number ¢, I make choice of any number that can 

be divided by 16 without any remainder, then both 4 and B will ne- 


ag 
ceflarily have a whole number at firft ; for -if = be a whole number, 


Zit lic 
then both <= and TE 
made choice of the number 16 itfelf to ftand for ¢ inthis problem; for 
then I knew, not only that the anfwer would come out in whole num- 
bers, -but alfo, that this problem would be the fimpleft of its kind, fince. 
16 is the leaft number that can be divided by 16. 

This problem may alfo be folved by the help of one fingle letter only, 
thus: make ¢ now to reprefent, not the number of counters each had at 
laft, but the fum of both their counters at laft, and confequently the 
fum of both their counters all along, and the lemma for carrying on the 
exchanges to any number at pleafure will be this; Jf there be a compound 
quantity confifting of any two multiples of c and x, whereof one is afirmative 
and the other negative, and if this compound quantity is to be fubtratted 
Strom c, the remainder may be obtained, firft by changing the figns of the two 
parts, and then by encreafing or diminifhing the coefficient cf c by unity, 
according as it happens after this change to be affirmative or negative, 
Thus if 2c—2x is to be fubtracted from c, the remainder will be 2x—c; 
and if 4x—2c is to be fubtracted from c, the remainder will be 3e-—4.; 
whence we have this folution of the foregoing problem : 


muft be fo too; and this is the reafon that I 


A's 
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As number of counters, x. 

B's, c—x. 

B’s after the firft exchange, 2c—2 x. 

As, 2K—C. 

A’s after the fecond exchange, 4x— 2c. 

B’s, 30—4x. 

B’s after the third exchange, 6c— 8x. 

A’s, 8x— 5c. 

As after the fourth exchange, 16x— 10c. 

B’s, 11¢——16%. 
But according to the problem, after the fourth exchange each had ic: 
therefore x may be found, and will be the fame whether we make 16 x 


c ie c 
—10c==5, oF Ti¢—16x==5 : if we make 16%—10¢==> , we 


fhall have 32 x—20ç =c, and 32~==21c, and x, or 4’s number 


zic 1ré 
= 3 whence c— x, or B’s number = ra, therefore the fimpleft 


problem of this kind (I mean in the cafe of four exchanges ) that will 
admit of a whole number folution, is when ¢ is made equal to 32. 


PROBLEM ON 


88. What two numbers are thofe, whofe fum is twice, and the product of 
whofe multiplication is twelve times their difference ? 


SOLUTO N. 


Put x for the greater number, and y for the lefs; then will their dif- 
ference be x —y, their fum x-+y, and the product of their multiplica- 
tion xy or yx; and the equations will be x--y=2x—2y, and yx = 
12 x— 12y; whence 

Equ. 1ft, x —3 y= 0. 
Equ. ad, 12% —yx— 12y = 0. 
Multiply the firft equation by 12—y, which by art. 70, is the coeffi- 
cient of x in the fecond, and the product will be 12 x —y x— 36y -39y 
== 0; fubtract this equation from the fecond, and you will have 
Equ. 3d, 24y—3yy==0; whence 
Equ. 4th, y==8; and 
Equ. 5th, se 2 4, 
And the numbers 24 and 8 will anfwer the conditions. 

Otherwife thus: by the firft equation x = 3 y, and 4 x == 12 y; fubftitute 
4x for 12y in the fecond equation, and you will have 12~x—yx—4x 
==0; divide by x, and you will have 12 —y=— 4 =o, and y= 8, and 
g oF 3y==24, as before, PROB» 
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PROBLEM 62. 


89. What two numbers are thofe, whofe difference, fum and produt are 
to each other as are the numbers two, three and five refpectively; 
that is, whofe difference is to their fum as two to three, and whofe 
Jum is to their product as three to five? 
SOLUTION. 


Put x for the greater number, and y for the lefs; then will their 
difference be x — y, their fum x+y, and their produ@t yx; and we hall 
have thefe two proportions productive of two equations, 1ft, x— y is 
to ¥-+-y as 2 to 3, whence 3xX—3y==2K-+2y; 2d, x-y isto yx as 
3 to 5, whence 3yx==5x-++ 5y: the refolution follows; 

Equ. 1ft, x —s5y=o. 

-Equ. 2d, 3 yx — 5 x— sy=o. 

Multiply the firft equation by 3 y— 5, the coefficient of x in the fecond, 
and the product will be 3yx—sx—isyy+2sy=o; fubtra& this 
from the fecond equation, and you will have 

Equ. 3d, 15yy—30y==0; whence 

Equ. 4th, y==2, and 

Equ. sth, x==10. 
And the numbers 10 and 2 will anfwer the conditions of the problem. 
_ Otherwife thus: by the firt equation x==5y; fubftitute therefore x 
inftead of 5 y in the fecond, and you will have 3yx—5x—x==o; di- 
vide by x and you will have 3y—5—1 = o, and y =2, as before. 


PROBLEM 63. 


90. It is required to find two numbers fuch, that if their difference be 
multiplied into their Jum, the product will be five; but if the difference 
of their fquares be multiplied into the fum of their fquares, the product 
will be fixty five. 

SoLuTION, 


Put x for the greater number, and y for the lefs ; then will their dif- 
ference be x—y, their fum x-y, and the product of their fum and 
difference multiplied together will be x*—y*, by art. 11; then will x? 
—y'== 5 by the fuppofition, and x*=5-+4+-yy; {quare both fides, and 
you will have x#==25-++10y*-++-y+: again, the difference of the fquares 
of the two numbers fought is x*—y*, and the fum of their {quares x* 
t+ y*, and the product of thefe two xt+—yt; therefore x+—yt=65 by 
the fuppofition, and «+= 6 5-++yt; but xt was before found equal to 


U 25 
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25+ 109+ ys therefore 25-+1 oy + y= 65 +; whence y=4, 
and y==2; fubftitute now 4 for y* in the firft fundamental equation, 
which was x*—y?== 5, and you will have x*— 4 = §, andx=3; 
therefore the numbers fought are 3 and 2, which will anfwer the 
conditions, 

| PROBLEM 64. 
gi. There is a certain number confifting of three places, whofe digits are 
in arithmetical progrefiion y if this number be divided by the fum of it’s 
digits, the quotient will be forty eight ; and laftly, if from the number 
be fubtraéted a hundred ninety eight, the digits will be inverted: I 

demand the number. 

N. B. Numbers are faid to be in arithmetical progreffion, when they 
increafe or decreafe with equal differences: thus the numbers 5, 7 and 
g are faid to be in arithmetical progreffion; as are alfo 9, 7 and 5. For 
the better underftanding of the following folution of this problem, fee 
problem 59. 

SOLUTION. 

Here I might put x, y and z for the three digits fought; but as thefe digits 
are faid to be in arithmetical progreffion, and becaufe it is efteemed more 
elegant to work with fewer unknown quantities than with more when 


itcan conveniently be done, I fhalk put x and x+-y andx-+2y for the 
three digits fought; and fince x and x-y and x-++-2y when added to- 
gether make 3x-+ 3y; it is plain that 3 x- 3y willreprefent the fum of 
the digits: again, x in the hundred’s place {tands for 100%, and x -+y 


in theten’s place ftands for 10x-+1oy, andthe quantity x-+-2y in the 
unit’s place {tands for itfelf; and thefe added together make 111 «-+-12y; 
therefore 111x- 2y will reprefent the number fought: laftly, when 


the digits are inverted, x-+-2y in the hundred’s place will ftand for 
100x-+200y, and x-+y in the ten’s place will ftand for 10x-++10y, 
and x in the place of units will ftand for itfelf; and thefe added together 
will make r31x-++-21r0y; therefore 111¥-++-210y will reprefent the 
number fought with it’s digits inverted : thefe things being premifed, 
the problem furnifhes the two following equations, to wit, 


I1Ix-- 12 


= 48, and 
3x 3y * 
IIX- I2y—198 = rI x- 2104. 
i; ; .  IIIX-+ 129 
From the first of thefe equations, to wit, ——————~ =48, we have 
; r 3x 39 


144x-+144y==111x-+129; therefore 33x- 144y= 12y; therefore 
33x- 132y==0; therefore (dividing by 33) x-+-4y==0, and x= 


4) 
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—4y ; which is the refult of the firft equation: from the other equa- 
tion, to wit, r11x—-+12y—198==111%-+21049, we have 210y—— 
12y=—— 198, whence 198 y=— 198, and y==—1; but by the re- 
fult of the former equation, x==—4y, that is, —4xy or —4 Xx— I = 
“+4; therefore x (the firft digit toward the left hand) == 4; and fince 
Y, that is, +-y==—1, the next digit x-y, will be 4—1==3; and 
the laft digit «+-2y will be 4—2==2; therefore the number fought 
is 432; the fum of whofe digits is ọ + for firft, the digits 4, 3 and 2 


are in arithmetical progreffion ; 2dly, are = 48; and 3dly, 432—198 | 


= 234. 

Though it might have been difcovered at firft fight from the very na- 
ture of thistaft problem, that the digits would not increafe, but decreafe 
from left to right, yet I fuppofed them to increafe, only to fhew, that 
thotigh in all fuch cafes we fhould make wrong fuppofitions, yet Alge- 
bra would always fet us right: thus if the gain arifing from any particu- 
lar ‘bargain is to be computed, we may put x for it, and fo proceed as 
the conditions of the problem require ; yet it is not impoffible but that 
at the end of the operation x may come out negative; which would thew 
that what we fuppofed to be gain, was actually lofs, 


Some reflections concerning the conditions of problems. 


92. In art. 70 it was faid, that the equations by means whereof the 
values of unknown quantities are difcoyered, ought to be independent 
one of another ; the reafon of which affertion was, that if thefe equati- 
ons were not independent, they muft either be confequent one of another, 
or contradictory one to another; and all conclufions drawn from them 
would either be trifling, or abfurd: for if the equations be confequent one 
of another, all you arrive to at laft will be, that fomething is equal to 
itfelf; and if the equations be inconfiftent one with another, you will 
find at laft that fome greater quantity is equal to a lefs: as for example, 
let the equations be 2x==3y, and 4x==6y; then itis plain, that this 
laft equation is a confequence of the former, as being the double of the 
former ; and if you fhould offer to refolve thefe two equations by any of 
the foregoing rules, you would come to no more at laft.than this, that 
o=o: again, let the equations be 2x==3y, and 4x==6y-++7; here it 
is plain, that this latter equation contradicts the former; for if 2% be 
equal to 3y, then 4x ought to be equal to 6y, and notto 6y--7; and if 
thefe two equations be refolved, or be attempted to be refolved by any 
of the foregoing rules, you will come at laft to this abfurdity, that 70,5 
and thus it very often happens that at the latter end of an operation, 

Ug equa- 


156 THE SOLUTION OF PROBLEMS Book ii, 


equations are difcovered to be confequential of, or inconfiftent with one 
another, which at the beginning could not be fo eafily perceived, 

I proceed now to give an example or two of problems wherein more 
than two unknown quantities are concerned, 


PROBLEM 665. 


93. Three perfons, A, B and C were talking of their money ; Jays A to 
B and C, give me half of your money, and I fhall have d; fays B to 
A and C, give me a third part of your money, and I fhall bave d; 
fays C to A and B, give me a fourth part of your money, and I fhall 
have d: How much money had each? 
N. B. The letter dis here fuppofed to fupply the place of fome known 
quantity, which is left undetermined till the calculation is over. 


SaLwuT ION, 


Let a, b and ¢ reprefent the money of 4, B and C refpectively, and 
we {hall have thefe three fundamental equations ; 


bc 
a+ 3 =d; 
a as E 
até 
c+ — =d. 
c+ : 


Thefe equations, after due preparations according to art. 70, will ftand 
thus ; 
Equ. ift, 2a+d+c=2d. 
Equ. 2d, a+36+-¢= 34. 
Equ. 3d, a+4+4c¢=44. 
Subtract the firft equation from twice the fecond, and you will have 
Equ. 4th, * 54-+-c==4d. 
Subtract the third equation from the fecond, and you will have 
Equ. sth, * 2b—3c=—d. 
Subtra¢t five times the fifth equation from twice the fourth, and you will 
have 


Equ. 6th, * # 17¢==134. 

Equ. 7th, # # =. 
Put this value for c in the fourth equation, and you will have 54-+c, 
that is, bps =4d; therefore 854-+-13d=-68d; therefore 854 
= 55d, 
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d d 
== 55d, and d= = = = ; therefore 


Bete, Ash. A AA 
I 


Put now the two values of 6 and c already found, inftead of 4 and c 

11é-+13d 

Wes 
24d 

or 2a+ -= =2d; whence 344- 24d= 34d; and 34a= 10d, and 


in the firft equation, and you will have 2a+-b--c, that is, 24-4- 


= — = =; therefore 
34 
E h eras 
qu. goth, @ * ore 
So that the numbers are at laft found to be a = s, =, and c= 


ns whence it follows, that if any number be put for d, that will ad- 


2 
mit of the number 17 for a divifor, the quantities 2, 6 and ¢ will come 
out in whole numbers: as if d be made equal to 17, the quantities a, 4 
and ¢ will be 5, 11 and 13 refpectively ; and the numbers will anfwer 


II-+I 
the conditions of the problem; for 5-+- z -3 „Or ge 127217; II 


maak 5+ Hl 
+ ———, or 11+ 617; 13 asked Bh or 13-+-4==17. 

Advertifement. I hope the reader does not need to be told, that the 
numbers 4, 6 and c muft always be under{tood to be of the fame deno- 
mination with the number d; as if the number d fignifies fo many *gui- 
neas, the numbers a, 4 and c muft alfo fignify guineas; if fhillings, fhil- 
lings; if pence, pence; &ec. 

Equ. 1ft, 2a-+-b-+-c==2d. | Equ. 6th, pea 


ad, a+3b+¢=34. ath, * * c= i3, 
lid 
3d, a+-b+-4¢=44. | 8th, * ó re 
ee 
4th, * 55--c=4d. oth, a * fed. 


sth, *26—3c=—d, 


158 THE SOLUTION OF PROBLEMS Book ii. 
A ScHOoLIUM, 


94. Of the foregoing equations, the firft, fecond and third, wherein 
the quantity æ is concerned, may be called equations of the firft rank ; 
the fourth and fifth, wherein the quantity 4 is concerned, and out of 
which the quantity æ is excluded, may be called equations of the fecond 
rank; the fixth, wherein ¢ is concerned, and out of which both a and 
4 are excluded, may be called an equation of the third rank ; and fo on, 
were there ever fo many unknown quantities, 

Whenever the equations of any particular rank are given or found, 
in order to derive from thence equations of an inferior rank, the Analyft 
is at liberty to combine thefe firft equations by pairs as he pleafes, provi- 
ded he does but obferve thefe two things; firft, that every equation of 
the given rank be fome time or other coupled with fome other equation 
of the fame fet, fo as that no equation be left out of the account; fe- 
condly, that in every particular combination, one of the equations be fuch 
as was never made ufe of in any combination before, and the other fuch 
as hath been concerned in fome combination before, excepting the firft 
pair. It is not to be denied but that the artift may, if he pleafes, vary 
fometimes from this laft precept ; but if he always obferves it, it will be 
altogether as well. 


PROBLEM 66, 


95. Three perfons, A, B and C were talking of their money ; Jays A to 
B and C, give me e out of your flock, and I fhall have twice as much 
as you will have left ; Jays B to A and C, give me e out of your flock, 
and I fhall have three times as much as you will have left; fays C to A 
and B, give me e out of your flock, and I fhall have four times as 
euch as you will have left: How much money had each? 


SoLtuTrioyn, 


Put a, 6 and ¢ for the money of 4, B and C refpectively, and you 
will have thefe three fundamental equations ; 


a+e=2b-+-2¢—2¢. 
b-+-e=3a-+36—3¢. 
C--e==4a-+4b—4e, 


‘Which being prepared, ftand thus; | 
Equ. if, a—2b6—2¢-=—3e. 
Equ. 2d, 34 —d-+-3c= 4e. | 


Egu, 3d, 444-45 —c= 5e, 
Subtract 
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Subtract three times the firft equation from the fecond, and you will have 
Equ. 4th, * 54-+-9c=13¢. 

Subtraét four times the firft equation from the third, and you will have 
Equ. sth, * 126-+-7e=17¢. 

Subtract five times the fifth equation from twelve times the fourth, and 


you will have 
Equ. 6th, * * 73¢==71e; whence 

Equ. 7th, * * c=. 
Put this value inftead of c in the fourth equation, and you ‘will have 


6 
54-+9¢, that is, sb i365 whence 3654-+639¢=949¢; 


6 
therefore 3655==310¢, and b= tee 7 -a ; therefore 
Equ, 8th, *# 56 *= or 
133¢ 266e 
Therefore b -+ c= a? and 26--2 LETE and —25—2¢=—-—. 
66 
266e ; fubftitute therefore — E £ inftead of —2ġ4—2c in the firft equa- 
266e 


tion, and you will have a— oe therefore 73 a — 266 e = 


f x 


—219¢; therefore 


47e 
E ° th, a X x= ~, 
qu. 9 73 = be 
So that at laft, £’s money is difcovered to be a B’s =i EE WA 


~ 


ZIT; make e= 73, and then /’s money will be 47, B’s 62, and C’s 


S as will eafily appear thus; .4’s ftock is 47, B’s and C’s together 
make 133; add 73 to 47, and take it from 133, and 4 will have 120, 
and B and C will have 60; and 60x 2 = 120 : again, B’s money is 62, 
and _4’s and C’s together make 118; fubtract 73 from r18, and add it 
to 62, and B will have 135, and 4 and C will have 45; and 45x 3 = 
135: laftly, C’s ftock is 71, and B’s and 4’s make 109; fubtract 73 
from 10g, and add it to 71, and G will have 144, and 4 and B 36; and 


36x4== 144, 
Equ, 
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Equ. 1ft, a— 2b — 20 = — 37e. 4 Ie 
4 2d, 3a — b + 30 = jA Equ. 7th, * * cal. 
3d, 4a-+-4b—e = ge cn 
4th, * 5h5-++-9c= 13e. ah, 8d « = — 
sth, * 12b6--7c= IJe. 73 
6th, * #* 73¢==7I¢. oth, a * * = 


PROBLEM 67. | 


96. It is required to find four numbers, a, b, c and d fo related to each 
other, that a with half the fum of all the reft may make £; that b with 
a third part of all the ref may make f; that c with a fourth part 
of all the reft may make f; and that d with a fifth part of all the ref 


may make $, 
SOLUTION. 


The fundamental equations of this problem are 


b+c+d a+tb+d 
a+-——— =f. ehr Ef | 
a+c+d a+h+ | 
b+ =. d4- S iF 


From which equations duly prepared, are derived the following ; 
Equ. 1, 2a+b+c+d=2f. 
2, a-+-3 b-+-c-+d=3f. 
3> a+b-+4c+d=4f. 
“ 4) a-+b-+-c-+- 5d= cf. 
Twice the 2d — the firft gives 5, * sht-ctd =af 
The 2d —the 3d gives 6, * 2b—3¢ += — fF 
The 3d —the 4th gives 7% x 30—4d==—f, 
Twice the sth — 5 times the 6th gives 8, * * 170-+2d==13 £ 
Thrice the 8th — 17 times the 7th gives 9, # * * 74d==c6f 


This laft gives 10, * * * 
The 7th and roth give 11, * * ce k=, 
The 6th and xith give 12, * 


The 1ft, 12th, 11th and roth give 13,2 * * k= 
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Make f= 37, and the numbers a, 4, c, d, will come out 1, 19, 25, 28 
refpećtively. 
PROBLEM 68, 


97. Four gamefters, A, B, C and D, each with a different flock of money 
about him, but as yet unknown, fit down to play; during which en- 
gagement, A wins half of B’s firft flock, B wins a third part of C's, 
C a fourth part of D's, and D a fifth part of A’s; after this they 
all rife with the fame fum of money about them, to wit, g; which g, 
though a known quantity, is not fuppofed to be determined till the ope- 
ration is over: It is required to determine the feveral flocks of money 
with «which the gamefters A, B, C, D, began to play; Imean with 
refpect to the known quantity g. 

Various folutions may be given of this problem ; but that which feems 

moft proper to be inferted here, is the following 


So Cit O3n. 


Let a, b, c, d, reprefent the refpective unknown fums with which 
A, B, C and D began to play; then if 4 had only loft a fifth part of 
his firft ftock to D, and had won nothing of B, his laft ftock would have 


been € —£ , or 15 ; but according to the problem, 4 did not only lofe 


I 
a fifth part of his ftock to D, but alfo won half of B’s firft ftock; there- 


cB 
fore 4’s laft fam when the play was ended was T: Ai ; but the prob- 


lem informs us, that when the play was ended, .4’s daft fum wasg; 


EAR 5 
whence we have this equation, — +5 =g; therefore 4a-+- —-==52; 


therefore 8a-+ 54==10g: in like manner the firft and fecond conditions 


ae ter c 
of the problem furnifh this equation, Pees reg | or 5 =i- =, 


which freed from fractions like the former, becomes 3b- 2c¢= 6g: 


í 


the fecond and third conditions of the problem furnifh this equation, p 


c d 2c N: ; ; 
~+-— £m gs which freed from fractions like the reft, 
3 4 ? A ò? 3 


becomes 8c- 3 d=12 g: laftly, the laft and firft conditions of the prob- 


Og 


* 


: E a 
lem alfo confidered together, give this equation, 2 + ~ g; which in 
4 3 


integral terms, ftands thus, 15¢-+ 44, or 44@--15d==20¢: fo that 


x the 
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the fundamental equations of this problem when freed from fractions will 
ftand thus; 8a+ 5h=10¢8. 
36-+2¢= óg. 
8c +3d=12g. 
 4a4 1 5d=20g. 

Amongft thefe equations it is plain there are but two of the firft rank, 
to wit, the firft, 8a- 5b = 10g, and the lait, 4a+315d=— 20g; the 
fecond fundamental equation in order, to wit, 3 4-+-2¢=6¢ is an equa- 
tion of the fecond rank; and the third in order, 8 c- 3 d= 12 g isan 
equation of the third rank; therefore in the refolution of this problem, 
thefe fundamental equations muft not be written all together one under 
another, as in the former examples, but muft be referved for their pre- 
per ranks, thus; 

Equ. 1t, 8a+55 * * = iog. 

ad, 44 * *-+-+-I5d=20¢. 
Now as there are no other equations but thefe two of the firft rank, 
proceed on to equations of the fecond rank thus; according to art. 70, 
fubtract twice the fecond equation from the firft, and there will remain 
56—30d=— 30g ; whence dividing by 5, you will have 4—6 d= — 
6g fora third equation, which ought to be placed regularly under the 
fecond, thus; 


Equ. 3d, * b&b *—b6d=— 6g. ` 
But as this laft equation is an equation of the fecond rank, it will now 
be proper to draw out the equation of the fecond rank hitherto kept in 
referve in the problem, to wit, 3 b- 2c= 6g, and to place it under 
the reft fora fourth equation, thus; 

Equ. ath, * 3d6+2c¢ *=6g. 
Subtraét now three times the third equation from the fourth, that is, 
fubtrat x 3b *«—18d=—18¢ from *34+2c¢ *x=6g, and there 
remains 2¢-+-18d==24g; whence dividing by 2, you will have 

Equ. sth, * æ c-+-od==12g. 
This is an equation of the third rank, and therefore it will now be pro- 
per to draw out the laft equation of the fundamental ones given in the 
problem, which is of the fame rank with this, and to place it under this 
for a fixth equation, thus ; 

Equ. 6th, * * 8¢-+-3d=12¢. 
Subtract this fixth equation from eight times the fifth, that is, * * 8 c- 
3d=12g from * «* 8c-+-72d=96g, and there remains 69d=84¢; 
whence dividing by 3, we have 
Equ. 7th, * *# #* 23¢= 289; and 


Egu, 8th, + #* ¥# = 
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Subftitute this value for d in the fifth equation, and inftead of c-+od 
==12 2, “a iig; whence 23c- 252 g= 


276g; and 2 3 c=24g; and 
Equ. oth * * c "= 
Subftitute the value of d found in the 8th equation inftead of d in the 3d, 
where we had ġ— 6d=— 6g, and you will have — =— óg; 
whence 23 b— 168g =— 138g; and 235=30g; and 

Equ, roth, x 5 # * = 
Subftitute this value for 4 in the firft equation, 8a-+- 54==10g, and 


you will have 8a 8 = 106; whence 1844+ I150g==230¢3 


8 
therefore 184a = 80o g, and a= By = re ; whence we have 
Equ. 1rth, a4 + * # =ne 
So that at laft all the quantities 4, 4, c, d, come to be known with 
ei Eber re ee 3 
refpect to the quantity g; for a= 33° Hage Peta r and d= 


28 ¢ eta : 

Te - make g=23, and the quantities will all come out in whole num- 
bers thus; a=: 10, b= 30, C24, and d=28; and they will an& 
wer the conditions ‘of the queftion ; for at this rate 


A’s laft fum will be 1o—2-+-15==23 

B’s laft fum will be go—15-+-8==23; 

C’s laft fum will be 24 — 8 -+ 7 =23 ; 
and D’s laft fum will be 28 — 7 -+ 2 =23. 


8 
Equ. ift, 8a+55 * x= 10g.] Equ. 8th, * « æ d=- -S 
2d, 4a * *+15d=2o0¢. ae 
3d, « 5 *—6d=—6g. Gh, 8 Cw se. 
4th, * 36+2c¢ #*= Og. a 
sth, * æ c+-od==12¢. gh ee 
6th, * æ  8c4+3d=12g. Spee ee EA 
th 4 x% 4a T, Io 
a bed reat rith, @* * * = 


X 2 The 
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The folution here given is defigned to fhew the learner how to pro- 
ceed in cafes where all his fundamental equations are not of the fame rank ; 
for otherwife, this problem is capable of a much more elegant {olution by 
the help of one letter only, as we fhall find, if to avoid fractions, we put 
x for the money D won of 4, thus; 


D won of A, x; 
As firft ftock, EX3 
Left Æ after his lofs to D, 4x: 
A won of B, g—4x; 
B’s firft ftock, 2g—8x; 
Left B after his lofs to 4, g—4x : 
B won of C, 4X 5 
C’s firft ftock, 12x; 
Left C after his lofs to B, 8x: 
C won of D, g— 8x; 
D's firft ftock, 48—32 x; 


Left D after hislofs to C, 3 g —24 x. 


D won of 4, 24x— 2g; for the remainder of D’s firft ftock after 
his lofs to C was 3 g— 24 x, and therefore if D had won nothing of 4, 
this quantity 37—24% would have been D’s laft fum; but by the prob- 
lem it appears that D’s laft fum was g ; therefore the money D won of 
A mutt be the excefs of g above 3 g—24x ; fubtract therefore 3 g— 24x 
from g, and the remainder 24 x— 2 g will be the money D won of 4; 
and after the fame manner were ail the other winnings determined : 
here then we have two expreffions for the money D won of 4, to wit, 
x according to the fuppofition, and 24x—2g from the nature of the 


: z 2 aes 
queftion ; therefore 24 x—2g =x; and x= a this being determin- 
ed, the firft ftocks of all the gamefters will be determined by the po- 
fitions, thus : 
10g 


i's Gf flock, Yee, | C’s TRER i 
23 23 


—_. 


ELEMENTS of ALGEBRA 


Some obfervations tending to the inveftigation of the 
rule for extratting the fquare root. 


98. AVING promifed fomewhere that I would take the 
firft opportunity to account for the common method of 
extracting the {quare root, I cannot think of any place 
more proper than this for the performance of my pro- 

mife, not only as the practice of this rule grows upon our hands in the 
refolution of quadratic equations, and therefore ought not, if poflible, to 
be left any longer undemonftrated, but more efpecially confidering that 
by this time our young Analyft may be reafonably fuppofed to be pretty 
well acquainted with fome of the firft rudiments of his art, which may 
enable him to follow me with more eafe to himfelf, and perhaps to me 
too, than could poffibly have been done at our firft fetting out, But here 
I muft not omit to advertife my reader, that if a whole number, or a 
mixt number confifting of a whole number and decimal parts,. be not a 
{quare, it’s fquare root will confift of an integral part, and of an infinite 
feries of decimal fractions: but ifa rule can be found out for determining 
the integral part, it will be fufficient, becaufe all the parts of the fquare 
root of any number may be confidered as integral till the operation is 
over, fince it is not till then, that the diftinction needs to be made be- 
tween integral and decimal parts ; fee introduc, art. 24. 

For the better effecting what I here propofe, I {hall lay down the fol- 
lowing obfervations, which the learner muft attend to, if he expects to go 
through the following demonftration ; and if there be ftill any difficulties 
he may meet with or thinks he meets with in the application of thefe 
obfervations, the beft advice I can give him here, as well as in many 
other parts of this book, is to read the demonftration over and over again, 
by which means all the fteps will become more familiar to him, and he 
will be the better able to put them together, in order to digeft the whole, 

OBSER- 


SS SS eS - oo 
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OBSERVATION I, 


If any number, as a+ x, confifting of two parts a and x, be {quared, 
the product will be aa- 24x -+ x x= aa-+ 2a+-KXxx. 


OBSERVATION 2 


1x11; therefore 1ox10==100, and 100x100= 10000, and 
1000 x 1000 == 1000000, &c: whence I infer, that if any number 
confifts of one or two places, it’s fquare root, or at leaft the integral part 
of it, will confift but of one place; if a number confifts of three or four 
places, the integral Na of it’s fquare root will confift of two places; if 
a number confifts of five or fix places, the integral part of it’s {quare root 
will confift of three places, &c: thus the integral part of the {quare root 
of this number of five places, to wit, 56644 will confift of three places ; 
for the number 56644, lies between 10000, whofe fquare root is 100, 
and 1000000, whofe {quare root is 1000 ; therefore the integral part of 
the fquare root of the number 56644 muft lie between 100 and 1000, 
and confequently muft confift of three places, 


OBSERVATION 3- 


From the laft obfervation it follows, that if of any number propofed, 
a point be put over the place of units, and another over the next place 
but one to the left hand, J mean that of hundreds, and another again 
over the next place but one to that, to wit, of ten thoufands, and fo on | 
alternately; the number of points will difcover the number of places of 
which the integral part of the fquare root of the propofed number con- 


fifts: thus if the number 56644 be fo pointed, it will ftand thus, 56644; 
and the three points fhew, that the {quare root of this number, or the 
integral part of it atleaft, confifts of three places, 


OBSERVATION 4, 


Suppofing ajl-things as in the laft obfervation, if any number be ad- 
vanced one point, that is, two places higher to the left hand, by adding 
cyphers, or by taking in decimals from the right hand, the figures ex- 
preffing it’s {quare root will ftill be the fame, but will be advanced one 
place higher; if the number be advanced two points, the fquare root 
will be advanced two places; if three points, three places, &c: thus if 
the fquare root of the number 576 be 24, that of the number 57600 
will be 240, that of 5760000 will be 2400, &@c: thus again, if the 

{quare 
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{quare root of the number 5.6644 be 2.38, the fquare root of the | 


number 566.44 will be 23.8, and that of the number 56644 will be 
238, &c: whoever would be thoroughly convinced of this, as well as of 
the reafon of the thing, may eafily fatisfy himfelf by fquaring the num- 
bets 2,.395 2305. 235, 

Note, that by fquaring a number is here as well as every where elfe 
meant, multiplying it into itfelf, and not extracting it’s {quare root, 
as young beginners through inadvertency are very often apt to miftake it, 


OBSERVATION 65. 


From the laft obfervation it follows, that if the fquare root of any 
number, fuppofe of 5 .6644 lies between 2 and 3, the fquare root of 
566 .44 will lie between 20 and 30; and that of 56644, between 200 
and 300, Ge: thus again, if the {quare root of 566.44 lies between 23 
and 24, the fquare root of 56644 will lie between 230 and 240: this 
is plain ; for fuppofe the fquare root of 566 .44 to be 23 .8, then by the 
laft obfervation, the fquare root of 56644 will be 238; and as 23 .8 lies 
between 23 and 24, fo 238 lies between 230 and 240, 


The inveftigation of the rule for extracting the fyuare root. 


99. Thefe things being obferved, let now fome number be propofed, 
fuch as isthe number 56644; and let us fee whether we cannot invefti- 
gate the fquare root of this number by pure dint of reafon, without any 
regard to, or helps from the common method. This number then being 
pointed according to the third obfervation, I fhall firft begin with the 
number 5, belonging to the firft point to the left hand, {fetting afide all 
the other figures, thus: the number ¢ is itfelf no {quare number, there- 
fore I fubtraét the number 4 which is the neareft {quare number lefs than. 
5, from 5, and there remains 1; and as 2 is the fquare root of 4, I 
conclude, that of all the infinite feries reprefenting the fquare root of the | 
number ç, the firft term, or the integral part will be 2: again, as the 
{quare of 2 is the neareft fquare number lefs than 5, which is no {quare, | 
it follows, that the fquare of 3 will be the neareft {quare number greater 
than 5, and confequently that the fquare of 3, whatever it is, cannot 
be lefs than 6; whence I conclude in the next place, that the number 2 | 
will be the firft term of the fquare root, not only of the number 5, but alfo | 
of any other number between 5 and 6 at leaft; therefore 2 will be the | 
firft figure exprefing the {quare root of the number 5.66, as alfo of the | 
number 5.6644; therefore by the fourth obfervation, 2 will be the firft | 


figure 
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figure of the fquare root of the number 56644 ; which is one confiderable 
point gained: now to difcover the next figure in the root, I confider the 
number 566 belonging to the two firft dotts to the left hand, fetting 
afide all the other figures, thus ; it has already been fhewn that the firit 
figure expreffing the fquare root of the number 5 .66 is 2 ; therefore the 
{quare root of the number 5.66 lies between 2 and 3; therefore by the 
fifth obfervation, the fquare root of the number 566 lies between 20 
and 30; let then 204- x reprefent the integral part of the fquare root 
of the number 566, the letter x ftanding for fome whole number in the 
place of units; then it is plain, that the square of 20-+-x muft either be 
precifely equal to 566 if 566 be an exact fquare, or elfe it muft be the 
neareft square number lefs than 566; but the fquare of 20-++% by the 


firft obfervation is 20x20-+40o-}xxx; therefore 20x20-+-40-+x 
xx is either equal to, or lefs than 566; fubtract the fquare of 20 from 
both fides, by obferving, that as before, 2x2 fubtracted from 5 left 1, 
fo now,20% 20 fubtracted from g00 will leave 100, and the fame fub- 


tracted from 566, willleave 166; therefore ZOE XXX muft either be 
equal to, or lefs than 166, according as the number 566 is, or is not a 


perfect fquare ; and therefore if 40o-+-xx» be lefs than 166, the diffe- 
rence will be the excefs of the number 566 above the neareft number lefs 
that is an exact {quare: here we fee, by the bye, why the number 166 
is commonly called the refolvend, to wit, becaufe it muft be refolved in- 
to two factors, x and 40-+-x, the product of whofe multiplication muft 
either be equal to 166, or elfe it muft be the neareft produc of the 
kind lefs : but to proceed; as it has been fhewn already that the product 


40-+xxx is not to exceed 166, it follows, that the product 40x mutt 
‘be lefs than 166, and confequently that x muft be lefs than the quo- 
tient of 166 divided by 40, or of 16.6 divided by 4 ; but the quotient of 
16 .6 divided by 4 lies between the two whole numbers 4 and 5; there- 
fore x is lefs than 5, and 4 is the greateft whole number that can be fup- 
pofed equal to x ; let us then fuppofe x equal to 4, and let us fee what 
will be the confequence ; now if x==4, we fhall have 4o-+-x=44, 


and 4o- xxx=44x4= 176; therefore the fuppofition of «4 was 


wrong, becaufe 40--xxx ought not to exceed 166; let us then fup- 
pofe in the next place that x==3; then we fhall have 40- x= 43, 


and 40-+-*"xx==43x3==129, which is lefs than 166, and therefore 
not inconfiftent with the foregoing conditions ; and fince x muft be taken 
equal to the greateft whole number the foregoing conditions will admit 
of, it follows, that x muft be equal to 3, and confequently that 20-+ x, 


OF 
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or the integral part of the fquare root of the number 566 is 23; and 


| fince 4o-+xxx or 129, fubtra&ted from the refolvend 166 leaves 37, 
| it follows, that 23x23 fubtracted from the number 566 will alfo leave 
37: again, as the fquare of 23 is the neareft fquare number lefs than 
566 which is no {quare, the fquare of 24 muft be greater than 566, and 
confequently cannot be lefs than 567; therefore the fquare root of the 
number 566.44 muft neceflarily lie between 23 and 24; therefore by 
the fifth obfervation, the {quare root of the number 56644 muft necef- 
farily lie between 230 and 240; which is another ftep made in the ap- 
proximation : let us now fuppofe 230-+-x to be the fquare root, or the 
integral part of the fquare root of the number 56644; then by the firft 


obfervation we fhall have 230x230-+460-+*xw either equal to, or 
lefs than 56644: fubtract 230x230 from both fides, by obferving, that 
as before 23x23 fubtracted from 566 left 37, fo now 230x230 fub- 
tracted from 56600 will leave 3700; and the fame fubtracted .from 


56644 will leave 3744; therefore 460-+xxx muft not exceed 3744 ; 
therefore 460x muft be lefs than 3744; therefore x muft be lefs than 
the quotient of 3744 divided by 460 ; but the quotient of 3744 divided 
by 460, or (which is pretty much the fame thing, efpecially with re- 
{pect to the integral part) the quotient of 374 divided by 46 lies between 
the two whole numbers 8 and g ; therefore 8 is the greateft whole num- 
ber that can be fuppofed equal to x: let us then fuppofe x= 8, and we 
fhall have 460- x= 468, and 460-+-xxx==468 x8 = 3744, which 
is juft confiftent with the abovementioned conditions, and the number 
238 is the exact {quare root of the number propofed 56644. Q, E.T. 

Let now any one extract the {quare root of the fame number 56644 
according to the common practice, and he will eafily fee, that the rule he 
there ufes is nothing elfe but a general obfervation drawn from this or 
the like inveftigation, 


The foundation of the common rule for extraéting the 
| cube root. 
100. The cube of ax is a+ 3.a*x-+-3 ax*-+-x, where 3a*x+- 


34x*-+4-x? is the refolvend; make 3¢-+x==4, and you will have 34x 
“xx == bx, and 3a*-+ 3ax-+-xx==30*-+-bx; and 3a*x- 3ax*-+ x1, 
or the refolvend = 3a*-+-4xx«,; therefore the cube of a+-x is æ- 


38 +b xXx : this anfwers to the firft obfervation in the laft article but 
one, and is the foundation of the rule for extracting the cube root ; 
and whofoever applies the reafoning of the two laft articles to the prefent | 
7 
cafe, 
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cafe, he will either be able of himfelf to form a rule for extracting the 
cube root, or at leaft he will be the better able to underftand and re- 
member the common rule as it is delivered in books of Arithmetic. 

N. B. All the difficulty in extracting either the fquare or cube root, 
is in obtaining the two firft figures of the root, wherein tryals are fome- 
times required ; the reft of the procefs is more certain, 


Of the compofition and refolution of a fquare raifed 


from a binomial root. 


ror. Hitherto we have been chiefly concerned in fimple equations : 
it is now high time to.apply ourfelves to the refolution of quadraties; in 
order to which, fomething muft be faid concerning the nature of a bino- 
mial, upon which that refolution entirely depends, ' 

Now a binomial (at leaft as it is here ufed) is a quantity confifting of 


two parts or members, connected together by the fign -+ or —, as x-+ a, 


b 
X— a, X-+-5, X75 and a {quare raifed from a binomial root is no- 
; : 3 b 
thing elfe but the fquare of fuch a quantity: thus the {quare of x ++ F 
bb ; bb i 
is xx- bx- —, and that of x — — is xx—bx-+ —. 
4 2 4 
x= shod 
4 2 
x-4- aL 
2 
bx bb „ bx bb 
Cear aA 
bx bx 
fe a 
2 2 
2bx bb : bb 2bx b ; _. bb 
er ; that is, STEE cerry that is, x*—dx--—_ 
4 


The difference betwixt thefe two fquares arifes from the different fign 
of 4; and that only affects the fecond member; for the third member 


bE will be the fame, whether the quantity 4 be affirmative or negative ; 


therefore if thofe cafes be thrown into one, it will ftand thus: The /guare 


of 


—————— 3 a SE - $$ tt ath cenit, 


Art. ror. RAISED FROM A BINOMIAL ROOT. "I7 
b, bb ; vA 
of KES is Rev EH ; to wit, -bx when the root ts wah , and 


b 
bx when the root is S mee Now of the three members that compofe 


this {quare, the firft xx is the {qnare of x, the fecond =-5x is the root 
of that {quare multiplied into the coefficient -& 4; for the root of xx is 


bb 
x, and xx= b= = bx ; the third and laft member 5 is the fquare of 


b 
= ~, that is, the fquare of half the coefficient of the fecond member ; 


~ tae > 
whence may be deduced the two following obfervations. 
OBSERVATION I. 


Whenever we meet with a quantity confifting of two members, as xx 
== bx, whereof one, as XX, ts a fquare, and the other ==bx is the root of 
that fquare multiplied into fome given coefficient =b; whenever I fay we 
meet with Juch a quantity, it may be confidered as an imperfect fquare raifed 


| from a binomial rost, and may eafily be compleated by adding FA that is, by 


adding the fquare of half the coefficient of x in the fecond term: thus xx 
-+6 x when compleated, becomes xx-+ 6x-+g; xx—8x when com- 
pleated becomes xx— 8x16; xx-+3x when compleated becomes xx 
+-3x-+2; for here the coefficient being 3, its half will be 3, and the 


{quare of this will be 2: again, xx- son when compleated becomes «x 

bei T , 2x 

| + oq “hes for here the fecond term is —, and therefore the coefficient 
| of x is * by art. 70; but the half of ż is 4, and the fquare of this is 3: 
again, xx— 2 when compleated becomes x x — 25 + = ; for here 

the coefficient is —, whofe half is —*, and the fquare of this is +- 

; bx ms bb 


2 bx 
—.; laftly, «*«—— when compleated becomes x x—— for 
144. a i a 


4aa’ 
gan om Aron, b T. ee 
here the coefficient is —- , it’s half ——, and the fquare of this is — - 
a 2a 4aa 
OBSERVATION 2. 


In the fecond place it may be obferved, that the root of fuch a fquare when 


compleated, that is, the root of xx-=bx-+- = will always be x= 3% that 


¥2 7s, 


172 THE RESOLUTION. OF APFECTED _ Book iii, 


is, it will always be the fquare root of the firft member, together with half 
the coefficient of the fecond: thus the fquare root of xx-+-6x-+ 9 will 
be x-+3,; that of xx—8x-+ 16 will be x—4; that of xx- 34~-+2 


Sets tol we. I 
will be x+; that TEE = will be x- —; that of xx— 


SE oon BS scent cot Si aa f LPR. 
oie will be x =- ee and laftly, that of x«— = mar A will 
b 
be x—— —, 
2a 


The common form to which all quadratic equations ought 
to be reduced in order to be refolved. 


102. Since an affected quadratic equation, as we have elfewhere de- 
fined it (art. 23,) is an equation confifting of three different forts of 
quantities ; one fort wherein the {quare of the unknown quantity is con- 
cerned, another fort wherein the unknown quantity is fimply concerned, 
and a third fort wherein it is not concerned at all; it follows, that all 
quadratic equations whatever may be reduced to this form, viz. Axx 
= Bx-+-C; wherein 4, B and C denote known integral quantities 
whether affirmative or negative, and x the quantity unknown, the fign 
-+ on the latter fide of the equation Bx+-C, fignifying no more than 
that the two quantities Bx and C are to be added together according to 
the common rules of addition, whether they be both affirmative, or both 
negative, or one affirmative and the other negative: this will eafily be 
allowed, if it be confidered, that quadratic equations, like all others, may be 
freed from fractions after the fame manner as fimple equations ; and when 
that is done, there needs no more at moft, than a bare tranfpofition of the 
terms to reduce them to the form above defcribed: we fhall however give 
fome examples of the reduction’ of quadratic equations to this form a- 
mongft thofe that follow. 


A general theorem for refolving all quadratic equations. 


103. This preparation being made, let now fome general quadratic 
equation be propofed to be refolved, with which all particular equations 
may afterwards be compared, and by means whereof thofe equations 
may be more readily refolved ; as for example, let the general equation 
in the laft article be propofed, to wit, 4xx—=Bx-+-C; and let it be 
propofed to find the value or values of x in this equation: here tranfpo- 
fing Bx, Ihave 4vx--Bx==C; and then dividing by 4 in order to 

free 
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B: 
free xx the higheft power of x from it’s coefficient, I have xx — =; 
U didon Lanier dias Bl ake vg. kg Ee ee 
= 7G; this done, I confider the firft fide xx —— asan imperfect {quare 


raifed from a binomial root; and accordingly I compleat that fquare by 


B 
art. 101, to wit, by adding JAA that is, by adding the fquare of half 


BB 
the coefficient of the fecond term ; but if TZA Tiz muft be added to the 


firft fide of the equation to compleat ie fquare, it muft alfo be added 
to the other fide to preferve the equality, otherwife by an unequal addi- 
tion, the equation would þe deftroyed : this equal addition then being 

le, tl i Sind dams, whee a ea es 
made, the equation wi and thus, xx — ay eae 44A—4AATA A 


but th fra&ti ae d E I hr i i 
ut the two fractions 4AA an A when thrown into one, give 


ABB te fA BU ads | oe wis _  BB+44C 
io dee which dividing by 4, gives AT ; therefore 
Bx 444 BB+4AC 


xx= + 5B TA S therefore the {quare root of one fide 


will be equal to the ee root of the other ; but the fquare root of the 


BB+4dC 


fraction ——— AA 2t leaft as it here ftands in letters, cannot be ex- 


tracted, becaufe, though the denominator 444 be a fquare, yet there is 
no literal quantity whatever which being multiplied into itfelf will pro- 
duce BB+-4AC; therefore to put this numerator into the form of a 
fquare, let us fuppofe BB+-4.4C=ss; and then the equation will ftand 

Bx BB 
thus, xx— sia 


eas wie a, bya d the f f sis 
4AA” or a DY art. IOI; ana the quare root o zdá" = 


“=; but the f a E es 
== 7; but the fquare root of xx ->-+- 
444A” 444’ q F 
2A 
k = : H mg mupe à 
for a reafon formerly given, to wit, becaufe = when multiplied into 
ae 


: 55S +5 
“eae peer Paitin i a Pe 
itfelf will produce 774 ks well as se and therefore by the yery des 


finition of the fquare root, the former quantity has as good a right to be 


5s ; 
ftiled the {quare root of — TAA as the latter ; therefore this equation will 


Pow 
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now be reduced to a fimple one, and will ftand thus, x— Thaka 


F ee 
Bs ; Bs B—s 
therefore x = Fy? that is, «== P and x= 9. E.I 


Thus we fee that every quadratic equation neceflarily admits of two 
numbers or roots (as they are called) which will equally anfwer the con- 
dition of the equation, that is, either of which being put equal to x, will 
make the two fides of the equation equal one to the other ; and thefe two 
roots in all arts and fciences where quadratic equations are concerned, are 
of equal eftimation, whether they be affirmative or negative, or one be 
affirmative and the other negative: as for example, in Geometry, if a line 
drawn from any point towards the right hand be confidered as affirmative, 
a line drawn from the fame point to the left hand ought to be confidered 
as negative; for let 4B be any line drawn from the fixt‘ point < to the 
point "Bon the right hand, and ‘then i imagine the point B to move towards 
A; here then it is plain that the nearer P approaches towards 4, the lefs 
will be the affirmative line ÆB ; when the point B coincides with 4, the 
line 4B muft be looked upon as nothing, and therefore when the point 
B by a continuation of it’s motion has paffed through 4, {o as to lye on 
the left hand of A, the line 4B ought now to be looked upon as negative, 
having pafied from fomething through nothing into negation ; and yet a 
line of this negative kind is as true a line as any of ihe. affirmative kind; 
and therefore the negative roots of quadratic equations which exhibit nega- 
tive lines, ought to be of equal eftimation with the affirmative roots that 
exhibit affirmative lines; and the fame will be the cafe (I fay) of all other 
arts and {ciences where quadr atic equations are concerned: but in common 
life, where negative quantities have no place, the affirmative roots of qua- 
dratic equations ; are only allowed of in the refolution of problems, the ne- 
gative ones being for the moft part excluded. 

N. B. xf, The root of any quantity whether in numbers or letters, 
that cannot be exprefied, is called a furd: thus ./3 is a furd, and fo alo 
is ./BB+4AC; and it was for this reafon that E made /“BB-+-44C 
==s, or which is all ae BB+4AC=ss. 

2dly, ‘The quantity C and confequently 4.AC will fometimes be nega- 
tive; in which cafe the quantity ss, or BB+4.4C mutt be looked upon 
as the fum of the affirmative quantity BB and the negative one 4.4C when 
added together Rg: to the common rules of addition. 

3dly, In many of the following examples, the learner muft be very 
careful to form a right eflimation of negative quantities: thus. for in- 
ftance, if x, that is, +x=—3, he mutt make 4 AX, OF +-4x—3==—12; 


3= 
but 
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but he mut make — 4x, or —4x—3=-+12; fo likewife — x, or 
=—1 x, or —1x—3 muft be made equal to + 3, &e. 


A fynthetical demonftration of the foregoing theorem. 


104. In the laft article it was demonftrated analytically, that if Axx 


+s 
„and 
F an 


be equal to Bx-+-C, then x muft neceffarily be equal both to 


B—. 
to —F fuppofing ss to be equal to BB-+-44C, Now it may not 


be improbable but that the learner, efpecially if he has any tafte or ge- 
nius, may have a curiofity to fee the fame demonftrated again fynthe- 


tically, that is, to fee it demonftrated, that if x be made equal to at, 


B— ; reer 
or 2 , then Axx muft neceffarily be equal to Bx-+-C: it is there- 
fore to gratify the learner in this particular, that I have added the follow- 
ing demonftration. 


CA 8-2 — 3h. 


Bs 1] BB+-2Bs-+ss s 
Let x = ys then you will have x x =—— my multi- 


4 

ply both fides by 4, and you will have £x (or one fide of the general 

2 BB+2Bs-++ss 

equation) equal to ecg wei 

by dividing the denominator, as weil as by multiplying the numerator ; 
BB+-B 

again, fince « = 5, you will have Bra ; double both 


the numerator and denominator of this laft fraction, which will not affe& 
2BB+2Bs 
A 


; for a fraction may be multiplied 


the value of the fra€tion, and you will have Bx= ; there- 


2BB+-2Bs C  2BB+2Bs+4A4C 


fore B x -+ C= -aa T= 4A 
2 C B B 

Beye BB+2Bs-+ss beanie BibaligitGar 

by the fuppofition ; therefore 4xx== Bx +- C, fince each fide is equal 


z B+2Bs+ss 
to the fame quantity > meat 


CASE 
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Case 2d, 
B— : BB—2Bs+ 
Let now x = Tr and you will have s= : 
: BB—2B 
and Axx (or the firft fide of the general equation) say y A 
i BB— Bs 2 B B—2 Bs 
again, Bx = eae = Sayer SARN ; therefore B x -+ C= 
2 BB—2 Bs+-4 4C BB—2Bs+ss i 
Mee ET therefore Axx—=Bx-+-C, 
ee . BB—2B 
becaufe each fide is equal to the fame quantity —— A y, el 


Various examples of the refolution of affetted quadratic 


equations, both: with, and without the general theorem. 


ExAMPLE I, 


105. Let the equation propofed to be refolved be 6xx == 5x—1, 
This particular equation, as well as all thofe that follow, may be refolved 
after the fame manner as the general one in art. 103 : but as thefe refolu- 
tions are very often attended with fractions very troublefome to the young 
Analyft, and as thefe particular equations are nothing elfe but particular 
cafes of the general one, it follows, that the refolution of thefe equations 
muft neceflarily be included in the refolution of the general one ; and 
confequently, that thefe equations will be much more eafily and readily 
refolved by referring them to the general one: however for the fatisfacti- 
on of the learner, I fhal] refolve {fome of thefe equations both with, and 
without the general theorem; and firft I fhall refolve the equation propo- 
fed by the help of the general theorem thus ; in the general. equation, art. 
103, we have 4xx=Bx--C; in the particular one already propofed, 
we have 6xx==5x—1; therefore 4 in the general equation anfwers 
to 6 in the particular one, Banfwersto 5, and Cto — 1 ; therefore if 
the particular equation be referred to the: general one, it’s refolution will 
be as follows: d==6, B==5, C=—1, BB=25, 44C=—24; 
therefore ss, or BB-+-4AC will be the fum of 25 and —24==1; 

B+s 5+1r 1 B—s gr I 
24 ~a =o zA m aa TI therefore 
the two roots of this equation 6 xx= 5x—1 arežand :, The refoluti- 
on of this equation in numbers without the general theorem, is as follows ; 


Equation, 


therefore s = 1, 
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. X 
Equation, 6 xx= 5x—1; therefore 6 xx— 5 x% =— 1, and xx— 5 


x 
= — > ; where xx— = may be confidered as the two firft members 
of a m raifed from a binomial root; the agea of the fecond 


term is anne: BF t’s half —, and the {quare of this £ which ex- 


6 


preffion I choofe to make ufe of rather than 


25 
“ie 


~ 25 for a reafon that will 


25 ; 
_prefently be feen ; add now TE to both fides, that is, to one fide to 


compleat the {quare, and to the other to preferve the equality, and you 
: CY 25 —I 25 

Will lave x x— Sage See ++ ——— _; here now it is cer- 

6 12x12 6 i232. 


A : — I +25 
tain that the fractions =e and Sates muit be reduced to the fame 


denomination in order to be added together into one fum ; but if this be 
done the common way, it will be impoflible to obtain the {quare root of 
that fum without a further reduction; therefore to avoid this, I enquire 
what number the denominator 6 mutt be multiplied by to make it 12x12 
the fame with the other denominator, and the anfwer in this cafe, as well 
as in all others of this kind will be very eafy ; for 2x6==12, and therefore 
12x2x6, of 24x6==12X12; on I multiply both the nume- 


rater and denominator of the fraction — T into 24, and fo have ats 


-+2 
and this added to the other fraction = —— 2- z give ; and now the 


TA KIZ 
equation will t Se fe traé the root of 
quation 1 DE XX — 7 TS ad ee ; extrac n€ root .o 
1 i s 6 a e E aa 


- 


G 5 I ac i 
~- both fides, and you will have x— Ip == Tp whence x = os but 


te ee, and 2 cue. Pee therefore x =~ Bt, 
12 2 12 3 2 3 

This may alfo be proved fynthetically thus: let x==1, then you will 
have xx==!, and6xx==‘ or 1!: again, 5x ==-i==2!; therefore 5% 
—~I==1!; therefore 6xx== sx—1, ince each equals 1! 

Let us.now fuppofe x=}, dad you will have x x==!, and 6 x= 8, OF 2: 
on the other hand you will have gx==i or 12; therefore 5 XT eS 
therefore 6 xx= 5x—1: thefe two fractions therefore will anfwer the 
Z Con- 
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condition of the equation ; and there are no other numbers befide thefe, 
whether whole numbers or fractions, that will do it. 


Ex AMPLE X 


Let the equation to be refolyed be 24xn—2xxn==xx-+45. Here 
tranfpofing —2xx we have 3xx+-45==24x, whence 3xx=24x 
—45; and thus we have reduced the equation propofed to the form of 
the general one in art. 102 ; wherefore applying that general equation to 
this particular one, the refolution, by art. 103 will be as follows: d= 3,, | 
B=24, C=—45, BB= 576, 44C=— 540, ss= 576— 540 = 
Bs B—s ieee a A 
70 $220, FH = 5 TA m3, therefore x= 5, or 3; and this | 
will further eafily appear by fubftituting 5 or 3 for x in the originalvequa- 
tion thus; x==5; therefore 24x == 120; xx==25; therefore 24 x— | 
2xx==120-—50==70, which is one fide of the equation: on the other 
fide we have xx-+-45==25-+-45==70; therefore 24x—2xx—=wxx 
-+45. Again, let «== 3, then we fhall have 24x=72, and xx=o, 
and 24x —2xx= 54: onthe other hand, xx-+45= 54; therefore 
24% —2 XX =x X445. 

N. B. This laft equation when reduced te the form of the general one 
in art. 102, ftood thus; 3xx=24x—45: but this equation might 
have been reduced toa more fimple one of the fame form by dividing 
the whole by 3, and then the equation would have ftood thus, xx= 
8x— 15; in which eafe we fhould havehad 4=1, B=8, C=— 15, 

Bs B—s | 

BB=64, 44C==—60, ss==4, s=2, oA = S FH 3> 4 | 
before: the folution of the foregoing equation in the common way is | 
this; «x-——-8x==-—15; therefore compleating the fquare, xx — 8 xo | 
16==1; therefore extracting the fquare root, x—4 === ı therefore x 
=-+4--1= 5, OF 3. 


ExAMPLE 3. 


Let the equation to be refolved be 72 x——2 xx -+ 144 =3 x x—8 x 
-+-444. Here by tranfpofitions we have 72 x -+4-144==5xx—S8x—+ 
444, and 80x-+-144==5xx-+-444, and sxx==80x— 300, and xx 
—=16x—60; which equation being refolved like that in the laft exam- 
ple, gives «== 10, or 6; which may alfo be eafily feen by fubftituting 
ro or 6 for x in the original equation. 


Ex AMPLE 4. 


Let the equation to be refolved be 28 x —xx==115. Here we have 
xx- II5==28x, and xx=28x—115; which equation being re- 
folved 


—ixX— 
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folved like that in the fecond example, gives x= 23, or §; the proof 


whereof is eafy. 
EXAMPLE 5, 


120 
‘Let the equation to be refolved be —-— 5 = 4 therefore 120 


120x 
Xe 4 
5xxX-+-120xK== 100x%-+480; therefore ș xx= — 20x -+480 ; there- 
fore (dividing by 5) xx==—4x-+ 96; therefore in this cafe, 4= 1, 
B=—4, C=96, BB=16, 44C= 384, ss= 16 +384 =400, 
Bos —4-+20 B—s -—-4—20 

fan 20, Sa = —=8, SST Ss there- 
fore in this equation, x = 8, or — 12: the proof is thus; let x= -+8 
120 


E 


; therefore 100x—sxx-+ 480=120.%; therefore 


120 120 : 
then -= 15, and =- — 5 = 10 : again, x -+ 4 = 12, and 
120 

a 


120 
-— 10; therefore, TS S10 fs 52.00 the other hand, 


120 ; 120 
10; therefore <r § Again, let x=— 12, then z = 


120 120 
x} 4 = — 12 -+ 4 =m 8; therefore a gee 15; there- 
aE 120 aa a3 
fore —-——5==——. The refolution in the common way is this; xx 
x x-4. 
= —4 x+ 96; therefore xx -+ 4x = 96; therefore xx -H 4x -+4 
== 100; therefore x -+ 2 == 10 ; therefore x= — 2 = 10 = -+ 8, 


Or— 12. 


ExAMPLE 6, 


Let the equation to be refolved be 2 x x -H 3 x= 65 ; therefore 2xx 
—=—3x-+65; therefore in this cafe, 4= 2, B=—3, C= 65, 
Bs 3 He'd 3 


aa 4A C= 520, ss= 529, $= 23, So = 4 A 
—Ss mm Joe 2 I z A : 
TE RT: nn | =— óy: therefore in this equation, x==-+ 5, or 


4 
—6:: that x==-++ 5 will eafily be feen; and that x= —6:, or that 
— 6: being fubftituted for x will make 2 xx- 3x = 65, I thus demon- 


I — 12 +16 
ftrate: x==>—6 z= er e therefore x x = r i ; therefore 2xx== 


169 


Z 2 z 
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169 aha: - aD - ' y 
= ; and +H3x =+3x—-= = ; therefore 2x x- 3x= 
69—2 ae; 
=- SEA “S65. The refolution in numbers ; 2ZXX-+-- 3 eam6s; 
oe Sy 65 9 520-+-9 529 
therefore x x -H — eee Se = = s therefore 
i tae D ae KR Sag 

2 : 22 l — 37 = 2 I 
c-> = Y, thereforé e AE ae! 3 ets, or —¢€—, 

4 4 2 


EXAMPLE 7, 


Let the equation to be refolved be 9x x— x= 140 ; therefore gxx = 
1x4 140. Here A=9, B=1, C=140, BB=1, 44C= 5040, 
e Oe ae Miei 
ss = 5041, Ss=71, BARRA ma Y therefore x = -+ 4, 
R 


or — 3 : the latter cafe I thus demonftrate; x —=—3—=—=—»; 


9 9 
+ 122 122 3 
therefore xx= E ; therefore gxx ot > again, — 1 x, that 
I 9 


i meme BE ae ae 1225+ 2 1260 
is, — 1 x— = = —=», therefore gxx—x= a nai t paie 
9 9 9 
; Ix  I40 
140. In numbers thus; gxx—1x== 140; therefore xe ; 
; Ix I 140 I 5040 SE 
therefore xx — 9 + xis = 9 + 98x18 18x18. > 
FOAI -4 Ix I 
hae sed ; extract the root of both fides, that is, of xx —— -+-———,, on 
18x18 9 18x18 
5041 . I ri 
a === Oe oiher le oe te 
one fide, and of TS he other, and you will have x err TE 
whence x= -+ 4, or — 3 8. 
' Ex AMPLE 8, 
j ; 45 116 
Let the equation to be refolved be —-~—- +- — =7; therefore 
2X3 4x45 


232%- 348 ee ae Ja ; 
4 Sick 4x 5 —=14%-+4+ 21; thereiore 100x- 225-+ 232-4 
348= 56xx-+-154x-+105; that is, 412x- 573 = 56xx-+154x%-+ 
yog ; therefore 258x -+ 573 = s6xx-+105; therefore s6xx = 258x% 
-+ 468 ; therefore (dividing by 2) you have 28xx = 129x-++ 234; which 
equation being compared with the general one exhibited in art. 103, gives 


Ae 28, 
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A=28, B=129, C=234, BB= ‘hays 4AC== 26208, ss = 42849, 
B-s B— s 3 ; : 
s== 207, aA =6,>7 =! = ; therefore in this equation x = 


-+ 6, or — I = ; both which I thus demonftrate: firt x= 6; therefore 


2x- 3==15; therefore == 3; moreover, 4*-+- 5 = 29 ; there- 


45 
2% -+3 


116 45 _ 116 
fore ge therefore =~ rer oe ey fecond- 
ly, x=—I = =—} ; therefore 24 = TTA ; therefore 2x- 3 = 
ee, TE A ; therefore 45 is the quotient of 43 divided by 
14 ems 2X+3 I 
3, but this quotient, according to the rules of fractional divifion, is 
630 AE | GEE Spe Po a esa 
at =210; therefore > Ro gre: BEN, AA ; therefore 
= = Be : 16 
AX 5= Zn En > == = ; therefore 3 is the quotient of ~— 
. . ‘ee 12 
divided by et ; but this quotient is rage or — 203; therefore 
116 45° OA 
ee ii ; therefore 2m 3 +7 p= 21O — 203 = 7. 


The refolution of this equation in the common way is as follows ; g6xx 


258x 468 
— 258x = 468; therefore xx — cag ings here the coefficient of 
8 

the fecond term is — re it’s half 6 and the fquare of this 
oe add this fquare to both fides, and you will have xx— as 
16641 468 16641 26208-+ 16641 _ 42849 oe ae 
x56 = = "6 P n 50x 56 = 560x563 extract the {quare 
CA of A Gach, hep T fidi g 
root of both fides, that is, of xx— 56 56x56 on one fide, and of 
42849 TEGA A ENE A 
56x56 on the other, and you will have x— oo whence x 


6 3 
=+ pean 29° 
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EXAMPLE Q. 


Let the equation be 15 x—xx== 56; then this equation being re- 
‘folved by the general theorem gives x= 8, or 7; and in the common 
way it is thus refolved ; 15x—xx==56; change all the figns to make 
xx affirmative, and you will have x x— 1 5x=— 56; whence xx — 
P ee coe -1g therefore x — Z= zi : $ and x 
== 8, or 7: but what I chiefly intend by this example is to thew, that 
in refolving a quadratic equation by the general theorem there is no ne- 
ceflity of making any tranfpofition to exhibit xx affirmative when it 
would otherwife have been negative; as for inftance, in the equation 
here propofed we had 35x— xx= 56 ; tranfpofe 15x, and you will 
have —xx, that is, —1xx==—15x-+ 56; let this equation be re- 
ferred to the general one in art. 102, and refolved by the general theorem 
in art. 103, and you will have 4=—1, B=—15, C=56, BB=225, 


Bo+s —i — 
44AC==—224, Ss 1, $1, ET = HEI = y, 
B—s —15—!1 
oe: —— tr aa 2 = -+ 8, 


How the learner is to proceed when the roots of a gua- 
dratic equation are inexpreffible. 


_106, As there are but few fquare numbers in comparifon of the reft, 
,and as all quadratic equations are refolved by extracting the {quare root, 
it follows, that there are but few quadratic equations capable of an exact 
numeral folution in comparifon of thofe that are not : but as the {quare 
root may be extracted to any degree of exactnefs we pleafe, the refolu- 
tion of a quadratic equation, which depends upon it, may alfo be per- 
formed to any degree of accuracy whatever; as will appear by the fol- 
lowing example. 

Ex AMPLE IO, 


Let the equation ‘be xv—4x-+-+-1=0, or xx=4x—r1. Here 
A=1, B=4, C=—1, BB= 16, 4d4C=—4, ss 12, s= V 12, 


Bos 4+//12 B—s 4—(/12 4A+4/12 
‘ear es and tre Se $ therefore x = EAS 


x ary 
aimee ra but let us enquire in the next place, whether thefe two 


fractions 
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fractions are not capable of being reduced to more fimple terms; firft 


then it is plain that 4 pate 2, and I fay further that vaz = y 3; for 12 


= 3x4; therefore y 12 =y 3X y4 = y/ 3x 2; therefore ve = 


3; whence it follows, that x=2 + y3, or 2—4/3; but y3 ex- 
tracted to three decimal places gives 1.732: therefore 2+- ./3 = 3.732, 
and 2 — y 3 = .268 ; therefore x= (nearly) 3 .732,. or .268, as will 
be further evident from the proof following: firft x ==3.732; there- 
fore xx==13.927824; and 4x==14.928; therefore 4x—xx=1 .000176;, 
therefore xx—4x==—1 .000176; therefore xx —4x-+-1==— .000176 
=o very nearly : fecondly, let x = .268 and you will have xx = .071824 
and 4x==1.072, and 4x—xx==1 .000176; therefore xx— 4x = — 
1.000176; therefore x x—4x -+ I =—.000176=0 very nearly ;, 
therefore in both cafes, the condition of the equation is anfwered to as 
many figures or cyphers, as is equal to the number of decimal places to 
which the {quare root of 3 was extracted. 

It may feem to fome perhaps a paradox to affert, that though the two 
{urd values of the unknown quantity found in this and the like cafes, 
are not to be expreffed in numbers, yet they may be demonftrated to be: 
juft: Thus I fhall demonftrate, that if either of the two values of x found 
in the laft cafe, to wit, 2-+4/3,0r 2—4/3, be fubftituted for x, we 
{hall have this equation xx—4 x- 1==0, which was the equation there 
propofed : in order to this, make /3 =s ; and firft, let x = 2 -++ 3, 
or 2-+s; and we fhall have xx==4-+4+45-++55, and — 4% = — 8—4 55 
and xx—4*==4-4+45-+55—8—45=ss—4; but if s= y3, 
ss= 3, and ss—4=— 1 ; therefore, xx—4 x= — t, andxx— 
4x4 1 =0: fecondly, let x=-2—,/3, or 2—s, and we fhall have 
xx=4—4 s+ ss, and —4 x= —8 + 4s, and xx—4x=55—4=—=—1, 
as before ; whence xx—4x-+ 1 = 0. 

Of impofible roots in a quadratic equation, and whence 

they arife. 

107. The roots of quadratic equations are not only very often in- 
expreffible, but fometimes even impoffible, as will appear by the fol-- 
lowing example. 

EXAMPLE 1i. 

Let the equation be xx—=4x +- 6= 0, or xx==4x--6. Here 

A=1, B=4, C=—6, BB=16, 44C —24 ss==— 8, 


— B+s 44+ Y7-—8 B—s 4—Y/—8 4 
SD pe a ee ee aS 
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and — 8 =—2 x+ 4 ; therefore /—8 =/— 2x YV +4 =y —2 
x2; therefore Sg Aa. therefore in this equation, x= 2 -+ 


/—2, or 2—./—2; but as no quantity whatever, either affirmative 
or negative, being multiplied into itfelf will produce a negative, it fol- 
lows, that ./——2 is not only an inexpreffible quantity, but alfo an im- 
poffible one; and confequently, that the two values of x in this equa- 


tion 2-+,/— 2 and 2—,/—2z will both be impoffible. 

N. B. Though the roots of this laft equation be impoffible in their 
own natures, yet they may be abftractedly demonftrated to be juft, as in 
the laft article, by making s==,/— 2, and confequently ss =—2. 

From what has been faid concerning impofiible roots, it appears that 
one root of a quadratic equation can never be impoflible alone, but that 
they muft either be both poflible or both impoffible : for it appears from 
the refolution of the laft equation, that the impoflibility of the roots 
flows from the impoffibility of the quantity s, or of the {quare root of ss 
when it is negative ; now when s is poffible, both the roots of the equa- 


| 
Bos B—s . £ | 
a M a rE pa will be poffible; on the other hand, when s is 
impoffible, both the roots muft neceflarily be impoffible. 
Since the poflibility or impoffibility of the two roots of a quadratic 
equation depends upon the quantity ss being affirmative or negative, it 
follows, that when ss and confequently s equals nothing ; the roots will 


be in the limit between poffible and impoflible: now if so, we fhall 
B--s B B—s 


B i, 
have ZA =i? and ET =F therefore the two unequal roots 
of a quadratic equation grow nearer and nearer to a ftate of equality as 
they grow nearer and nearer to a ftate of impoffibility, but do not come 


to be equal till they come to the limit between poffibility and im- 
poffibility, 


How to find the fum and produ& of the two roots of a 


quadratic equation without refolving it: alfo how to 


generate a quadratic equation that foall have any two 
given numbers whatever for it’s roots. 


108. In a quadratic equation of this general form, to wit, Axx = 


B 
Bx-+C, the Jum of the roots will always be A> and the product of their 


multi- 
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Baron ROBARTES of TRURO, êe. 


My LORD, 
HE Relation I bore to the Author of the following 


Work, gives me a Right to intereft myfelf in the 
Succefs of it. To recommend it to the Publick 
with all poflible Advantage, is the leaft I owe to the Me- 


mory of the beft of Fathers. 
+? THE 


DED TOA TITON. 


Tue Reputation of an Author, and the Merit of a Per- 
formance, are in ordinary Cafes the moft effectual Recom- 
mendation to the favour of the Publick; and if I am not 
deceived by the Voice of Fame, nor flattered by the Report 
of Friends, the following Treatife wants neither of thefe Ad- 
vantages. But whatever be the Cafe of the Author, or the 
Performance, the Subject itfelf, I am afraid, calls for fome 


Countenance and Prote¢tion. 


Tue Belles Lettres, My Lorn, lie open to all Mankind; 
every one that is capable of reading any thing, either has, 
or pretends to have fome Relifh for them. But Science lies 
more concealed, and more out of the reach of vulgar Ap- 
prehenfions: Some have not Capacities or a juft Tafte for 
Mathematical Truths; and of thofe that have, few have Re- 
folution enough to purfue them with a proper Induftry: 
and be their Ufe and Importance ever fo great, they will 
hardly emerge under fuch Difadvantages without fome pow- 


erful Encouragement. 


Tusrse, My Lorn, are Difficulties arifing from the na- 
ture of the Subje&; to remove which, and to infpire the 
Youth with a generous Emulation for fo noble a Science, 


would 


DEDICATION. 


would bé doing Service to the Publick, as well as Juftice to 


the Author. 


Tue Province of Exhortation and Inftruction I leave to 
others, and content myfelf with the only Method that lies 
within my reach, of ufhering this Work into the World un- 
der the Authority and Protection of fome great Name; one 
whofe Birth and Quality may give a Dignity to Science, and 
by being a Mafter of it himfelf, has the jufter Title to 
patronize it in others; who does not meafure the worth of 
a Performance by the fulfom Incenfe of the Dedicator, but 
penetrates into the Work itfelf, and learns from thence the 
real Abilities of the Writer. 


Ir is for thefe Reafons, My Lor n, that I prefume to lay 
this Treatife at Your Feet. Suffer me to borrow Your L o R p- 
sH1p’s Name to throw a Luftre upon my Subje@, to attra 
the Attention of the Lazy and the Prejudiced ; and to in- 
vite them by fo great an Example to an Acquaintance with 
a Science, whofe Ufe is almoft as extenfive as Truth itflf, 


and whofe Invention does Honour to Human Reafon, 


Purtine this Treatife under Your Lorpsutrp’s Pro- 
tection I look upon to be a Part of the Author’s Will, and 


wh ic h 
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which it is incumbent upon me to execute. Had He lived 


to give it to the Publick, I am confident he would have 


fought no other Patron. Your LorDsHIP was his frh Ac- 
quaintance in the Univerfity and his firft Scholar, and, (what 
he ever remembered with the fincereft Gratitude) his moft 


generous Benefactor. A great Part of the Work was drawn 


up originally for Your Lorpsurp’s Ufe, and was for many | 


Years in your {fole Poffeflion. And furely, My Lorp, there 
is fomething of Juftice in granting Protection to a Book, 
which firft opened to You the Beauties of Mathematical 
Knowledge, and to which You are in fome meafure indebt- 
ed for that excellent Taft, that fo eminently diftinguithes 


Your LORDSHIP. 


Tue Author was honoured with the Friendthip of moft 
Perfons of Quality and Condition that ftudied in the Uni- 
verfity, though it ended for the moft Part with their Refi- 
dence there. But Your Lorpsurp raifes Friend{fhips upon 
more lafting Principles; the Moment a Man of Merit knows 
You, he becomes your Friend, and. when he is once fo, he 
can never be otherwife. The Author had a Heart extreme- 
ly fenfible to true Worth ; it received a very ftrong and du- 
rable Impreffion from the uncommon Share of it he obfery- 


ed in Your Lorpsuipr; his Efteem purfued You into the 
World, 
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World, and continued undiminifhed ‘till he left it; he loved 
and honoured You fincerely and paflionately when living, 
and mentioned You with peculiar Tendernefs and Affe@tion 


in his dying Moments. 


Icannort recal with Indifference a Scene in which I 
bore fo confiderable a Part, though my Youth rendered me 
incapable of taking my juft Share of it. He was fnatched 
away at a time when I was unable to make a true Eftimate 
of the Lofs; when I had only experienced the Tendernefs of 
the Parent, without enjoying the more folid Benefit of the 
Friend and the Inftru@or. _ 


But I will fhut up a Subje&, which can give Your 
Lorpsurp no Pleafure, and which muft give me the ten- 
dereft Concern. It is an Event that had been truly fatal to 
me, had not Your Lorpsu1P’s Goodnefs prevented it. This 
has taught me to bear a Misfortune which is the common 
Lot of all Men; and ‘tis from this I am daily learning (as far 
as the Ties of Nature and filial Piety will permit) to forget 
it. Suffer me, My Lorn, to boaft (for there is fomething 
of Vanity as well as Gratitude in it) that in Your fingular 
Generofity and Indulgence I have found the fubftantial Com- 
fort of the Friend and the Parent. It is with Pride and 

Pleafure 
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Pleafure that I proclaim to the World my Obligations to You, 
and it is with the warmeft Gratitude, and the moft perfec 
Regard that I profefs myéfelf, 


My Lorp, 


Your Lorpsuip's 


moft obliged and 


devoted Servant 


Joun SaAuNDERSON. 
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Nicholas Saunderfon, 


Late Lucafian Profeflor of the Mathematics 
in the Univerfity of CAMBRIDGE. 


the Public was engaged in the Subfecription; but 

the Author dying during the Impreflion of the Work, 

it is believed fome fhort Account of a Perfon fo remarkable 
and fingular will be no unacceptable Entertainment to the 
Reader. ‘Therefore the following Gentlemen, Dr. Tuomas 
Nettieton of Halifax, Dr. Ricuarp Wirges of Woolver- 
hampton, the Rev. Mr. Jonn Botpero late Fellow of Chrif s 
College, the Rev. Mr. Gervas Hormes late Fellow of Ez- 
deg College, the Rev. Mr. Granvite WHEELER, and 
*, Ricnarp Davies of Shrewsbury late Fellow of Queen S 

C T who were the intimate Friends of the Deceafed, in 


T HE following Treatife was entirely finifhed, before 


the different Parts of his Life from his Youth to the time of 


his Death, have communicated the following Particulars. 
E Mr. 
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__Mr. Nrcuoxtas SaunpDERson was born in January 
1682; at Thurifon near Pennifton in Yorkfbire. His Father, 
befides a fmall Eftate, had a Place in the Excife, which he 
enjoyed above Forty Years with good Repute. His eldeft Son, 
of whom we are fpeaking, when Twelve Months old, was 
deprived by the Small Pox, not only of his Sight, but his 
Eyes alfo, for they came away in Abfcefs. A Senfe fo little 
enjoyed was foon forgot; he retained no more Idea of Light 
and Colours than if he had béen born Blind. 

He was {fent early to the Free School at Penniffon, and 
under the Inftruétion of Mr. Sranirortu, laid the Foundation 
of that Knowledge of the Greek and Roman Languages, 
which he afterwards improved fo far by his own Application 
to the Claffic Authors, as to hear the Works of Euclid, Ar- 
chimedes and Diophanzus read in their original Greek. Jir- 
giland Horace were his Favourites among thé Roman Poets: 
His Memory was well ftored with their moft beautiful Paf- 
fages, and he would frequently in Converfation quote them 
with great Propriety. He was well verfed in the Writings 
of Tully, and dictated Latin in a familiar and elegant Style. 
He afterwards acquired a competent knowledge of the French 
‘Tongue. 

As foon as he had gone through the Bufinels of the Gram- 
mar School, his Father, whofe Occupation led him to be 
converfant in Numbers, began to inftrué& him in the com- 
mon Rules of Arithmetic. Here it was his Genius firft ap- 
peared ; he foon became able to work the common Queftions, 
to make long Calculations by the ftrength of his Memory, 
and to form new Rules to himfelf for the more ready folving 
of fuch Problems, as are often propofed to Learners, more 

. with a defign to perplex than inftru@: fo that in all Diff- 
culties, his Schoolfellows generally applied to him inftead of 
their Matter. 

Ar 
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Ar the Age of Eighteen he was introduced to the acquain- 
tance of Ricuarp West of Underbank Efq; a Gentleman of 
Fortune and a Lover of the Mathematics: who obferving Mr. 
SAUNDERSON s uncommon Capacity, took the Pains to inftrué& 
him in the Principles of Algebra and Geometry, and gave 
him every Encouragement in his Power to the Profecution 
of thefe Studies: forefeeing of what Advantage to Letters fo 
great a Genius might be. Soon after, he grew acquainted 
with Dr. NerrLeTon; and it wasto the great Pleafure thefe 
Gentlemen took in affifting and improving him in his Stu- 
dies, that our Author owed his firft Inftitution in the Ma- 
thematic Sciences. They furnifhed him with Books, and 
often read and expounded them to him: but he foon fur- 
paffed his Mafters, and became fitter to teach, than learn any 
thing from them. 

Our Author’s Paflion for Learning grew with him, and 
his Father, willing to encourage this laudable Difpofition, 
fent him to a private Academy at ¢rercliff near Sheffield. 
Logic and Metaphyfics made up the principal Learning of 
this School. The former being chiefly the Art of Difpu- 
ting in Mood and Figure, a dry Study, much converfant 
in Words, the latter dealing in fuch abftra& Ideas as have 
not the Objects of Senfe for their Foundation, were neither 
of them agreeable to the Genius of our Author; he therefore 
made but a fhort Stay here for Inftruction. 

Arrer he left this Place, he remained fome time in the 
Country, profecuting his Studies in his own way, without 
any Guide or Affiftant: indeed he needed no other than a 


good Author, and fome Perfon that could read it tohim: b 


the Strength of his own Genius he could eafily mafter any 
Difficulty that occurred therein. His Education had hither- 
to been carried on at the Expence of his Father, who hav- 
ing a numerous Family, grew uneafy under the Burden. His 

ery Friends 
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Friends therefore began to think of fixing him in fome way 
of Bufinefs, by which he might fupport himfelf. His Incli- 
nation led him ftrongly to the Univerfity of CAMBRIDGE, 
where he expected to meet with the beft Opportunities of 
Improvement in his favourite Studies. But the great Ex- 
pence of Education, the length of Time he muft continue 
there to obtain his Degrees, and be duly qualified for any of 
the Liberal Profeffions, were Difficulties not to be furmount- 
ed. At laft it was refolved he fhould try his Fortune there, 
but in a way very uncommon; not asa Scholar but a Mafter: 
for his Friends, obferving the extraordinary Proficiency 
which he had already made in Mathematical Learning, and 
a peculiar Felicity of Expreflion in conveying his Ideas to 
others, were fanguine in their Hopes, that he might teach 
the Mathematics with Credit and Advantage, even in the 
Univerfity. Or if this Defign fhould mifcarry, they promifed 

themfelves Succefs in opening a School for him in London. 
Accordingly in the Year 1707, being now Twenty-five 
Years of Age, he was brought to Camsripce by Mr. Josnua 
Dunn, then a Fellow-Commoner of Chri/?’s College, where 
he refided with his Friend, but was not admitted a Member 
of the College. The Society were extreamly pleafed with 
fo unufual a Gueft, allotted him a Chamber, the ufe of their 
Library, and indulged him in every Privilege that could be 
of Advantage to him. But many Difficulties obftructed his 
Defign: He was placed here without Friends, without For- 
tune, a Youth untaught himfelf, to be a Teacher of Philo- 
fophy in an Univerfity where it then reigned in the greateft 
Perfection. Mr. Wuiston was at this time in the Mathema- 
tical Profeffor’s Chair, and read Lectures in the manner pro- 
pofed by Mr. Saunpexrson; fo that an Attempt of this 
kind looked like an Encroachment on the Privileges of his 
Office. But as a good-natured Man and an Encourager of 
Learning 


me 
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Learning, he readily confented to the Application of Friends 
made in behalf of fo extraordinary a Perfon. Mr. Dunn had 
been very affiduous in making known his Character; his 
Fame in a few Months had filled the Univerfity, fo that Men 
of Learning and Curiofity grew ambitious and fond of his 
Acquaintance. His Lecture, as foon as opened, was attend- 
ed by many from feveral of the Colleges, and in fome time 
was fo crowded, that he could hardly divide the Day among 
all who were defirous of his Inftruction: few, whofe Incli- 
nation led them to the feverer Studies, but eagerly embraced 
the Opportunity of laying a Foundation in Mathematics and 
Philofophy under fo great a Mafter. 

Sir Isaac Newton had left Cambridge feveral Years be- 


fore Mr. SaunpErson came thither. His Principia Mathema- . 


tica had been long fince publifhed, but were at firft over- 
looked, and not fufficiently underftood by the World. It was 
one Defign of this Treatife to demolith the Vorzices and other 
romantic Chimeras of Des Cartes: and now the Learn- 
ed began to be fenfible how much the Author had done to- 
wards a Reformation in Philofophy; which before had been 
founded upon very erroneous Principles, and Hypothe/es feign- 
ed in the Clofet, without one Experiment to fhew their Re- 
ality in Nature. Sir Isaac, ever ftudious of brevity, had drawn 
up his Demonftrations in the concifeft manner poflible ; 
leaving the Mathematical Reader to furnifh himfelf with eve- 
ry thing before known, and often to take large Steps alone. 
His Treatife of Optics and his Arithmetica Univerfalis were 
both written in the fame mafterly Style, and each contain 
great and peculiar Difcoveries. Mr. Saunperson made 
thefe feveral Pieces the Foundation of his Lecture; they af- 
forded a noble Field to difplay his Genius in; and the Pub- 
lic Schools of the Univerfity did fufhciently teftify his Suc- 
cefs. For thofe wonderful Phenomena of Nature, whofe So- 

lution 
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lution was before attained with Difficulty by the beft Ma- 
thematicians, became the The/es, which the Youth of three 
or four Years ftanding defended in their Difputations for 
their firft Degree in Arts. We every Year heard the Theory 
of the Tydes, the Phenomena of the Rainbow, the Motions 
of the whole Planetary Syftem as upheld by Gravity, very 
well defended by fuch as had profited by his Lectures. 

Ir will be matter of furprife to many that our Author 
fhould read Le&tures in Optics, difcourfe on the Nature of 
Light and Colours, explain the Theory of Vifion, the Effe& 
of Glaffes, the Phenomena of the Rainbow, and other Ob- 
jects of Sight: but if we confider that this Science is altoge- 
ther to be explained by Lines, and fubje& to the Rules of 
» Geometry, it will be eafy to conceive that he might be a 
Matter of thefe Subjects. 

As Mr. SaunpeRson was inftructing the Univerfity 
Youth in the Principles of Vewtonian Philofophy, it was not 
long before he became acquainted with the incomparable 
Author, and enjoy’d his frequent Converfation concerning 
the more difficult Parts of his Works. Dr. Hatuzy, Mr. De 
Moivre and many of the moft noted Mathematicians in 
London highly efteemed his Friendfhip, and in deference to 
his ftrong Reafon and Judgment, frequently confulted him 
concerning their Writings and Defigns. 

Uron the removal of Mr. Wutsron from his Profeffor- 
fhip, Mr. Saunperson’s Mathematical Merit was univerfally 
allowed fo much fuperior to that ofany Competitor in the U- 
niverfity, that an extraordinary Step was taken in his Favour, 
to qualify him with a Degree, which the Statutes require. 
Upon Application made by the Heads of Colleges to the Duke 
of Somerset their Chancellor, together with the Interceflion of 
the Honourable Francis Rosartes Elg; a Mandate was rea- 
dily granted by the Queren, for conferring on him the De- 

gree 
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gree of Mafter of Arts. Upon which he was chofen Luca- 
fran Profeffor of the Mathematics in Movember 1711. Du- 
ting this whole Tranfaction Sir Isaac Newron interefted 
himfelf very much in his Favour. 

At this time the ingenious Mr. Rocer Cores filled the 
Plimian Chair of Aftronomy and Experimenta] Philofophy ; 
a Manof great {weetnefs of Temper, and engaged to our Au- 
thor in the ftri&eft Friendihip; of the fame Age, of the 
fame Genius and Inclination to the Mathematics, both ap- 
proved and recommended to Profefforfhips by Sir Isaac New- 
ton. No Univerfity could ever at one time boaft of two fo 
capable and fo difpofed to promote the Study of Philofophy 
among her Pupils. Had they lived to more mature Ages, 
mutually affifting and infpiring each other in the purfuit of 
Knowledge, what Glory might have accrued to our Univer- 
fity, what Advancement to Science from their united La- 
bours! But Mr. Corrs was hurried away by a Fever in the 
Flower of his Age, having only time to compofe a few Pieces, 
as Specimens of his extraordinary Capacity, but of great va- 
lue to the Learned. And our Author's Life, though longer, 
was fo devoted to Lectures, that he now leaves to Pofterity 
as few Monuments of his Abilities. 

Ovr Author’s firft Performance after he was feated in 
the Chair, was an Inauguration Speech, made in very ele- 
gant Latin, and a Style truly Ciceronian: it was delivered 
with fuch juft Elocution, and in a manner fo graceful, as to 
gain him the univerfal Applaufe of his Audience. In it he 
firft returned his Thanks to Her Majesty for the Royal. Man- 
date, to the Chancellor for his ready Application to the 
Queen, and to the Electors and the reft of his Friends for 
their good Opinion of his Abilities and Mathematical Know- 
ledge. To thefe he added a long and noble Encomium on 


the 
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the Mathematics, fhewing the Excellence and Advantage of 
this above every other Method of Reafoning. 

From this time he applied himfelf clofely to the reading 
of Lectures, and gave up his whole time to his Pupils: {o 
that his Friends foon loft all the Pleafure of his Converfation. 
He continued among the Gentlemen of Chris College till 
the Year 1723, when he took a Houle in Cambridge, and 
foon after married a Daughter of the Rev. Mr. WILLIAM 
Dicxons late Rector of Boxworth in the County of Cambridge; 
by whom he had a Son and a Daughter, both now living. 

In the Year 1728, when His prefent Majefty King Gzorce 
the Second honoured the Univerfity of Cambridge with a 
Royal Vifit, He was pleafed to fignify his defire of feeing fo 
remarkable a Perfon. Accordingly our Profeffor attended 
upon His Majefty in the Senate Houfe, and was there created 
Doétor of Laws by his Royal Favour. 

Dr. SauNDERSsSON was naturally of a ftrong, healthy 
Conftitution ; but being too fedentary, and conftantly con- 
fining himfelf to his Houfe, he became at length a Valetu- 
dinarian of a very Scorbutic Habit. For fome Years he fre- 
quently complained of a Numbnefs in his Limbs, which in 
the Spring of the Year 1739 ended in a Mortification in his 
Foot. His Blood was in fo ill a State that no Art or Medi- 
cines were able to {top its Progrefs. He died the roth of 
April 1739; in the Fifty-feventh Year of his Age, and lies 
buried according to his laft Requeft in the Chancel at Box- 
worth. 


AFTER his Life, it may be expected that fome Account 
fhall be given of his Charaéter likewife ; but I am at a lofs 
for Colours, ftrong enough to paint a Character fo bright and 
uncommon, and where to place it for View, in the trueft 
Point of Light. A blind Man moving in the Sphere of a 

Mathema- 
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Mathematician feems a Phenomenon difficult to be account- 
ed for; and has excited the Admiration of every Age in 
which it has appeared. Tuly mentions it as a thing fcarce 
credible in his own Mafter in Philofophy Diodotus*, «that 
« he exercifed himfelf therein with more affiduity, after he 
“ became blind: and what he thought next to impoflible 
“ to be done without Sight, that he profefied Geometry, de- 
« {cribing his Diagrams {o exprefsly to his Scholars, that they 
“ could draw every Line in its proper Direction.” St. Yerom 
relates a more remarkable Inftance in Didymus? of Alex- 
andria, who “though blind from his Infancy, and there- 
« fore ignorant of the very Letters, appeared fo great a Mi- 
& racle to the World, as not only to learn Logic, but Geo- 
« metry alfo to perfection, which feems the moft of any thing 
“ to require the help of Sight.” The Character of Didymus 
is celebrated, among other Hiftorians, by Caffodorus; who 
makes mention alfo of one Ev/ebius* an Afiatic, who accord- 
ing to his own Account of himfelf, « had been blind from 
« five Years old, and yet had treafured up in his Mind all 
« kinds of Learning, and explained them likewife with the 
« oreateft clearnefs to others.” And Trithemius gives a like 
Inftance in one “ /Vicai/e* of Mechlin, who though blind from 


à Cic. Tufc. Difp. V, 39. Diodotus Stoicus, cæcus multos annos, noftre domi vixit: is” 
werd, quod credibile vix effet, cùm in Philofophia multa etiam magis affidué quam antea uer- 
Jaretur, —— tum quod fine oculis fieri poffe vix videtur, Geometriae munus tuebatur, præcis 
piens difcentibus, unde, quo, quamque lineam fcriberent, . 

> Hieronymus de viris Illuft. Cap. cıx. Didymus Alexandrinus captus a parva ætate ocu- 
lis, & ob id elementorum quoque ignarus, tantum miraculum Jui omnibus præbuit, ut Dialetti- 
cam quoque ES Geometriam, qua vel maximè vifu indiget, ufque ad perfettum didicerit. 

¢ Caffiodorus de Inft. Div. Liter. cap. 5. tradit de partibus Afiæ quendam ad nos venifle 
Eufebium nomine, qui fe infantem quinque annorum fic cæcatum effe narrabat, ut finifirum 
ejus oculum fuiffe excavatum orbis profundiffimus indicaret: dexter vero globus. vitreo colore 
confufus fine videndi gratia infruétuofis nifibus volvebatur. Hic —— difciplinas omnes €F ani- 
mo retinebat, EF expofitione planiffima lucidabat, 

4 Trithemius de Scriptoribus Ecclef. N.pcceixxvi, Nicafus de Voerda, Mechlinienfis, 
captus à tertio etatis fue anno oculis, — fecundum noftra ætate Didymum Alexandri- 
num exhibuit, dum in omni dotrina & fcientia, tam divina quam humana eruditiffimus evafit, 
Nam in gymnafio Colonienfi ———— jura publicè docuit, libros utriufque juris, quos nunquam vi~» 
dit, auditu didicit, tenuit mente, aperte récitavit, 


« the 
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« the third Year of his Age, yet, like another Didymus, be- 
& came fo great a Mafter of all Learning and Knowledge, 
« divine and human, that in the Univerfity of Cologne, he 
« publicly taught the Canon and Civil Law, openly reciting 
« Books which he had never feen, but had learnt by only 
« hearing them read to him.” Befide thefe I have heard 
mention made of an Hollander, if not fome others, who 
notwithftanding their Blindnefs have excelled in Mathemati- 
cal Learning. 

Ir is remarkable of the few, who have laboured under 
this Defe&, and the ftill fewer, who had Genius enough to 
furmount the Difficulties attending it, that fo many fhould 
be found to excel in Learning, and particularly in the Ma- 
thematics, as the two firft above mentioned certainly did, 
and probably the others alfo. But if we confider that the 
Ideas of extended Quantity, which are the chief Objeéts of 
Mathematics, may as well be acquired from the Senfe of 
Feeling as that of Sight; that a fixed and fteady Attention 
is the principal Qualification for this Study, and that the 
Blind are by neceflity more abftraéted than others, we fhall 
perhaps find Reafon to think there is no other Branch of 
Science more adapted to their Circumftances, It is faid of 
Democritus that he put out his Eyes, to enable him to think 
the more intenfely; “imagining, fays Zu//y*, the Acutenefs 
« of the Mind was taken off by the Sight of the Eye.” And 
it was an Obfervation frequently made by our Profeffor, that 
Diagrams which are intended only as helps to the Imagina- 
tion, are often the means of mifleading the Judgment. It is 
certain, however ufeful they may be to the Learner, yet the 
Inventer muft in all Cafes proceed without them. TheScheme 
muft be erected in his Imagination, in Circumftances as ge- 


* Cic. Tufe. Difp. V, 39. Democritus ——— impediri etiam animi aciem afpeétu oculorum 


arbitrabatur, 
neral 
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neral as the Propofition, fuch as cannot be delineated upon 
Paper. And I am confident, that any one who is defirous 
of more than a general Knowledge of thefe Things, who 
would invent and improve upon what is to be learned from 
Books, will find his Mind greatly affifted and enlarged, by 
accuftoming himfelf to think and reafon in the Circumftances 
of a blind Man. But a Perfon who has the Misfortune to be 
fuch, and is deprived of all the Pleafures of Sight, will more 
frequently and more clofely retire into himfelf, and finding 
few other Amufements but in the purfuit of Truth, will be 
more likely to excel in thefe abftra& Sciences. 

Tue fame Circumftance may poflibly contribute fome- 
thing towards raifing the Genius beyond its natural Pitch, 
in fome other Arts, particularly Mufic and Poetry. The Poet 
indeed mutt firft have his Imagination filled with all the beau- 
tiful Variety of Images in Art and Nature, which the Sight 
only can fupply: if he then be deprived of that Senfe, 


So much the rather may Celeftial Light 
Shine inward, and the Mind through all her Powers 


Trradiate : — 


as our blind Poet exprefles it. Accordingly in the Catalogue 
of Epic (the fublimeft kind of) Poets, we find two blind 
Bards, furpaffing all that any Age or any Nation have pro- 
duced in the Flights of Fancy. And I cannot but wonder 
the very ingenious Exquirer into the Life and Writings of 
Homer, who endeavours to account for the great Genius, from 
a Concurrence of natural Caufes, fhould take no notice of 
that Circumftance, which was fo peculiar to his Poet. 

Ir was by the Senfe of Feeling our Author acquired moft 
of his Ideas at firft: and this he enjoyed in great Acutenc{s 
and Perfection, as it commonly happens to the Blind, whe- 


ther by the kind Gift of Nature, or the Neceflity of Applica- 
d 2 tion. 
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tion. Yet he could not, as fome have imagined, (and as Mr. 
Boyle was made to believe of a blind Man at Maeftricht) di- 
ftinguifh Colours by that Senfe; and having made repeated, 
Tryals himfelf, he ufed to fay, it was pretending to Impoffi- 
bilities. But he could with great Nicety and Exađ&tnefs dif- 
cern the leaft Difference of Rough and Smooth in a Surface, 
or the leaft Defe& of Polifh. Thus he diftinguifhed in a 
Set of Roman Medals, the genuine from the falfe, though 
they had been counterfeited with fuch Exaétnefs as to de- 
ceive a Connoiffeur, who had judged by the Eye. But fays 
the Profeffor, «I, who had not that Senfe to truft to, could 
« eafily feel a Roughnefs in the new-caft, fufficient to diftin- 
« guifh them by.” His Senfe of Feeling was very accurate 
in diftinguifhing the leaft Variation in the Atmofphere. I 
have been prefent with him in a Garden, making Obferya- 
tions on the Sun, when he has taken notice of every Cloud 
that difturbed our Obfervation, almoft as juftly as we could. 
He could tell when any thing was held near his Face, or 
when he pafled by a Tree at no great Diftance, provided 
the Air was calm, and little or no Wind: thefe he did by the 
different Pulfe of the Air upon his Face. 

I wifh I were capable of entertaining the Curious with 
the many Contrivances he had, to fupply his Defeé of Sight. 
He had a Board made with Holes bored at the equal Di- 
ftance of half an Inch from each other: Pins were fixed in 
them, and by drawing a Piece of Twine round their Heads, 
he could more readily delineate all rectilinear Figures ufed 
in Geometry, than any Man could with a Pen. He had ano- 
ther Board with Holes made in right Lines for Pins of diffe- 
rent Sizes. -By the help of thefe he could calculate, and fet 
down the Sums, Products, or Quotients in Numbers, as ex- 
actly as others could by Writing. By the help of an Armil- 
lary Sphere, the Schemes in Geometry that lie in different 


Planes, — 
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Planes, and the regular Solids cut in Wood, and the Form 
of feveral Curves made after the fame manner, he was able 
on thefe Subjects to convey the cleareft Ideas to his Pupils. 

A refined Ear is what fuch are commonly bleffed with, 
who are deprived of their Eyes. Our Profeffor was perhaps 
inferior to none in the Excellence of his: he could readily 
diftinguifh to the fifth Part of a Note, and by his Perform- 
ance on the Flute, which he had learned as an Amufe- 
ment in his younger Years, difcovered fuch a Genius for Mu- 
fic, as would probably have appeared as wonderful, as his 
Excellence in the Mathematics; had he cultivated that Art 
with equal Application. By his Quicknefs in this Senfe he 
not only diftinguifhed Perfons, with whom he had ever once 
converfed, fo long as to fix in his Memory the Sound of their 
Voice, but in fome Meafure Places alfo. He could judge of 
the Size of a Room into which he was introduced, of the 
Diftance he was from the Wall: and if ever he had walked 
over a Pavement in Courts, Piazzas, &c, which reflected a 
Sound, and was afterwards conducted thither again, he could , 
exactly tell whereabouts in the Walk he was placed, merely 
by the Note it founded. 

Tut Reader muft greatly admire the Strength of his Me-. 
mory, when affured that he could calculate in his Mind, ` 
multiply, divide, extract the fquare or cube Root to many: 
Places of Figures; could go along with any Calculator in. 
working Algebraical Problems, Infinite Series, &c; and im- 
mediately correét the Slips of the Pen, as well in Signs as in 
Numbers. Thofe who read to him had frequent Occafions 
of admiring his great Sagacity and Quicknefs of Conception ; 
with how much eafe he followed any Track of Reafoning, 
and with what Art he ftored up in his Mind fuch Parts, as: 
would ferve him to recolle& and ruminate upon the whole. 
Indeed i in the more abftrufe Parts of Mathematics, where the 

Scheme 
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Scheme was very intricate and perplexed, they often found 
it difficult to raife in his Imagination a clear and diftin@ 
Perception of it: but that once done, he feldom or never 
required any farther Affiftance; his Mind retained fo ftrong- 
ly every Imprefiion that was once rightly made upon it. By 
the help of thefe {trong Faculties, a clear Imagination, tena- 
cious Memory, and quick Reafon, the Books of Mathema- 
tics lay ever open to him; he faw the whole in one View, 
every Dependency in the Chain of Truth. Thus he knew 
how to found every thing on the moft eafy Principles, and 
to compofe with the jufteft Symmetry and Order. 

As in the Knowledge of the Mathematics he was exqui- 
fite, and equal to any, fo in the Addrefs of a Teacher, he 
was perhaps fuperior to all. This Quality was confpicuous at 
his firft Appearance in the World, and muft have been high- 
ly improved by long Ufe and Experience. He feemed per- 
feétly to know what Difficulties young Minds are apt to be 
involved in, and how beft to obviate or remove them. His 
Expreffion was {trong and clear; and his Method fo juft and 


natural, that no one was at a lofs to follow him. He was very 


happy in all the Arts of facilitating a Demonftration, in form- 


ing curious Pofitions to help the Imagination and obviate 


the Difficulties of Conception. I dare appeal to the follow- 


ing Sheets to determine, whether the feveral Propofitions, 
which have pafled through the Hands of Euclid, Archimedes, 
Diophantus, and the greateft. Mafters both ancient and mo- 
dern, have not been greatly improved under his, by lower- 
ing the Ground-Work, and rendering the Structure more 
plain, yet more ufeful and fubftantial. 

His Inclination led him to thofe Parts of the Mathema- 
tics, which are not the moft abftracted, and end only in 
Contemplation. A Propofition muft have its Ufes, in order 
to engage his Attention. Either the Method of Enquiry muft 

help 
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help to form the Mind, and teach new Modes of Réafonings 
or the Propofition itfelf muft tend to fome Good, to the Im- 
provement of Life or Science. He confidered Mathematics as- 
the Key to Philofophy, as the Clue to direct us through the 
fecret Labyrinths of Nature; and thought the Mind was 
more highly entertained as well as improved in unravelling 
Her Works, than inveftigating the moft fubtile Properties of 
abftraé Quantity. 

As to the Geometric and Analytic Methods of Reafoning, 
each of which have their Advocates and Favourers among 
the Mathematicians of the prefent Age: our Profeffor, I think, 
did Juftice to both, in allowing each the Advantage on dif- 
ferent Occafions, and making ufe of that which feemed the 
moft proper for the prefent. The Geometric being the moft 
Intuitive, and conveying the ftrongeft and cleareft Ideas to 
the Mind, he allowed preferable, where equally obvious and 
eafy of Application. But as it was often otherwife, the 4na- 
lytic advancing us in Science much fafter and farther than 
we could have gone by all the Methods of the Ancients, and 
being the very Art and Principle of Invention, He thought 
the Moderns were greatly aflifted by the ufe of it. | 

Our Profeffor would not be induced by the Defires and 
Expe@ations of any, to engage in the War that was lately 
waged among Mathematicians, with no {mall Degree of Heat, 
concerning the Algorithm or Principles of Fluxions. Yet he 
wanted not the greateft Refpe& for the Memory of Sir Isaac 
Newron, and thought the whole Doétrine entirely defenfi- 
ble by the ftricteft Rules of Geometry. He owned indeed that 
the great Inventer, never expecting to have it canvafled with 
fo much trifling Subtilty and Cavil, had not thought it ne- 
ceflary to be guarded every where by Expreflions fo cautious 
as he might have otherwife ufed: for he wrote only forfuch 


fincere Lovers of Truth as himfelf was. But the general 
Averfion 
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Averfion he. had to all Controverfial Writings withheld him 
from appearing in this. However, as he intended ancther 
Volume to his Æjgebra on the Fluxionary Part, he there de- 
figned to be particularly accurate and explicit upon the 4%- 
gorithm; with an indireé& View to the Controverfy on foot, 
and to obviate, the beft he could, every Difficulty that had 
been ftarted. 

I cannot upon this Occafion pafs by the Name of Sir Isaac 
Newton, without mentioning the profound Veneration paid 
to it by our Profeffor. If he had ever differed in Sentiment from 
any of his Mathematical and Philofophical Writings, upon 
more mature Confideration, he faid, he always found the 
Miftake to be his own. The more he read his Works, and 
obferved upon Nature, the more Reafon he found to admire 
the Juftnefs and Care, as well as Happinefs of Expreflion of 
that incomparable Philofopher. He has left fome valuable 
Comments on the Principia, which not only explain the more 
difficult Parts, but often improve upon the Doétrines, and 
which may in their prefent State be no unacceptable Prefent 
to the Public, though far fhort of any thing he would him- 
felf have publifhed on that Subject. 

Tuere was fcarce any Part of the Mathematics, on which 
our Profeffor had not wrote fomething for the ufe of his Pu- 
pils. But he difcovered no Intention of publifhing any of 
his Works, till the Year 1733: when his Friends, alarmed 
by a violent Fever that had highly threatened his Life, and 
being unwilling that the Labours of fo great a Man fhould 
be loft to the World, importuned him to {pare fome time 
from his Lectures, (which he then attended feven or eight 
Hours in a Day, to the great hazard and prejudice of his 
Health,) and to employ it in finifhing fome of his Works ; 
which he might leave behind him, as a valuable Legacy both 


to his Family and the Public. He yielded fo far to thefe In- 


treaties, 
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treaties, as to compofe in a very fhort time the following 
Work, which he left perfe&, and tranfcribed fair for the Prefs. 
Ineep not fay much of the Nature of it, but refer the 
Reader to the Contents, and to the Book itfelf I will only 
obferve, it was chiefly intended for the Inftruction of young 
Beginners, and for the ufe of thofe that had fuch under their 
Care. The Author has therefore been very explicit and ac- 
curate in the expofition of every Part, and taken great care 
to. exprefs his Sentiments in the moft fimple and eafy manner. 
His Defign was not only to complete a Courfe of Algebra, 
but alfo, as far as poffible, to promote the Study of Geome- 
try, by removing or explaining all thofe Difficulties, which 
by his long Experience in teaching, he found were apt to 
retard, if not difcourage young Students in their Progrefs 
through the Elements. And further, as Algebra is in it’s own 
Nature an Art of Reafoning, and may be confidered as the 
Logical Inftitutes of the Mathematician, the Author has been 
every where attentive to improve the Mind, and to furnith 
it with every Method of Reafoning that may be ufeful in our 
Refearches into Nature. He has often expofed the fame 
Truths to us in feveral Lights, as we arrive at them by dif- 
ferent Methods of Enquiry: fince this ferved to illuftrate the 
Confiftency of thofe Methods. He has alfo taken every Oc- 
cafion to obferve the Tranfition of Truth from one Law to 
another: to obferve the Confiftency of it’s feveral Laws in 
the moft intricate Cafes, where they feem moft to thwart 
and contradict each other, as if Nature were put to her Shifts 
to preferve that Confiftency and Uniformity which is every 
where the Chara¢teriftic of Truth. Such Obfervations can- 
not but fuggeft to the Mind the moft fimple and natural 
Ways of difcovering Truth, and muft therefore be greatly 
inftructive, as well as entertaining, to all who are engaged 

in thefe Enquiries. 
ç BUT 
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But the learned Mathematician muft not wholly form 
his Judgment of the Author’s Capacity from the following 
Work; which is of a Nature too low for the Exercife of fo 
great a Genius. Yet the Reader will from hence learn to la- 
ment, with me, the Lofs of a Life fo valuable to the learned 
World, when he was juft entering upon Defigns, which, had 
he lived to execute; would have greatly enriched our Trea- 
fure of Mathematic Learning, and have proved Monuments 
to lateft Pofterity worthy of his Name. His Manufcripts were 
all left (for the Benefit of his Children) to the Care and Dif- 
pofal of Jonn Rosartes of Twickenham Efquire, now Earl 
of Rapnor; from whofe Love and Efteem for Letters and 
learned Men, and particularly the learned Author, the Public 
may be well affured, that thefe Remains will be fo difpofed 
of, as to be moft advantageous to Science, and honourable to 
their Author. 

Tuer Talents of Dr. SaunpERson were not confined to 
the Study: when he put on the Companion, none fupported 
Converfation with greater Wit and Elegance. His Difcourfe 
was fo enlivened with frequent Allufions to Objects of Sight, 
that there appeared no Defeét of the blind Man. Nothing 
was obferved of that Difrelifh of Humour, nothing of thofe 
Abfences and Inattention to Difcourfe, which ufually blemith 
and characterife Perfons devoted to thefe feverer Mufes. His 
Judgment on the various Paffions and Interefts of Mankind 
was equally acute as on the Subjects of Philofophy. The 
Force and Spirit of his Expreflion furprifed and fixed the 
Attention of all that heard him. But above all, the Mathe- 
matician’s Reverence for Truth {hone forth in every Circum- 
{tance of Life and Converfation, and added a Luftre to his 
moft fhining Qualities. His Sentiments on Men and Opi- 
nions, his Praifes or Cenfures, his Friendfhip or Difregard 
were exprefied without partiality or referve. This Franknefs 


of 
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of Temper endeared him to all fuch as were happy in his 
Acquaintance and Efteem; but raifed him up what Enemies 
he had, and betrayed him to feveral Animofities, which Men 
of more Art and Complaifance would have chofe to avoid, 
at the Expence of fo {crupulous and fo difinterefted a Sin- 
cerity. 

It would be thought an Omiffion in thefe Memoirs of 
the Life of Dr. SaunpErson, if no notice were taken of the 
manner in which he refigned it. The Reverend Mr. Gervas 
Homes informed him, that the Mortification gained fo much 
ground, that his beft Friends could entertain no hopes of his 
Recovery. He received this notice of his approaching Death 
with great Calmnefs and Serenity; and after a fhort Silence, 
refumed Life and Spirits, and talked with as much Compo- 
fure of Mind as he had ever done in his moft fedate Hours 
of perfect Health. He appointed the Evening of the follow- 
ing Day to receive the Sacrament with Mr. Hotes; but be- 
fore that came, he was feized with a Delirium, which conti- 
nued to his Death, 


Dr. SAUNDERS ON’s 
PALPABLE ARITHMETIC 


DES FP Per Rp: 


THE Author of the following Piece, (who is Dr. SaunpER- 

son’s immediate Succefor in the Profefforfbip,). has been 
prevailed on to let it be inferted here, as an Illuftration to fome 
of his Performances; though it was originally defigned for 
another Place. 


Tat the learned and ingenious Dr. SaunpErson, late 
L.ucafian Profeflor of Mathematics in the Univerfity of Cam- 
BRIDGE, notwithftanding the lofs of his Sight, was able to 
make long and intricate Calculations, both Arithmetical and 
Algebraical, is a Thing as certain as it is wonderful. This 
appears beyond all Contradiétion, not only from his elabo- 
rate Treatife of Algebra now publifhed, but from other un- 
doubted Monuments ftill in being. He had contrived for 
his own ufe, a commodious Notation for any large Numbers, 
which he could exprefs on his Abacus, or Calculating Table, 
and with which he could readily perform any Arithmetical 
Operations, by the Senfe of Feeling only; which therefore 
may be called his Palpable Arithmetic. As I have had an 
Opportunity, by the favour of Mrs. SaunDERSON, of viewing 
and examining feveral Specimens of this Arithmetic, which 
by good fortune he had compleated and left behind him, 
though he has not left the leaft Hint by which his Method 


might be difcovered ; I had the Curiofity to prapofe to my- 
: felf 
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felf the decyphering (as it may be called) of thefe Specimens, 
in which I have fucceeded to my own Satisfaction. And as 
others may have the fame Curiofity, or as this Method may 
poflibly be of ufe to other Perfons, whofe Misfortune may 
place them in like Circumftances, I {hall here attempt to give 
a fucciné& but particular Account of it. 

Hrs Calculating Table was a {mooth thin Board, fome- 
thing more than a Foot fquare, raifed upon a {mall Frame 
fo as to lie hollow; which Board was divided by a great 
Number of equidiftant parallel Lines, and by others asmany, 
at right Angles to the former. ‘The Edges of the Table were 
diftinguifhed by Notches, at about half an Inch diftance from 
one another, and to each Notch belonged five of the afore- 
faid Parallels; fo that every {quare Inch was divided into an 
Hundred little Squares. At every Point of Interfection the 
Board was perforated by {mall Holes, capable of receiving a 
Pin; for it was by the help of Pins, ftuck up to the Head 
through thefe Holes, that he exprefied his Numbers. He ufed 
two Sorts of Pins, a larger and a {maller Sort; at leaft their 
Heads were different, and might eafily be diftinguifhed by 
feeling. Of thefe Pins he had a Jarge Quantity in two Boxes, 
with their Points cut off, which always ftood ready before 
him when he calculated. And thefe were his Inftruments, 
of which we muft now fee the ufe. 

In order to this we may firit obferve, that to every nu- 
meral Figure a little Square was appropriated on the Table, 
confifting of four of the little contiguous Squares above de- 
{cribed, and which therefore allowed a {mall Interval between 
each Figure; and this numeral Figure was different, accord- 
ing to the different Magnitude or Situation of the one or two 
Pins, which always compofed it. For which Purpofe he had 
fettled in his Mind, and ftri&ly obferved, the following A- 


nalogy or Notation. A great Pin in the Center of the Square 


(which, 
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(which, and no other, was always its Place,) was a Cypher, 
or O, and therefore I fhall call it by that Name. Its chief 
Office was, to preferve Order and Diftance among his Figures 
and Lines. ‘This Cypher was always prefent, except only in 
the Cafe of an Unit; to exprefs which the great Pin in the 
Center was changed into a little one. When 2 was to be ex- 
prefed, the Cypher was reftored to its Place, and the little 
Pin was put juft over it. To exprefs 3, the Cypher remain- 
ed as before, and the little Pin was advanced into the upper 
Angle on the right Hand. To exprefs 4, the little Pin de- 
{cended, and immediately followed the Cypher. To exprefs 
5, the little Pin defcended to the lower Angle on the right © 
Hand. To exprefs 6, the little Pin retreated, till it was juft 
under the Cypher. To exprefs 7, the little Pin retreated in- 
to the lower Angle on the left Hand. To exprefs 8, the lit- 
tle Pin afcended, till it was juft before the Cypher. Laftly, 
to exprefs g, the little Pin afcended into the upper Angle on 
the left Hand. And thus all the Digits were provided for, 
by an eafy and uniform Notation, which might readily enough 
be apprehended and diftingnifhed by the Feeling. But to 
{hew thefe Digits or Figures more diftin@ly, I fhall endea- 
vour to reprefent them by a Scheme. See Fig. I. 

Awp thus he could write down, as we may fay, any pro- 
pofed Number upon his Table, and by lightly running his 
‘Fingers over it, he could at any time readily read it, and 
know what it fignifed. The great Pins or Cyphers, which 
were always placed at the Centers of the little Squares, and 
moft frequently at equal Diftances from one another, were a 
fure Guide to dire& him to keep the Line, to afcertain the 
Limits of every Figure, and to prevent any Ambiguity that 
might otherwife arif. As three of the erect Parallels were 
‘fufhicient for a fingle Figure, fo three of the tranfverfe Paral- 
‘Jels would fuffice for a Line of Figures, and the next three 

for 


PALPABLE ARITHMETIC. xxiii 


for another Line, and fo on, without any Danger of inter- 
fering. And thus it is not hard to conceive, how he might 
have any Number of Lines of Figures upon his Table at the 
fame time, in a defcending order, or how he might derive 
one Number from another, or in a word, how he might 
make any Computations required. He could place and dif- 
place his Pins, as I have been informed, with incredible 
Nimblenefs and Facility, much to the Pleafure and Surprize 
of all the Beholders. He could even break off in the middle 
of a Calculation, and refume it when he pleafed, and could 
prefently know the Condition of it, by only drawing his Fin- 
gers gently over the Table. There is an obvious Expedient, 
which, efpecially in long Calculations, would have made the 
Procefs very expeditious, and therefore I queftion not but he 
had often recourfe to it. And that is, to prepare the Table 
beforehand, (which any other might have done for him,) by 
filling every third Hole of every third parallel Line with large 
Pins, or Cyphers. Then when he intended to calculate, he 
would have nothing elfe to do, but to compleat every Figure, 
by adding a {mall Pin in its proper Place. Except when an 
Unit was to be expreffed, in which cafe he muft have changed 
the large Pin into a {mall one. 

Tuer Specimens of this Arithmetic which I have perufed, 
and reduced to common Numbers, are certain Arithmetical 
Tables, which he had computed and preferved for his own 
ufe; but for what Purpofes they were calculated does not 
eafily appear. ‘They feem to have fome relation to the Ta- 
bles of natural Sines, Tangents, and Secants; but their full 
ufe I muft leave to future Enquiry. They are four Pieces of 
folid Wood, of the Form of rectangular Parallelepizeds, each 
about eleven Inches long, five and an half broad, and fome- 
thing above half an Inch thick. The two oppofite Faces of 
every one were divided into little Squares, after the manner 


of 
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tirely deprived of the ufe of vifible Symbols, which to us we 
find are fo abfolutely neceflary, as that we always acquire 
the greateft and moft valuable Part of our Mathematical 
Knowledge by their Means. What did he do under this (as 
it fhould feem) infuperable Difficulty, in order to fatisfy his 
great Thirft after this kind of Knowledge? why, he had re- 
courfe to another of his Senfes, which he had in great Per- 
fection, and fubftituted Feeling in the place of Seeing ; by 
inventing a Sort of Mathematical Symbols, which we may 
call palpable or tangible Symbols. Thefe he made ufe of, to 
convey thofe Ideas to his Underftanding, which were denied 
entrance through his Eyes. Thus by the affiftance of thefe 
Symbols, imperfect and inadequate as they needs mutt be; 
and by the help of a quick Apprehenfion and obftinate Per- 
feverance, he fucceeded in thefe Sciences to Admiration. 
Thefe were the Inftruments, as unfit as they may feem, by 
which he conveyed to his Mind the moft abftrufe and fublime 
Mathematical Ideas, and by which he wasenabled to deduce 
from them the moft general and ufeful Conclufions. This we 
muft all confefs,. if we have any degree of Candour, as well 
as Eyes and Underftanding, to be very extraordinary and fur- 
prizing. I cannot but reprefent to my Imagination, during 
the whole courfe of his Studies, the Idea of a great Mathe- 
matical Genius, ftruggling under the greateft Difadvantages, 
and labouring under the fevereft natural Inabilities and Dif- 
couragements. Yet whatever Difficulties he meets in his way, 
by a happy Sagacity and ftubborn Induftry, he finds as many 
Expedients to overcome them all; refolving not to relinquifh 
his purfuit, but fteadily to perfift, till he is fuperior to all Ob- 
ftacles, and till he has gratified the no mean Ambition, of 
placing himfelf in the firft Clafs of Mathematicians. 


A 


A Second Advertifement. 


. ÇINCE the printing of the former Advertifement, I have been favoured 

with the ufe of an Englith Tranflation of Napeir’s Book, entitled A De- 
{cription of the admirable Table of Logarithmes, perufed and approved by 
the Author himfelf, and printed in the year 1616. From which Book it ap- 
pears, that He himfelf, and not Briggs, was likewit/e the inventer of the 
Syftem of Logarithms now in ufe, as I had before obferved. For thus he writes, 
book 1. chap. 4. fect. 9. pag. 19, 20. “ But becaufe the addition and fubtrac- 
“ tion of thefe former numbers may feeme fomewhat painfull, I intend (if it 
“ fhall pleafe God) in a fecond Edition, to fet out Juch Logarithmes as fhal 
“ make thofe. numbers aboue written to fall upon decimal numbers, fuch as 
“© 100 000 000, 200 000 000, 300 000 000, &e. which are eafie to bead- 
< ded or abated to or from any other number.” Another quotation to the fame 
purpofe, from the Author’s Rabdologia, publifbed in the year 1617, may be feen 
in Mr. Profeffor W arv’s Lives of the Profeffors of Grefham College, p.122, 


Amuongft Profefor SAUNDERSON’s Queftions for Exercife in the Rule 


of Three, there are fome which belong to the Double Rule of Three, where five 
numbers are given in order to find a fixth; as in the thirtyfecond queftion, 
pag. 13. If two men in three days will earn four fhillings, how much 
will five men earn in fix days? Where the numbers given are 2, 3,4, 5,65 
the three firft of which are always in the conditional part of the queftion, and 
the other two in the remaining part, which moves the queftion. It is alfo to 
be noted, that in all queftions belonging to the Double Rule of Three, the num- 
bers are fo to be placed, as that the firft and the fourth, the fecond and the 
fifth, the third and the number fought, may be of the fame denomination re- 
foectively ; as in the queftion propofed: 2 men, 3 days, 4 fhillings; 5 men, 
6 days, fhillings required. 

Thefe things being premifed, the Profeffor’s firft rule is this, pag. 14. Tn 
all queftions of this nature, if the three Jaft numbers be multiplied toge- 
ther, and the product be divided by the produét of the two frit, the quo- 
tient will give the number fought. 4s in the queftion propofed, aes 
=20, the number fought. Again, in the thirtythird gueftion, If for the 
carriage of 3 hundred weight 40 miles I muft pay 7 fhillings and 6 pence, 
what muft I pay for the carriage of 5 hundred weight 60 miles? The 
terms are 3 hundred weight, 40 miles, 7; fhillings; 5 hundred weight, 60 


1x ¢x6o . Tae 
miles. Anfw. pe i 183, that is, 18 fhillings and g pence, 


3x40 i 
f 2 There 


There is another cafe, wherein inverfe proportion is partly concerned, as in 
the thirtyninth queftion, pag. 16. If two acres of land will maintain three 
horfes four’days, how long will five acres maintain fix horfes? Here it is 
plain, that inverfe proportion is concerned: for the fame quantity of land will 
maintain fix bores but half the time that it would maintain three. Where- 
fore for refolving queftions of this nature, the Profeffor propofes a fecond. rule, 
pag. 17,18. In all queftions belonging to the Double Rule of Three in- 
verfe, where the numbers are fuppofed to be ordered as in the Double Rule 
of Three direct, if the three middle numbers be multiplied together, and 
the product be divided by the produét of the two extremes, the quotient 
of this divifion will be the number fought. As in the thirtyninth queftion, 
the order of the terms being 2 acres, 3 horfes, 4 days; 5 acres, 6 horfes ; 
therefore re S ee 5, the number of the days fought. 

But bere it muft be obferved, that the terms of this queftion are ee of 
being ranged in a different order, thus : If three horfes will eat up the grafs 
of two acres of land in four days, how long will fix horfes be in eating up 
that of five acres? Here the order of the terms given is, 3 horfes, 2 acres, 

4 days; 6 horfes, 5 acres ; according to which order, neither this rule nor 
the former will folve the queftion. l 

Wherefore, to clear this difficulty, and to find out, in what order the Pro- 
Jeflor’s fecond rule requires the terms given Jfhould be placed, it may be ufeful 
to inveftigate a general Theorem for refolving all queftions in the Double Rule 
of Three. This I fhall do in the method propofed by the late Mr. Warn of 
Chefter, in his IntroduGtion to the Mathematicks, part 1. chap. 7. fect. 3. 

ag. 96, where he denotes the fix quantities in queftions belonging to the Dou- 
ble Rule of Three, by thefe fix letters, P, T, G, p, t, g; the-capitals P, T, 
G denoting the terms in the conditional part of the queftion, as the fnall let- 
ters p, t, g do the other terms, of the fame denomination with their refpettive 
capitals. P, p fignify the principal terms, or caufes of the gain, hfs, or ex- 
pence mentioned in the queflion; 'T,t the times (as in quef. 32 and 39) or 
fpaces (as in queft. 33) wherein the faid gain, lofs, or expence is produced ; 
and G, g the gain, lofi, or expence itfelf, arifing from the principals in the 
aforefaid times or fpaces. 

Now in order to form a Theorem for refolving queflions in the Double Rule 
of Three direét, let us take any particular queftion, as for example, the thirty~ 
fecond: Tf 2 men in 3 days will earn 4 fhillings, how much will 5 men 
earn in 6 days? Where 2=P, 3=T, 4==G, 5==p, 6==t, and g is the ! 
number fought. This queftion then may be refolved into two proportionalities, | 


thus: If 2 (P) men will earn 4 (G) fhillings in a given time, 5 (/) men 
G 
will earn 10 CF) fhillings in the fame time. Again, If in 3 (T) days 


10 


G t 
10 (F fhillings be earned, then in 6 (z) days 20 e& will be earned. 


G 
Therefore ae =g; and multiplying both fides by PT, we have the Theorem 
Gpt==gPT. And Jince the thirtyfecond queftion propofed, gives us five terms 
sAn EASE : 
in this order, P, T, G, p, t; the term fought being g= PF it is manifefl y, 


that the term fought is found, by dividing the product of the three laft terms 
given, by the product of the two firft, according to the Profeffor’s firft rule. 
Let us now take the thirtyminth queftion, that we may thence form a The- 
orem for refolving queftions of the Jame nature with it, which belong to the 
Double Rule of Three inverfe. If 2 (G) acres of land will maintain 3 (P) 
horfes 4 (J) days, how long will 5 ég) acres maintain 6 (p)horfes? Which 
gqueftion I refolve into two proportionalities : firft into this inverfe proportio- 
nality, If a certain piece of ground will maintain 3 (P) horfes 4 (T) days, 
it will maintain 6 {p} double the number of horfes but half the time, 


; PT í 
that is, 2 ro days: Secondly, into this direct one, If 2 (G) acres. will 


maintain this double number of horfes 2 E5 days, 5 (g) acres will 


g 
aes 
r & 


maintain them ary days. Therefore t, the number fought, is 


And multiplying both fides by Gp, we have thè fame Theorem as before, 
Gpt=gPT, which therefore is a general Theorem for folving all queftions in 


the Double Rule of Three, whether direct or inverfe. And fince the order of | 


the terms given in the thirtyninth queftion is G, P, T, g, p; and fince alf t, 
P 
the number fought, is found equal to Ga" therefore according to the Pro- 


Seffor’s fecond rule, if the produc of the three middle terms be divided by the 
product of the two extremes, the quotient will be the term fought. 

But in the praétifing of this fecond rule, care muft be.always taken to make 
the term G the firft in order: and then, if t be fought, as in the thirtyninth 
queftion, the order of the terms given will be G, P, T, g, p, as before; but if 
p be fought, the order will be G, T, P,g,t. And laftly, I think I fearce need 
to obferve, that if g be the term fought, the operation muft always be made by 
the Profeffor’s firft rule, where the order of the terms is P, T,G, p,t,. as in 
the thirtyfecond and thirtythird queftions ; or elfe T, P,G,t,.p, which comes: 
to the fame thing. ` 
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ERRATA. 


In the taft Page of the former Advertifement, lin. 34, 35. read compleret, 
* Pag. 120. Prob. 23. lin. 2. for 16.years read 15 fad ; 


POSTU- 


- 


PAFS TIA VA ee 


a EFORE I enter upon my province, it may not be amifs to ac- 
fÆ quaint my young difciple what preparations he is to make, and 
19) what qualifications I expect of him beforehand, that we may 
SA neither of us find ourfelves difappointed afterwards. I expect 
then that he knows how to add, to fubtract, to multiply, to divide, to 
find a fourth proportional, and to extract roots, efpecially the {quare 
root: nay I expect further, that he fhall not only be able to perform all 
thefe operations exactly and readily, but alfo that he fhall be able to apply 
them upon all common occafions; in a word, I expect that he be 
tolerably well {killed in common Arithmetick, at leaft fo far as relates 
to whole numbers: for this reafon it is that I Dave prefixed a few arith- 
metical queftions, wherein he may firft try his ftrength and fkill before 
he ventures any further ; they are for the moft part very eafy, I cannot 
fay indeed they are the bett chofen, but they were fuch as lay in my way 
when I firft begun this work and was haftening to matters of greater mo- 
nent, and I do not fee but they may, if ftudied with care and attenti- 
on, onions well enough the end they were intended for: If he finds no 
difficulty i in thefe, he will have little reafon to doubt of his fuccefs after- 
wards; but if he does, he ought then at laft to become fenfible of his 
own debi and to endeavour to fupply whatever is wanting, and to cor- 
rect whatever is amifs before he enters himfelf under my condu& ; 
the mean time he has my leave to hope that I fhall be lefs upon thie. re- 
ferve with him when he falls more immediately under my care 


N. B. The praxis of the rule of proportion, and of the rule for ex- 
tracting the fquare root, not being (properly {peaking) of the nature of 
fimple “poftulata, but rather deducible from the four firft; I fhall not 
fail to demonftrate thefe rules fo foon as I fhall find proper opportunities 
for that purpofe. 


2 QUESTIONS IN 


Queftions for exercile in Multiplication. 


Multiplication i is taking any one number called the multiplicand as of- 
ten as is expreffed by any other number called the multiplicator, and the 
number produced by this operation is called the product: whence i it follows, 
that thé product contains the Salipi icand as often as there are units in 
the m ultiplicator, and that if a number of a greater denomination is to be 
reduced to an equivalent number of a lefs, it muft be done by multipli- 
cation. As for example e; Ina stil fterling there are 20 hhillings ; there- 
fore in every fum of money confifting of even pounds, there are twenty 
times as many fhillings as there are pounds ; therefore if any number of 
pounds be multiplied “by 20, the produé will be an equivalent number of 
{hillings; and the fame muft be obferved in all other cafes, 


SLU BS Cee 


It is required to reduce 456 pounds, 13 fhillings and 4 pence into fhillings, 
pence and farthings. 


Anfwer. Shillings 9133 
Pence 109600 


Farthings 438400. 
QUEST aZ; 


A certain ifland contains 36 counties, every county 3° 7 parifhes, es, every 
parifh 38 families, and every family 39 perfons: 7 g mand the num- 
ber of partfhes, families and perfons in the whole ifand, 


Anfwer. Parifhes 1332 
Families 50616 
Perfons 1974024. 


CuwBaks 3 


In 1730 years, 42 weeks and 3, days, how many minutes? 


N, B. A year confifts of 365 days 6 hours, and an hour of 60 minutes. 


Hours in one year 8766 
al 3 Q 
In 1730 years 15165180 
In 42 weeks 3 days 712 
In the whole 15172308 
Minutes in the whole 910338480 


2 
= 
N 
Hl 


MULTIPLICATION. 3 


QUEST. 4. 


There is a certain field 102004 feet long, and 102003 feet broad: I 
demand the number of fquare feet therein contained. 


Anfwer, 10404714012. 
IU. EST. sf. 


There is a certain floor 24 feet, 4 inches broad, and 96 feet, 6 inches 
long: I demand how many fquare inches are therein contained, 


Anfwer. 338136 f{quare inches. 


QueEsT. 6. 
A 


A certain piece of wood 1 foot, 2 inches thick, 3 feet, 4 inches broad, ana 

5 feet, 6 inches long, is to be cut into finall cubes like dies, each of 
which is to be a quarter of an inch every way : demand into bow many 
dies the whole may be refolved. 


£ 
A 


Anfwer. The whole may be refolved into 2365440 dies, 


QUEST. 


I demand the number of changes that may berung on 12 bells, 


Changes upon 2 bells 2 
on 3 bells 6 
on 4 bells 24 
on 5 bells 120 
on 6 bells 720 
on 7 bells 5040 
on 8 bells 40320 
on. 9 bells 362880 
on 10 bells 3628800 


l 
lls 39916800 
on 12 bells 479001600. 


4 QUESTIONS TN 


QUEST. 8. 
How many diferent ways can four common dies come up at one throw? 
Anfwer 1296 ways. 
QUEST. 9. 


Suppofe one undertakes to throw an ace at one throw with four common 
dies; what probability is there of his effecting it? 


Anfwer. By the laft queftion four dies can come up 1296 different 
ways with and without the ace; and by a like computation, they can 
come up 625 ways without theace ; therefore there are 671 ways where- 
in one or more of them may turn up an ace; therefore the undertaker 
has the better of the lay in the proportion of 671 to 625. 


QUEST, Io. 


There are two inclofures of the fame circumference, that is, both inclfed 
with the fame number of pales; but one 1s a fquare whofe fide is 125 
feet, and the other an oblong or long fquare, 124 feet in breadth, 
and 126 inlength: quere which is the greater clofe, that is, which, 
ceteris paribus, well dear mof grafs. 


Anfwer. The fquare: for that contains 15625 feet; whereas the other 
contains but 15624. 


Queftions for exercife in Divifion. 


The defign of divifion is to thew how often one number called the di- 
vifor is contained in another called the dividend, and the number that 
fhews this is called the quotient: whence, and from the definition of mul- 
tiplication already given, I obferve 1/7, That the divifor multiplied by 
the quotient, and confequently the quotient multiplied by the divifor, will 
always be equal to the dividend, provided there be no remainder after 
the divifion is over; but if there be, then this remainder added to, or taken 
into the product will give the dividend, which is the beft proof of divifion. 
2dly, That as the divifor is fuch a part of the dividend as is exprefled by 
the quotient; fo alfo isthe quotient fuch a part as is exprefled by the divi- 
for, Thus 12 divided by 3 quotes 4; therefore 3 is a fourth part, and 

4 


Hf 


DIVISION. 


5 
_ 4a third part of 12. 3dl, Hence may a number be found that fhall be 


divifible by any two given numbers whatever without remainders, to wit, 
by multiplying the two given numbers together. Thus if I would have 
a number that can be divided by both 6 and ọ without any remainders, 
I multiply 9 by 6, and the product 54 will anfwer both conditions; though 
18 be the leaft number ‘of that kind, 4¢hly, Multiplication and divifion 


by the fame number are the reverfe of each other, and fo muft neceffarily 


have contrary effects: for whereas multiplication increafes a number by 
taking it as often as is expreffed by the multiplicator, divifion (on the con- 
trary) leflens it, by taking only fuch a part of it as is expreffed by the 
divifor. 5thly, Hence if a number of a leffer denomination be to be 
changed into an equivalent number of a greater, as farthings into pence, 
pence into fhillings &c, it muft be done by divifion, as the reverfe is done 
by multiplication. 6z¢h/y, Whenever it is propofed to know how often 


one quantity of amy kind is contained in another of the fame kind, the 


numbers reprefenting thefe quantities muft be reduced to the fame deno- 
mination before any divifion can take place. Thus if I would know how 
many thirteenpencehalfpennies there are in 20 fhillings, I muft not only 
reduce the thirteenpencehalfpenny to 27 halfpence, but alfo the 20 fhil- 
lings into 480 halfpence ; and then muft enquire by divifion how often 27 
halfpence are contained in 480 halfpence, that is, how often 27 is contain 


edin 480; the quotient is 17, and the remainder 21, that is, 21 halfpence; 


for in all divifion, the remainder muft be of the fame denomination with 
the dividend whereof it is a part; therefore in 29 fhillings there are 17 
thirteenpencehalfpennies, and ro pence halfpenny over, : 


QUEST. 11, 


It is required to reduce 987654321 farthings into pounds, fbillings and 
pence. 


` Anfwer. 987654321 farthings are equivalent to 246913 580 pence and 
1 farthing; or to 20576131 fhillings, 8¢. 19; or to 1028806 pounds, 
11s. 8d. 19. 


QuEsT, 12. 


One lends me 1296 guineas when they were valued at 11. 1s, and fixpence 
apiece: how many muf I pay him when they are valued at 1. Is. 
apiece ? 


“Anfwer, 1326 guineas, 18 fhillings, 
oes Ft. 


6 QUESTIONS in 
O 0 ES Teits 


A certain floor 24 feet 4 inches broad, 96 feet 6 inches long, is to be laid 
at the rate-of 12 pence the fquare foot: I demand what the whole 
charge will amount to. - 


Anfwer. The floor contains 338136 f{quare inches, or 2348 fquare 
feet and 24 fquare inches; therefore the whole charge amounts to 117 
pounds, 8 {hillings and two pence. 


QUEST. 14: 


There is a certain cooler 36 inches deep, 42 inches wide, and 72 inches 
long : I demand its folid content in Englifh gallons, 


Note.’ An ale gallon is. 282 cubic inches, 


Anfwer, ‘The veffel contains 108864 cubic inches, that is, 386 gallons 
and 12 cubic inches over, 
OV BS.T, 16. 


A cubic foot of water weighs 76 pounds, Troy or Roman weight; and 
. . . . . © . . 
air is 860 times lighter than water: I demand the weight of a cubic 


foot of air. 


N. B. A pound Troy contains 12 ounces, one ounce 20 pennyweights, 
and one pennyweight 24 grains, 


Anfwer. A cubic foot of air weighs Troy weight 1 oz. 1 pwt. 5 gr. 


QueEsT. 16. 


The mean time of a lunation, that is, from new moon to new mocn, is 
29 days, 12 kours, 44 minutes and 3 feconds; and a Yulian year con- 
J ts of 365 days, 6 Lours : I demand then bow many lunations are con- 
tained in 19 Julian years, 


Hours in a Lunation 708 
Minutes 42524 
Seconds 2551443 

Hours in 19 Julian years 166554 
Minutes 9993240 
Seconds 599594400 


Lunations 235; and 1 hour, 28’, 15” over. 
QUEST; 


Tee RIDES OT THREE: 


N 


QUEST. 


In what time may all the changes on 12 bells be rung, allowing 3 feconds 


to every round? See Queft, the 7+h, 


The number of changes on 12 bells 479001600 
The time 1437004800 feconds, 
- r " 2 3 
or 23 950080 minutes, 
or 499168 hours, 


or 45 years, 27 weeks, 6 days, 18 hours. 


QuesT. 18, 
A General of an army diftributes 1 5 pounds, 19 fhillings and 2 pence half- 


penny, among 4 captains, 5 lieutenants and 60 common foldiers, in the 
manner following: Every captain is to have 3 times as much as a lieutenant, 
and every lieutenant twice as much as a zoana. foldier: I demand their 
Jeveral Jhares. 


The fhare of a common foldier 35. 4d. 3 
of a lieutenant 6s. gd. £ 
of a captain W. os. 4d, 4 


Queftions for exercife in the Rule of Three. 
And firft in the Rule of Three Direét. 


The rule of proportion, or rule of three, or by fome the golden rule, 
is that which teacheth, having three neue: rs given to find a ‘fourth pro- 
portional, that is, to find a fourth number that fhall have the fame pro- 
portion to fome one of the numbers given, as is Sis by the other 
two ; and therefore whenever a queftion is propofed wherein fuch a fourth 
proportional i is rec quired, that que {tion is faid to belong to the rule of pro- 
portion. Now in ae ons of this nature, efpeci: illy where the numbers 
given are not merely abitract numbers, “but are applied to particular 
quantities, three things are ufually required, to wit, preparation, difpofi- 
tion, and operation. 

Firft as to the preparation, it muft be obferved that of the three 
numbers given in the queftion, two will always be of the fame kind, 
and muft be reduced to the fame denominat ion, if the y be not fo already ; 

and 


8 QUESTIONS rx 


and if the remaining number be of a mixt denomination, that alfo muft be 
reduced to fome fimple one. 

Secondly, in difpofing the numbers thus prepared, thofe two that are 
of the fame denomination muft be made the firft and third numbers 
in the rule of proportion, and confequently the remaining number mutt 
be the fecond. But here particular care muft be taken, that ofthe two 
numbers that are of the fame denomination, that be made the third in the 
rule of proportion, upon which the main ftrefs of the queftion lies, or to 
which the queftion more immediately relates, or which contains the de- 
mand; and the place of this number being once known, the other two 
muft take their places as above directed. ‘This ordering of the numbers 
for the operation is commonly called, ftating of the queftion. 

Laftly, having thus ftated the queftion, multiply the fecond and third 
numbers together ; divide the product by the firft, and the quotient thence 
arifing will be the fourth number fought; which fourth number, as well 
as the remainder, if there be any, muft always be underftood to be of 
the fame denomination with the fecond. As for example, 


QUEST. rO: 


A piece of plate weighing a pounds, 4 ounces and 5 pennyweights, Troy 
weight, is valued at 5 fhillings and 6 pence an ounce ; what is the va- 
tl k Š 
lue of the whole ? 


Here we have three quantities concerned in the queftion, vz. 3 pounds, 

4 ounces and 5 pennyweights; one ounce; and 5 fhillings and 6 pence; 
whereof the two firft, which are of the fame kind, muft be reduced to 
the fame denomination, and the laft to a fimple one, thus: for one ounce 
I write 20 pennyweights; for 3 pounds, 4 ounces and. 5 pennyweights, 805 
pennyweights; and for 5 fhillings and 6 pence, 66 pence; and fothe num- 
bers are fufficiently prepared. In the next place I enquire which of the 
two numbers 20 and 805, which are of the fame denomination, is that 
upon which the main ftrefs of the queftion lies, and I find it to be 805; 
for the main bufinefs of this queftion is to enquire into the value of 805 
pennyweights of plate; the reft being no more than data in order to dif- 
cover this: So I make 805 my third number, 20 which is a number of 
the fame denomination my firit, and 66 my fecond, and ftate the quefti- 
on thus; Jf 20 pennyweights of plate be worth 66 pence, what will 805 
pennyweights of plate be worth? Now to anfwer this queftion, I multi- 
ply 805 by 66, andthe produ is 53130; this I divide by my firft num- 
ber 20, and the quotient is 2656, and there remains 10, that is, ro pence; 
therefore to render my quotient more compleat, I bring the remaining 10 
pence 
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pence into 40 farthings, and fo divide again by 20, and find the quotient 
to be 2, that is, 2 farthings, without any remainder; fo the value fought 
is 2656 pence, 2 farthings; that is, 11 pounds, r fhilling and 4 pence half- 


penny. 
A demonftration of this Praxis. 


Cafe 1f. Now to demonftrate this manner of operation, I fhall refume 
the foregoing queftion, but at firft under a different fuppofition, asthus; Jf 
one pennyweight of plate coft 66 pence, what will 805 pennyweights cof? 
Here nobody doubts but that upon this fuppofition, 805 pennyweights 
will coft 805 times 66 pence, or 66 times 805, that is, 53130 pence; 
therefore in all inftances of this kind, that is, where the firft number in 
the rule of proportion is unity, the fourth number muft be found by 
multiplying the fecond and third numbers together. 

Cafe 2d. Let us now put the queftion as it was at firft ftated, to wit, If 
20 peanyweights of plate be worth 66 pence, what will 805 penny- 
weights be worth? Now upon this fuppofition it is eafy to fee, that nei- 
ther 1 pennyweight, nor confequently 805 pennyweights will be worth 
above a 20th part of what they were in the former cafe; and therefore 
we muft not now fay that 805 pennyweights are worth 53130 pence, 
but a 2oth part of that fum, wz. 2656 pence 2 farthings: and as this 
way of reafoning will be, the fame in all other inftances, it follows now, 
that Jn the rule of proporticn, let the numbers given be what they will, the 
fourth number muft be had by multiplying the fecond and third numbers tom 


i gether, and dividing the produc? by the frf. Q, E. D. 
QUEST. 20. 


How far will one be able to travel in 7 days 8 hours, at the rate of 13 
miles every 4 hours, allowing 12 hours to a travelling day? 


Anfwer. 299 miles. 
QUEST. 21. 


What will 1296 yards of walling amount to, at the rate of 4 shillings 
and 5 pence a rod, a rod being 5 yards and a half 2 


Anfwer, 52 pounds, 8 pence, 3 farthings, 


B QUEST, 


10 QUESTIONS tn 


ih eh oe te 5s tA 


In the mint of England a pound of gold, that 1s, 11 ounces fine and x allay, 
is at this time coined into 44 guineas and an half: I demand how 
much fterling a pound of pure gold is worth, obferving that the allay 
is valued at nothing. 


Anfwer. 50 pounds, 19 fhillings and 5 pence $ penny 


SS oe TALR 


What is the annual intereft of 987 pounds, 6 shillings and 5 pence at the 
rate of 6 per cent ? 


Anfwer. 59 pounds, 4 fhillings and g pence } penny, 
QUEST. 24. 


The circumference of the earth according to the French menfuration ts 
123249600 French feet : I demand the fame in Engh/b miles. 


N. B. A thoufand French feet are equivalent to 1068 Englith feet; 
3 feet make a yard, and 1760 yards make a mile. 


Anfwer. 131630573  Englith feet, 
or 43876857 yards and 2 feet, 
pea oF 24930 miles, 57 yards and 2 feet. 


QUEST, 25. 


Suppofing all things as in the foregoing queftion, I demand how long a 
found will be in paffing from pole to pole, upon a _fuppofition that a found 
palles over 1142 feet in a fecond of time. 


Anfwer, 16 hours and 32 feconds, 


QUEST. 26. 


Monfieur Huygens found that at Paris, the length of a pendulum that 
fwung feconds, was three feet, 8 lines and; I demand it’s length in 
Englhih meafure, 

Note, 


rut RULE OF, THREE. rr 


Note. A line is% part of an inch, and 1000 French half lines are 
equivalent to 1068 Englith : lines, as in the 24th queftion. 


Anfwer. The length ‘in Englith meafure of a pendulum that {wings 
feconds, is 941 Englifh + lines; or 39 inches, 2 lines and }. 


QUEST. 27. 


I demand in how long a time, a pipe that difcharges 15 pints in 2 mi- 
nutes, 34 feconds, will fill a ciftern that 1s 36 inches deep, 42 inches 
wide, and72 inches long. (fee queftion the 14th.) 


Anfwer, In 31707 feconds; or 8 hours, 48’. 27°. 


For as eight pints make a gallon, fo alfo eight cubic half inches, that 
is, eight {mall cubes of half an inch every way make one cubic inch; 
therefore a pint contains 282 cubic half inches, and fifteen pints 4230; 
but the whole veffel contains 108864 cubic inches by quet. 14; which 
are equivalent to 870912 cubic half inches; therefore this queftion ought 
to be ftated thus; 


Tf 4230 cubic half inches be difcharged in 154 feconds of time, in what 
time will 870912 cubic half inches be difcharged? And the an{wer is, 


In 8 hours, 48°. 27”. as above. 


Quest, 28. 
If a wall 6 feet thick, 9 feet high and 432 feet long, cof 720 pounds 


in building, what will be the price of a wall of the fame materials, 
that is 12 feet thick, 18 feet high and 576 feet long? 


In the former wall are contained 23328 cubic feet; in the latter 
124416; therefore the anfwer to this queftion is 3840 pounds, 


QUEST: 29. 


A certain fleeple projeéted upon level ground a fhadow to the diflance of 
57 yards, when a four-foot fia} perpendicularly ereéted caft a foadow 
of 5 feet 6 inches: what was the height of the fteeple? 


Anfwer, 41 yards, 1 foot, 4 inches. 


B 2 QUEST, 
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QUEST 30.” | 


Two perfons A and Bemake a joint flock; A puts in 372 pounds, and B 
496 pounds, for the fame time; and they gain 114 pounds, 2 fhillings : 
I demand each mans fhare of the gain. | 


Both their ftocks make 868 pounds: fay then, if 868 pounds ftock, bring 
in r14 pounds, 2 fhillings gain, what will 372 pounds, 4’s part of the ftock 
bring in? Anfwer. 48 pounds, 18 fhillings for 4’s thare of the gain; and 
this fubtracted from the whole gain, leaves 65 pounds, 4 fhillings, for B’s 
{hare of the gain. 

Note. If there be ever fo many partners, their fhares of the gain 
mutt all be found by the rule of proportion, except the laft, which may 
be had by fubtraction; but it would be better to find them all by the 
rule of proportion, becaufe then, ifall the fhares when added together, 
make up the whole gain, it will be an argument that the work is rightly 
performed. 


QUEST. 31. 


Two perfons A and B make a joint flock; A puts in 496 pounds for 2 
months, and B 620- pounds for 3 months; and they gain 456 pounds. 
What will be each mans fhare of the gain? 


In order to give an anfwer to this queftion, it muft be confidered, that 
it is the fame in the cafe of trade, as it is in that of money let out to in- 
tereft, where time is as good ‘as money, that is, whoever lets out 496 
pounds for 2 months, is intitled to the fame fhare of the whole gain, as 
if he had let out twice as much, that is, 992 pounds, for one month: in 
like manner, he that lets out 620 pounds for 3 months, has a right to the 
fame fhare of the gain, as if he had let out three times as much, that is, 
r 860 pounds, for 1 month: fubftitute therefore thefe fuppofitions inftead of 
thofe in the queftion, which may fafely be done without affecting the 
conclufion, and then this queflion will be reduced to the form of the 
laft, without any confideration of the particular quantity of time, thus; 
Two merchants A and B make a joint flock; A puts in 992 pounds, and 
B 1860 pounds for the fame time; and they gain 456 pounds. What will 
be their refpective fhares of the gain? ps3 


Anfwer. A’s {hare will be 158 pounds, 12 fhillingsand 2 pence; and 
B's, 297 pounds, 7 fhillings and 10 pence, 
QUEST, 
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QUEST. 32. 


If two men in three days will earn 4 fhillings, how much will 5 men 
earn in 6 days? 


This and the following queftion belong to that which they call the 
double rule of three, wherein 5 numbers are concerned: thefe numbers 
muft always be placed as they are in this example, that is, the two laft 
numbers muft always be of the fame denomination with the two firft re- 
fpectively, and the number fought of the fame denomination with the 
middle one; then may the queftion be reduced to the fingle rule of three 
two ways, either by expunging the firft and fourth numbers, or the fe- 
cond and fifth: if you would have the firft and fourth numbers expunged, 
you muft argue thus; two men will earn as much in three days, as one 
man in two times 3, or 6 days; alfo 5 men will earn as much in 6 days, 
as one man in 30 days; fubftitute therefore this fuppofition and this de- 
mand, inftead of thofe in the queftion, and it will ftand thus; If one 
man in 6 days will earn four fhillings, how much will one man earn 
in 30 days? Which is as much as to fay, If im 6 days a man will care 
4 Jhillings, how much will he earn in 30 days ? 


Anfwer, 20 fhillings. 


If you would have the fecond and fifth numbers expunged, you muit 
argue thus; two men will earn as much in three days, as 3 times two 
or 6 men in one day ; alfo 5 men will earn as much in 6 days, as 30 
men in one day ; put then the queftion this way, and it will ftand thus; 
If 6 men in one day will earn 4 fhillings, how much will 30 men earn 
in one day? That is, Jf in any quantity of time 6 men will earn 4 shillings, 
how much will 30 men carn in the fame time? 


- Anfwer, 20 fhillings, as before. 


Whofoever attends to both thefe methods of extermination, will eafily 
fall into a third, which includes both the other, and in practice is much 
better than either of them; for at the conclufion of both operations, the 
number fought was found by multiplying 30 by 4, and dividing the pro- 
duct by 6: Now if he looks back, and traces out thefe numbers, he will 
find that the number 30 came from the multiplication of the two laft 
numbers 5 and 6 together, that 4 was the middle number in the que- 


ftion, and that the divifor 6 was the product of the two firft numbers 


2 and 
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2 and 3 multiplied together ; therefore In all queftions of this nature, if 


the three laß numbers be multiplied together, and the product be divided by 
the produc of the two firft, the quotient will give the number fought, with- 
out any further trouble. 


QuEST. 33. 


If for the carriage of three-bundred weight 40 miles, I muf pay 7 fhill- 
ings and 6 pence, what muft I pay for the carriage of 5 hundred 
weight 60 miles ? 


Anfwer. 225 pence, or 18 fhillings and g pence. 
Queftions in the rule of three Inverfe. 


Hitherto we have inftanced in the rule of three diret; but there is 
alfo another rule of proportion, called the rule of three inverfe; which 
as to the preparation, and difpofition of it’s numbers, differs nothing from 
the rule of three dire&, but only in the operation; for whereas there, 
the fourth number was found, by multiplying the fecond and third num- 
bers together, and dividing by the firft; here it is found by multiplying 
the firft and fecond numbers together, and dividing by the third. All 
that remains then, is to be able to diftinguifh, when a queftion belongs to 
one rule, and when to the other; in order to which, obferve the fol- 
lowing direStions: Jf more requires more, or lefs requires lef, work by 
the rule of three dirett; but if more requires lefi, or lefs requires more, 
work by the rule of three inverfe. "The meaning whereof is, that if, when 
the third number is greater than the firft, the fourth muft be pro- 
portionably ‘greater than the fecond; or if, when the third number is 
lefs than the firft, the fourth muft be proportionably lefs than the fecond, 
the queftion then belongs to the rule of three direct: But if, when the 
third number is greater than the firft, the fourth muft be lefs than the 
fecond; or when the third number is lefs than the firft, the fourth muft 
be greater than the fecond; in either of thefe cafes, the queftion belongs 
to the rule of three inverfe, and muft be refolved as above directed. 


As for example, 
QUEST. 34. 
Jf 12 men will eat up a quantity of provifion in 15 days, how long will 20 


men be tn eating up the fame? 
This 
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This queftion is of fuch a nature, that more requires lefs; for 20 men 
will confume the fame provifion in lefs time than 12 ; therefore the quetft- 
ion belongs to the rule of three inverfe; fo I multiply the firft and fe- 
cond numbers together, and divide by the third, and the quotient 9, that 
is, g days, "is an anfwer to the queftion. 


A demonftration of the rule of three Inverfe. 


If I was to anfwer this queftion by pure dint of thought, without 
any rule to direct me, I fhould reafon thus: whatever quantity of provi- 
fion lafts 12 men 15 days, the fame will laft 1 man 12 times as long, 
that is, 12 times 15, or 180 days; but if it will laft 1 man 180 days, it 
will laft 20 men but the 2oth part of that time, that is, g days: here then 
the fourth number was found by multiplying the firft and fecond num- 
bers together, and dividing the product by the third; and the reafon is 
the fame in all other cafes, wherever the rule of three inverfe is concerned. 


2, E. D. 
QUEST. 35. 


One lends me 372 pounds for 7 years and 8 months, or 92 months: how 
long muft I lend him 4.96 pounds for an equivalent ? 


Anfiwer. 5 years, 9 months. 


QUEST. 36. 


If a fauare pipe 4. inches and 5 lines wide, will difcharge a certain quan- 
tity of water inone hour's time; in what time will another fquare pipe, 
1 inch and 2 lines wide, difcharge the fame quantity from the fame 


current ? 


The orifice of a {quare pipe 4 inches, 5 lines, or 53 lines wide, contains 
280g fquare lines; and the orifice of a pipe 1 inch, 2 lines, or 14 lines 
wide, contains 196 fquare lines. Say then, Jf an orifice of 2809 /quare 
lines will difcharge a certain quantity of water in one hour ; in what time 
will an orifice of 196 fquare lines difcharge the Jame ? 


Anfwer. In 14 hours, 19. 54". 
QUEST, 
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QUEST. 37. | 


if 3 men, or 4 women, will do a piece of work in 56 days, how long will one 
man and one woman be in doing the fame ? 


Becaufe of the 3 men, or 4 women, fome number muft be found that | 
is divifible both by 3 and by 4 without remainder; fuch a one is the 
number 12, which is the product of 3 and 4 multiplied together; ( fee ob- 
fervation the third upon the definition of divifion :) make then 3 mėn or 
4 women equivalent to 12 boys, and you will have 1 man equivalent to 
4 boys, 1 woman to 3 boys, and 1 manand 1 woman to 7 boys, and 
the queftion will ftand thus; Jf 12 boys will do a piece of work in 56 
days, how long will 7 boys be in doing the fame? 


Anfwer. 96 days. 
QUEST 38. 


Hf 5 oxen, or 7 colts, will eat upa clofe in 87 days, in what time will 2 
oxen and 3 colts eat up the fame? 


Anfwer. In 105 days. | 
QUEST, 39. | 
| 


If 2 acres of land will maintain 3 horfes 4 days, how long will 5 acres 
maintain 6 horfes? 


‘This queftion may perhaps at firft fight, be taken to be fomewhat of 
the fame nature with the 32d and 33d queftions, which belonged to the 
double rule of three dire&t ; but when it comes to be examined into more 
narrowly, it will be found to be of a very different nature: for we can- 
not fay here as we did there, that 2 acres will laft 3-horfes as long as 1 
acre will laft 6 horfes; this would bea very unjuft way of thinking, and 
wherever it is fo, the queftion ought to be referred to another rule, which 
they call the double rule of three inverfe ; the propriety or impropriety 
of this thought, being an infallible criterion whereby to diftinguith, when 
a queftion belongs to one rule, and when to the other. All queftions 
belonging to this rule, as well as thofe belonging to the other, may be 
reduced to the fingle rule of three two ways; either by expunging the 


fisft and fourth numbers, or the fecond and fifth ; but then the methods 
of 
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of extermination are different. In queftions of this nature, if the firft 
and fourth numbers are to be expunged, the 2 firft numbers are to be mul- 
tiplied by the fourth, and the 2 laft by the firft; but if the fecond and 
fifth numbers are to be expunged, then the two firit numbers are to be 
multiplied by the fifth, and the two laft by the fecond: thus in the 
queftion before us, if we would exterminate the firft and fourth numbers, 
we muft multiply the two firft numbers, that is, 2 and 3, by the fourth, 
that is, by 5, and fay, that 2 acres will laft 3 horfes juft as long as 10 a- 
cres will laft 15 horfes; we muftalfo multiply the 2 laft numbers, to wit, 
5 and 6, by the firft, that is, by 2, and fay, that 5 acres will iaft 6 horfes 
as long as ro acres will laft 12 horfes: ufe now thefe numbers inftead of 
thofe in the queftion, and it will be changed into this equivalent one; If 
ro acres of land will maintain 15 horfes 4 days, how long will ro a- 
cres maintain 12 horfes? Strike out of the queftion the firft and fourth 
numbers, which being equal, will be of no ufe in the conclufion, and 
then the queftion will ftand thus; Jf 15 hor/es will eat up a certain piece 
of ground in 4. days, how long will 12 horfes be in eating up the fame? 


Anfwer. 5 days; for this queftion belongs to the rule of three inverfe. 


If we would exterminate the fecond and fifth numbers out of the 
ueftion, we muft multiply the two firft numbers by the fifth, and fay, 
sist 2 acres will laft 3 horfes juft as long as 12 acres will laft 18 horfes ; 
we muft alfo multiply the 2 laft numbers by the fecond, and fay, that 
ç acres will laft 6 horfes as long as 15 acres will laft 18 horfes: ufe 
thefe numbers inftead of thofe in the queftion, and it will be changed in- 
to this equivalent one; If 12 acres will maintain 18 horfes 4 days, how 
long will 15 acres maintain 18 horfes? That is, (ftriking out the fecond 
and fifth numbers) Jf 12 acres of land will maintain a certain number of 
horfes 4 days, how long will 15 acres laft the fame number ? 


Anfwer. 5 days, as before; for this queftion belongs to the rule of 
three direct. 


In both thefe operations, the number fought was at laft found by mul- 
tiplying 15 by 4, and then dividing the product by 12: now whofoever 
looks back upon the foregoing refolution, and obferves how thefe num- 
bers were formed, he will eafily perceive, that the number 4 was the 
middle term in the queftion; that the number 15 in both operations 
was the product of the numbers 3 and 5, which lay next the mid- 
dle term on each fide ; and that the divifor 12 was in both cafes the 
produét of the extreme numbers 2 and 6: therefore In all quefiions be- 

C longing 
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longing to the double rule of three inverfe, where the numbers are fup- 
pofed to be ordered as in the double rule of three direct, if the three mid- 
dle numbers be multiplied together, and the product be divided by the pro- 
duct of the two extremes, the quotient of this. divifion will be the num- 
ber fought, And thus may all the trouble of expunging be avoided, 
thou gh I thought it proper to explain that method in the firit place, in er- 
der to let the learner into the reafon of this laft theorem which is found- 
ed upon it. 


Queftions wherein the extraction of the fquare root is 
concerned, 


QUEST 4. 


There is a certain field whofe breadth is 576 yards, and whofe length is 
1296 yards: Idemand the fide of a fquare field equal to it. 


Anfiver, This field will be equal to a fquare whofe fide is 864 yards. 
QUEST. 4. 


There is a certain tnclofure 3 times as long as it is broad, whofe area is 
46128 /quare yards: I demand its breadth and length. 


The breadth multiplied into the length, that is, the breadth multipli- 
ed into 3 times itfelf, is 46128 ; therefore the breadth multiplied into it- 
felf is 1 5 376; therefore the breadth is 124, and the length 372. 


CUES 7. 22. 


A certain fociety colle? among themfilves a fim amounting to 15 pounds, 
5 faillings and a farthing, every one contributing as many farthings as 
there were members in the whole fociety: I demand the number: of 
members, 


Anfwer, 121 members, 
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Concerning Vulgar and Decimal Fractions. 


ey 


DEFINITIONS. 


fe A 


Fg Ae FRACTION fimply and abftractedly confidered, is 
that wherein fome part or parts of an unit are exprefied ; 
as if an unit be fuppofed to be divided into 4 equal parts, and three of 
thefe parts are to be exprefled, it muft be done by the fraction three fourths, 
to be written thus +: here the number 4, which fhews into how many 
equal parts the unit is fuppofed to be divided, and fo determines the true 
value, magnitude, or denomination of thofe parts, is called the denomi- 
nator of the fraétion; and the number 3, which fhews how many of 
thefe parts are confidered in the fraction, is called the numerator: thus 
in the fraction ! or one half, 1 is the numerator, and 2 the denominator ; 
in ? or two halves, 2 is both numerator and denominator, Ge. 
When a fraction is applied to any particular quantity, that quantity is 
called the integer to the fraction: thus in ¿ofa penny, a penny is the in- 
teger; in three fourths of fix, the number 6 is the integer; thus in three 
fourths of five fixths, the fraction five fixths is the integer ; for though 
in an abfolute fenfe it be a fraction, yet here with refpect to the fraction 
three fourths, it is an integer: and thus may one and the fame quantity, 
under different ways of conception, be both an integer and a fraction ; 
as a foot is an integer, and a third part of a yard is a fraction, though 
they both fignify the fame thing, When the integer to a fraction is not 
exprefied, unity is always to be underftood: thus ; is 3 of an unit; thus 
when we fay, ! and: make +4, the meaning is, that if ! part ofan unit, 
and ! part of an unit be added together, the {um will amount to the fame 
as if that unit had been divided into 12 equal parts, and 7 of thofe parts 
had been taken; thus again, when we fay that + of ¢ are equivalent to 
$, we mean, that if an unit be divided into 5 equal parts, and 4 of 
them be taken, and then this fraGtion + be again divided into 3 equal 
C2 parts, 
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parts, and 2 of them be taken, the refult will be the fame, as if the 
unit had at firft been divided into 15 equal parts, and 8 of them had been 
taken; and whatever is true in the cafe of unity, will be equally true in 
the cafe of any other integer whatever: thus if it be true that : and! 
of an unit are-equal to + of an unit, that is, if it be true in genera 
that ż and ! added together are equal to ~,, it will be as true of any par- 
ticular integer, fuppofe of a pound fterling, that | of a pound, and ! of 
a pound when added together, are equal to > of a pound; again, if it 
be true in general that 2 of ¢ are equal to ;%, it is as true in particular 


that ż of ¢ of a pound are equivalent to $> of a pound, &e. 


Of proper and improper fraétions; and of the reduction 
of an improper frattion to a whole or mixt number. 
2. Fractions are of two forts, proper and improper ; a proper fraction 
is that, whofe numerator is lefs than the denominator, asi; therefore an 


improper one is that, whofe numerator is equal to, or greater than the de- 
nominator, as 2, 3, Ge, 


Os.5:ec.7 208, 


But is there no abfurdity in the fuppofition of an improper fraction, as‘ 


in three halves for inftance, confidering that an unit cannot be divided 
into more than two halves? 4nfwer: no more than there is in fuppo- 
fing three half pence to be the price cf any thing, confidering that a pen- 
ny cannot be divided into above two halfpence. Thefe fractions therefore 
are called improper, not from any abfurdity either in the fuppofition or 
in the exprefiion, but becaufe they may be more properly and more in- 
telligibly expreffed, either by a whole number, or at leaft by a mixt 
number confifting of a whole number and a fraction ; as for example, if 
the numerator of a fraction be equal to the denominator, as 4, that frac- 
tion will always be equivalent to unity, as + of an hour, that is, four 
quarters of an hour, are equivalent to one hour, ¢ of a penny, that is, 


four farthings, are equal to one penny, Gc: and the reafon is plain; for if 


an unit be divided into four equal parts, and four of thefe parts be ex- 
preffed in a fraction, the whole unit is expreffed in that fraction, that is, 
{uch a fraction muft always be looked upon as equal to an‘unit : there- 
fore if the numerator be double of the denominator, as £, the fraction 
muft be equal to the number 2, becaufe £ contain 4 or 1 twice; in 
like manner % are equal to, and may be more properly exprefied by, the 
number 3; * by the number 4, Ge: and univerfally, as often as the 

numerator 
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numerator of a fraction contains the denominator, fo many units is that 
fraction equivalent to: but to find how often the numerator contains the 
denominator, is to divide the numerator by the denominator ; therefore 
if the numerator of an improper fraction be divided by the denomina- 
tor, the quotient, if nothing remains, will be the whole number by which 
the fraction may be exprefied ; but if any thing remains of this divifion, 
then the quotient together with a fraction whofe numerator is that re- 
mainder, and denominator the divifor, will be a mixt number, expreffing 
the fraction propofed : thus * are equivalent to the whole number 8, but 
*s are equivalent ‘to the mixt number 8 !, % to the mixt number 8 A 
juft as 24 feet are equal to 8 yards, 25 feet to 8 yards and 1 foot, 26 feet 
to 8 yards and 2 feet, Sc: and this is what we call the reduction of an 
improper fraction into a whole or mixt number. 


The reduction of a whole or mixt number into an improper 
frattion. 


3. As unity may be expreffed by any fraction of any form or deno- 
mination whatever, provided the numerator be equal to the denominator, 
as $5, 4, ie; fo the number 2 is reducible to any fraction whofe nu- 
merator is double the denominator, as 4, $, $, Gc; and fo is every num- 
ber reducible to any fraction, whofe numerator contains' the denominator 
as often as there are units inthe number propofed: therefore whenever a 
whole number is to be reduced to a fraction whofe denominator is given, 
it muft be multiplied by that given denominator, and the product witli 
that denominator under it, will be the equivalent fraction; thus if the 
number 5 is to be reduced into halves, that is, into: a fraction whofe de- 
nominator is 2, it muft be multiplied by 2, and fo you will have 5 equal 
to 2, juft as 5 pence are equivalent to 10 halfpence; if the number 8 
is to be reduced into thirds, it muft be multiplied by 3,. and fo you will 
have 8 equal to #, juft as 8 yards are equal to 24 feet; laftly, if the. 
number 2 is to be reduced into fourths, it will be equal.to $, juft as 2 
pence are equal to $ farthings. If the number to be reduced be a mixt 
number, confifting of a whole number and.a fraction,, the whole. number: 
muft always be reduced to the fame denomination with the fraction an-- 
nexed, and the rule will be this: multiply the whole number by the de- 
nominator of the fraction annexed; add the numerator to the product, 
and the fum with the denominator under it will be the equivalent frac- 
tion: Thus the mixt number 5 } is equivalent to #, juftas 5 pence half- 
penny in money is equivalent to 11 halfpence: This operation carries 
it’s own evidence along with it; for the number ¢ itfelf is equal to # 

as. 
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as above; therefore 5 4 muft be equivalent to =: again, the number 8 s 
is equal to %, juft as 8 “yards and 2 feet over are equivalent to 26 feet; 


laftly, 2: is reducible to z, juft as2 pence and 3 farthings are reduci- 


ble to 11 farthings, 
A LEMMA. 


4. y bes integer be afumed, as a pound fterling, and alfo any fraction, 
, T fay then, that parts of one pound, amount to the “Jame as i 
pii of 3 pounds. 

To denséciftrate this Lemma (which fcarce wants a demontftration) I 
argue thus: If any quantity, greater or lefs, be always divided into the 
fame number of parts, the greater or lef the TETI fo divided is, the 
greater or lefs will the parts be ; thus : of a yard is 3 times as much as t 
of a foot, becaufe a yard i Is 3 times as much as a fots and for the fame 
reafon ! ee 3 pounds is 3 times as much as } of ı pound; but 3 of r pound 
are alfo 3 times as much as ż of 1 pound; therefore 3 of I pound are equal 


tot of 3 pounds, becaufe both are juft 3 times as much as ż of 1 pound, 


9.°E. D. 


Flow to eftimate any rational parts of an integer in parts 
of a lejer denomination, and vice versa. 


5 ‘This may be done various ways; but the fhorteft and fafeft, as I 
take it, is that which follows: Suppofe I had a mind to know the value 
of § of a pound; I fhouild argue as in the foregoing lemma, that $ of one 
pound, are the fame as} of 5 pounds; but the latter is more cafily taken 
than the former ; thereibée I apply myfelf wholly to the latter, to wit, to 
find the fixth part of 5 pounds, thus ; 5 pounds, or 100 fhillings, divided 
by 6, quote 16 fhillings, and there Seitiait 4 fhillings ; again, 4 fhill- 
ings, or 48 pence, divided by 6, quote 8 pence, and “there remains no- 
thing ; therefore the value of 1 fix xth of 5 pounds, or § of xı pound, is 16 
shillings and 8 pence. Again, fuppofe I would know “the value of É of a 
pound, I find the value of : of 6 pounds thus; 6 pounds, or 120 fhillings 
divided by 7, give 17 fhillings , and there remains 1 fhilling; again, 1 
thilling, or 12 pons divided by 7, give 1 penny, and there remain 5 
pence; again, 5 pened, or 20 farthings, divided by 7, give 2 farthings, 
and ibere i remain © farthings; lafily, a feventh part of 6 “hit things is juf 
as much as $ of 1 farthing, by the lemma: hence I conclude, that $ of a 
pound are 17  fhillings, I penny, 2 farthings, and £ of a farthing : But 
the value of £ of a farthing is fo near to one farthing, that if I would 

rather 
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rather admit of a {mall inaccuracy in my account, than a fraction, I fhould 
make the value of $ of a pound to be 17 fhillings, 1 penny and 3 far- 
things. Laftly, fuppofe I would know the amount of parts of 17 fhillings 
and fixpence, I fhould argue thus; 2 parts of 17 fhillings and fixpence, 
are equivalent to 4 part of twice as much, that is, to! part of 35 fhill- 
ings: but ! part of 35 fhillings is 11 fhillingsand 8 pence; therefore 4 parts 
of 17 fhillings and fixpence make 11 fhillings and 8 pence, 

Of the reverfe of this reduction, one fingle inftance will fuffice: Let it 
then be required to reduce 1 fhilling, 2 pence, 3 farthings, to fractional 
parts of a pound: here I confider, that in 1 pound are ọ6o farthings ; 
and in 1 fhilling, 2 pence, 3 farthings, are 59 farthings; therefore 1 far- 


thing is 4, ofa pound; and 1 fhilling, 2 pence, 3 farthings, are 3%, ofa pound, 


Preparations for further reductions and operations 
of frattions. 


6 All the operations and reductions of fractions, are mediately or im- 
mediately deducible from the following principle, which is; that Jf 
the numerator of a frattion be encreafed, whilf the denominator continues 
the fame, the value of the fraction will be encreafed proporttonably ; and 
vice verså. On the other hand, if the denominator be encreafed in any pro- 
portion, whilft the numerator continues the fame, the value of the fraction 
will be diminifhed in a contrary proportion; and vice vers’. Thus 2 are 
twice as much as}, and? is but half as much, 

From this principle it follows, that if the numerator and denomina- 
tor of a fraction be both multiplied, or both divided by the fame num- 
ber, the value of the fraction will not be affected thereby; becaufe, as 
much as the fra¢tion is encreafed by multiplying the numerator, juft 
fo much again it will be diminifhed by multiplying the denominator ; 
and as much as the fraction is diminifhed by dividing the numerator, 


juft fo much again it will be encreafed by dividing the denominator: 
Thus the terms of the fraction : being doubled, produce £, a fraGion of 
the fame value; and on the contrary, the terms of the fraction ¢ being 
halved, give 3. 

Hence it appears, that every fraction is capable of infinite variety of 
expreflion, fince there is infinite choice of multiplicators, whereby the 
numerator and denominator of a fraction may be multiplied, and fo the 
expreffion may be changed, without changing the value of the fraction : 
thus the fraction 4, if both the numerator and denominator be multiplied 
by 2, becomes ż; if by 3, 3; if by 4, 4; if by 5, %; and fo on ad infini- 
tum; all which are nothing elfe but different expreffions of the fame 
fraction : 
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24 
fraction: therefore in the midft of fo much variety, we muft not expect 
that every fraction we meet with fhould always be in it’s leaft or lowett 
terms ; but how to reduce them to this ftate whenever they happen to be 
otherwife, fhall be the bufinefs of the next article. 


The reduction of fractions from higher to lower terms. 


7. Whenever a fraction is fufpected not to be in it’s leaft terms, find 
out, if poflible, fome number that will divide both the numerator and 
denominator of the fraction without any remainder ; for if fuch a num- 
ber can be found, and the divifion be made, the two quotients thence 
arifing will exhibit refpectively, the numerator and denominator of a 
fraction, equal to the fraction firft propoied, but expreffed in more fim- 
ple terms: this is evident from the laft article. As for example ; let the 
fraction #2 be propofed to be reduced: here to find fome number that 


will divide both the numbers 10 and 15 without any remainder, I begin“ 


with the number 2, as being the firft whole number that can have any 
effect in divifion; but I find 2 will not divide 15; 3 is the next number 
to be tried; but neither will that fucceed, for it will not divide 10; as 
for the number 4, I pafs that by, becaufe if 2 would not divide 15, 
much lefs will 4 do it; the next number I try is 5, and that fucceeds ; 
for if 10 and 15 be divided by 5, the quotients will be 2 and 3 refpec- 
tively, each without remainder ; therefore the fraction 32, after being re- 
duced to it’s leaft terms, is found to be the fame as ?; that is, if an unit 
be divided into 15 equal parts, and 10 of them be taken, the amount 
will be the fame, as if it had been divided into 3 equal parts, and 2 of 
them had been taken. Secondly, if the fraction propofed to be reduced 
be 3°, divide it’s terms by 2, and you will have the fraction ee ; di- 
7560 3780. 
3°, divide again by 2, and you 


$ 1890 
will have oA ; therefore all further divifion by 2 is excluded: divide then 


vide again by 2, and you will have 


thefe laft terms by 3, and you will have we ; divide again by 3, and you 


5 ; divide by 5, and you will have 7; and laftly divide by 


10 
2520 


7, and you will have 1; fo that the fraction ——, 
1999 
fion by 2, 2, 2, 3, 3, 5, 7, is found at lait equal to % Thirdly, the 


fraction 3, after a continual divifion by 2, 2, 3, becomes 3. Fourthly, 
. Ke . i I 
$% after a continual divifion by 2, 2, 7, becomes ż Fifthly, * after a 
180 
conti- 


will have 


after a common divi- 
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continual divifion by 2, 2, 3, 3, becomes 4, Sixthly, 1 after a conti- 
nual divifion by 2, 3, and 7, becomes į. Seventhly, z ts after a continual 


divifion by 3, 5, 7, becomes 3. week io Da a continual divi- 


fion YS and 7, becomes}. Ninthly, + ifion by 
5, 7> 7, becomes 3, or 3. Z 

Saine perhaps may think themfelves helped in the practice of this rule 
by the following obfervations : 

Firft, that 2 “will divide any number that ends with an even number, 
or witha cypher, as 36, 30, &c. and no other. 

Secondly, that 5 will divide any number that ends with a 5, or with 
a cypher, as 75, 70, &c, and no other. 

Thirdly, that 3 will divide any number, when it will divide the fum 
of it’s digits added together : thus 3 will divide 471, becaufe it will di- 
vide the “number 12, which is the {um of the numbers 4, 7 and r. 


Fourthly, if both the numerator and denominator have cyphers an- 
nexed to them, throw away as many as are common to both: thus a 
00a 


is the fame as 22, or Te or 4. 
560 Il 2? 

After all, there is a certain and infallible rule for finding the greateft 
common divifor of any two numbers whatever, that have one, whereby 
a fraction may be reduced to it’s leaft terms by one fingle oper. ation on- 
ly. I fhall be forced indeed to poitpone the demontiragnd of this rule 
to a more convenient place, not fo much for want of principles to pro- 
ceed upon, as for want of a proper notation; but the rule itfelf is as 
follows: Let æ and 4 be two given numbers, whofe greateft common 
divifor is required ; to wit, a the greater, and 4 the lefs: then dividing 
a ce b without any regard to the quotient, call the remainder c; divide 

gain 6 by c, and call the remainder d; then divide ¢ by d, and call the 
remainder e; then divide d by e, and call the remainder f; and fo A 
ceed on, till at laft you come to fome divifor, as f which will divide the 
preceding number e without a remainder : I fay then, that this laft divi- 
for will be the greateft common divifor of the two given numhers a and 
b. As for ex ample ; let a be 1344 and b 582 : then to find the great- 
eft common divifor of thefe numbers, I divide a (1344) by 4 (582) and 
there remains 180, which I call c; then I divide 6 (582) by c (180) 
and there remains 42, which I adi; d; then I divide ¢ (180) by d (42) 
and there remains 12, which I call e; then I divide d os by ¢ (12) 

aad there remains 6, which I call f; laftly I divide e (12) by f (6) 
D and 
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and there remains nothing: whence I conclude that 6 is the greateft 
common divifor of the two numbers 1344 and 582; and as the quotients 


~ ° $ 82 
by 6 are 224 and 97, it follows, that the fraction ae when reduced 
344 


to it’s leaft terms, will be Z. If no common divifor can be found but 


unity, it is an argument that the fraction is in it’s leaft terms already. 

From this and the laft article it follows, that all fractions that are re- 
ducible to the fame leaft terms are equal; as 4, $, 13, &c, which are all 
reducible to ; though it does not follow è converfò, that all equal frac- 
tions are reducible to the fame leaft terms; this will be demontftrated 
in another place. (See Elements of Algebra, Att. 193.) 

For the better underftanding of the following article, it muft be ob- 
ferved, that this mark x is a fign of multiplication, and is ufually read 
into: thus 2 x 3 fignifies 6, 2 x 3 x 4 fignifies 24, 2x 3 x4 x 5 fignifies 
120, Gc; and in fome cafes it will be better to put down thefe compo- 
nents or factors, than the character of the number arifing from their con- 
tinual multiplication, as in the following article, It ought alfo to be 
obferved, that it matters not in what order thefe components are placed ; 
for 2x3 x4 x 5 fignifies.juft the fame as 4x 5x 2x3, Ge. 


The reduction of fra€tions of different denominations, to others 
of the Jame denomination. 


8. There is another reduction of fractions, no lefs ufeful than the 
former; and that is, the reduction of fractions of different denomi- 
nations to others of the fame denomination, or which have the fame 
denominator, without changing their values; which is done as follows: 
Having firft put down the fractions to be reduced, in any order, one 
after another, and beginning with the numerator of the firft fraction, 
multiply it by a continual multiplication, into all the denominators but 
it’s own, and put down the product under that fraction; then multiply 
in like manner, the numerator of the next fraCtion into all the denomi- 
nators but it’s own, and put down the product under that fraction ; and. 
fo proceed on through all the numerators, always taking care to except 
the denominator of that fraction, whofe numerator is multiplied. Then 
multiplying all the denominators together, put down the produ@ under 
every one of the products laft found, and you will have a new fet of 
fractions, all of the fame denomination with one another, and all of the 
fame values with their refpective original ones. As for example ; let it 
be propofed to reduce the following fractions to the fame denomination, 
iff, The numerator of the firft fraction is 1, and the denomi- 

ators 
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nators of the reft are 4, 6 and 8, and 1x4x6x8 gives 192; there- 
fore I put down 192 under : 2dh,*'The numerator of the fecond frac- 
tion is 3, and the denominators of the reft are 6, 8 and 2, and 3x6 
x 8x 2 gives 288 ; therefore I put down 288 under 3. 3dly, 5x 8x2 
x 4 gives 320; therefore I put down 320 under 3, 4thly, 7x2x4x6 
gives 336; therefore I put down 336 under 3. Laftly, 2x 4x6x 8, 
or the product of all the denominators is 384: this therefore I put 
down under every one of the numerators laft found, and fo have a new 
fet of fraCtions, viz. a : = a a, 
as appears from the operation itfelf; and all of the fame value with their 
refpective original ones, as will appear prefently.; but firft fee the work: 


all of the fame denominatian, 


z 2 5 z 
2 4+ 6° 8 
192 288 320 336 
384° 384° 384 384" 


A demonftration of the rule. 


All that is to be demonftrated in this rule is, to prove from the na- 
ture of the operation itfelf, that the original fractions fuffer nothing in 
their values by this reduction: in order to which, it will be convenient 
to put down the components of the new numerators inftead of their pro- 
per characters, as in the laft article ; as alfo thofe of the common deno~ 
minator, and the work will ftand thus : 


z 3 5 7 

z, 3, 5, Z. 
1x4x6x8 3x6x8x2 5x8x2x4 7%2x%4x6 
2XAKOXU EKORO AA -ORBX2ZK4 -—-B%ZX4AXO 


By this method of operation it appears, that the numerator and deno- 
minator of the firft fraction 1, are both multiplied by the fame number 
in the reduction, to wit, by 4x 6x8; and therefore that fraction fuf- 
fers nothing in it’s value, by art. 6. In like manner, the terms of the fe- 
cond fraction : are both multiplied by the fame number 6 x 8 x 2; there- 
fore that fraction can fuffer nothing in it’s value; and the fame may be 


faid of all the ret: Q, EH. D. 
Other examples to this rule. 


i 1 r 1 
2 3 4° 5 6’ 3° s 5 6° 
360 240 180 144 120 120 go 72 60 
z aL kes Aar Sa Kins es 
720 720 720 720 720 360° 360 360 360° 
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x I z ž x 
+ 5° 6° g% 6° 
30 24 20 6 5 
120° 120° 120° 30° 30° 


The ufe of this rule will foon appear in the addition and fubtraction of 
fractions : in the mean time it may not be amifs to obferve, that it would 
be very difficult, if not impoffible, to compare fractions of different de- 
nominations, without firft reducing them tothe fame. As for inftance ; 
fuppofe it fhould be asked, which of thefe two fractions is the greater, 3, 
or $; in this view it would be difficult to determine the queftion; but 
when I know that 3 are the fame with #, and that ‘are the fame with », 
I know then, that 3 are greater than § by a twenty eighth part of the whole, 
We now proceed to the four operations of fractions, to wit, their addi- 


tion, fubtraction, multiplication and divifion: and firft, 
Of the addition of fractions. 


g. Whenever two or more fractions are to be added together, let 
them firft be reduced to the fame denomination, if they be not fo already ; 
and then adding the new numerators together, put down the fum with 
the common denominator under it. In the cafe of mixt numbers, add 
firft the fractions together, and then the whole numbers: but if the 
fractions when added together, make an improper fraction, reduce it by 
the 2d art. to a whole, or mixt number; and then putting down the 
fractional part, if there be any, referve the whole number for the place 
of integers. 

To this rule might be referred (if it had not been taught already in 
the 3d art.) the reduction of a mixt number into an imptoper fraction, 
which is nothing elfe but adding a whole number and a fraction together, 
and may be done by confidering the whole number as a fraction whofe 
denominator is unity. 


Examples of addition in fratticns. 


ff, + and 4 when added together make 7, for juft the fame reafon 
as 3 fhillings and 4 fhillings when added together make 7 fhillings, 

2dly, The fractions } and + when reduced to the fame denomination 
by the laft art. are 4 and 4, and thefe added together make Z; therefore 
the fractions ! and : when added together make up the fraction 2. 

For a better confirmation of thefe abftract conclufions, but chiefly to 
inure the learner to conceive and reafon diftin@tly about fractions, it will 


be 
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be very convenient to apply thefe examples in fome particular cafe, as 
for infiance, in the cafe of a pound fterling; and if we do fo here, we 
are to try, whether : and ! of a pound when added together, amount to 
% of a pound, ornot: here then we fhall find by divifion, that the third 
part of a pound is 6 fhillings and 8 pence, and the fourth part 5 fhillings; 
and thefe added together, make rı fhillings and 8 pence ; therefore z 
and ! of a pound when added together, make 11 fhillings and 8 pence ; 
but by the sth art. it will be found that 2 of a pound are alfo rt fhil- 
lings and 8 pence; therefore ! and : of a pound, when added together, 
make 4 of a pound; and the fame would have been true in any other 
inftance whatever. 

3dly, 2 and 3, that is, 1 and 1s, when added together, make #, which 
will alfo be true in the cafe of a pound fterling ; for by the sth art. 2 of 
a pound are 8 fhillings, 4 of a pound are 7 fhillings and 6 pence, and 
their fum is 15 fhillings and 6 pence; which will alfo be found to be 
the value of # of a pound; therefore ? and ¿of a pound when added to- 
gether, make # of a pound. 

4thly, 2 and $, that is, :2 and %, when added together, make #, an im- 
proper fraction ; which being reduced to a mixt number, by the 2d art. 
is r and 2: let us now try, whether 2 of a pound, and ¢ of a pound 


when added together will make one pound and 2 of a pound over, or not: 


now 2 of a pound, or 13 fhillings and 4 pence, added to £ of a pound, 
or 16 fhillings, amount to 1 pound g fhillings and 4 pence; and % of a 
pound, are found to be g fhillings and 4 pence; therefore ? and ¢ of a 


pound when added together, make one pound and 2 of a pound over, 


5thly, 3 and 3, that is, ¥ and 3: when added together, make £, or FZ, 
which will alfo be true in the cafe of a pound fterling. 


a 2 5 

A 2, 3, 4, 829) T E e e: a 
My ax p ppg s Fant! cya een aa nan 
720 720° 72Q° 720° 720 

1044 


/ 
“mo 
720 


when added toge- 


ther, make ; that is, 12%: try it in money. 


othly, ', 2, 3, ¢ and 3, that is, when added 


360 480 $40 576 600 
mall ts Ae E occ 
720 


7207 720” 720” 720 
2556 : 

together, make per that is, 32, 

8zbly, The fum of the mixt numbers 7tand 8! is 152; for the fam 
of the fractions is Z by the fecond example, and the fum of the whole 
numbers is 15. 

gthly, 52 added to 74 gives 132; for the fam of the fra&tions is 1 2, 
by the fourth example ; and the whole number 1, added to the whole 
numbers 5.and 7 gives 13. 


ET 
torhy, 
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rothly, $1, 92, 103, 114, 12% added together make 53"; for the 


123 

fractions themfelves ake 3H by = feventh example, and the whole 
number 3 added to the reft n 

11¢hly, The whole number 2 added to the fraction : gives =; for the 
whole ailiber 2 may be confidered as a fraction, chat. denominator is 5 
unity ; now 2 and : when reduced to the fame denomination, are 2 and 
3, which added together make ¥. 

Thus alfo may unity be added to any fraction whatever, when fub- 
traction requires it; but better thus: unity may be made a fraction of 
any denomination whatever, provided the numerator be equal to the de- 
nominator, by art. 2d: fuppofe then I would add unity to ż; I fuppofe | 
unity equal to 3, and this added to ? makes £: again, unity added to 


3 
makes $, ecaufe £ and 4 make £, 


Of the fubtrattion of fractions. 


10. Whenever a lefs fraction is to be fubtraéted from a greater, they 
muft be prepared as in addition ; that is, they muft be rdd to the | 
fame denomination, if they be not fo already ; ; then fubtracting the nu- | 
merator of the lefs fraction from that of the greater, put Jowa the re- | 
mainder with the common denominator under it. . i the cafe of mixt 
numbers, fubtraét firft the fraction of the lefer number from that of 
the greater, and then the leffer whole number from the greater: but if, 
as it often happens, the greater number has the leffer Fai belong- 
ing to it, then an unit muft be borrowed from the whole number and 
added to ‘the fraction, as intimated in the clofe of the laft article, 


Examples of Jubtračtion in frattions. 


if, $ fubtracted from 4 leaves 4, juft in the fame manner as 3 fhil- 
lings fabtraéted from 4 fhillings leaves 1 fhilling. 

2dly, z fubtracted from §, t that i n: fubtracted from: 2°, leaves +, or 4 
So 3 of a pound, or 15 fhillings, fubtraéted from § of: a pound, or 16 
fillings and 8 pence, leaves 4 of a pound, that is, 1 “fhilling and 8 pence. 

3dly, 74 fubtracted from 81, that is, 7% fubtracted from 83, leaves 1: 

4thly, 7: fubtracted from gs *, that is, 73 fubtracted from 75, leaves 3 

or 3; for here the greater number having the lefs fraction belonging to 
it, ‘I bor row an unit. from the whole number 8, and fo reduce it to oe 
and then this unit, under the name of ¢, I add to the fraction 1, and fọ 
make it 5. 


stbh, 
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sthly, 7% fubtracted from 8:, that is, 74 fubtracted from 83, that is, 


3 


74 fubtracted from 72; leaves 3. 
6tbly, 73 fubtracted from 8, that is, 73 fubtracted from 73, leaves ?. 


Of the multiplication of fractions. 


11. To multiply a whole number is to take the multiplicand as of- 
ten as that whole number expreffes: therefore to multiply by a mixt 
number, is, not only to take the multiplicand as often as the inte- 
gral part exprefles, but alfo to take fuch a part or parts of it over and 
above, as is exprefied by the fraction annexed. Thus 10 multiplied by 
21, produces 25: for as 24 isa middle number between 2 and 3, fo 
the product ought to be a middle number between 20 and 30, that is, 25: 
In like manner 10 multiplied by 14 produces 15, and being multiplied 
by £ produces 5: therefore to multiply by a proper fraction, is nothing 
elfe but to take fuch a part or parts of the multiplicand, as is exprefled 
by that fraction. Certainly to take 10 ‘twice and half of it over, once 
and half of it over, no times and half of it over, (which laft is taking 
the half of 10,) are operations of the fame kind, and differ only in de, 
gree one from another ; and therefore, if the two former operations pafs 
by the name of multiplication, this laft ought to do fo too; and if there 
be any abfurdity in the cafe, it lies in the name, and not in the thing. 

Arithmetic was at firft employed about whole numbers only, and 
thus far the name of multiplication was adequate enough, except in the 
cafe of unity. But it being afterwards confidered, that no quantity 
whatever could be called an unit, that was not further divifible; and 
confequently, that there was not only an infinity of fraCtional numbers 
below unity, but alfo an infinity of mixt numbers between any two 
whole numbers whatever ; it was judged, rightly enough, that the art of 
Arithmetic would not be perfect till it’s operations extended themfelves 
to this fort of number alfo ; and this being done without changing their 
names, it was then that the name of multiplication became too fcanty 
for the thing fignified: this therefore ought to be attributed to the un- 
avoidable want of forefight in the firft impofers, and not to any imper- 
fection in the fcience itfelf; This is no more than the cafe of many other 
arts and {ciences that have outgrown their names, Thus Geometry, that 
originally and properly fignified no more than the art of furyeying, is 
now defined to be a fcience treating of the nature and properties of all fi- 
gures, or rather of the different modifications of extenfion and fpace; fo 
that now furveying is the lea and loweft part of that fcience, Thus Hy- 
droftatics, which originally fignified no more than the art of weighing 
bodies in water, or rather the art of finding out the {pecific eravities of 


bodies 
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bodies by weighing them in water, is now made the name of a fcience, 
which treats of the nature and properties of fluids in general; and the 
feveral properties of air and mercury, fo far as they are fluids, fall under 
the confideration of Hydroftatics, as properly as thofe of water. 

But perhaps it may be further urged, that to take the half of any 
quantity, is not to multiply, but to divide it. To which I anfwer: that 
it is impofiible to take the half of any quantity without dividing it by 2 ; 
and confequently, that to multiply by : has the fame effect as to divide 
by 2; but this does not prove that multiplication is the fame as divifion, 
but only that thefe two operations, how contrary foever, may be made 
to do each others bufinefs, which is no myftery to any one who is the 
leaft converfant in Arithmetic, and will be further explained in the next 
article, ' 

A fraction may be multiplied by a whole number two ways; either 
‘by multiplying the numerator by that number, or elfe by dividing the 
denominator by the fame, where fuch a divifion is poffible: thus if the 
fraction § be to be multiplied by 2, the product will either be ¥ by 
doubling the numerator, or $ by halving the denominator : this is evi- 
dent from the 6th art. becaufe a fraction will be equally encreafed, whe- 
ther it be by encreafing the numerator, or by diminifhing the deno- 

* minator. 

If a fraction be to be multiplied by a fraction, multiply the numera- 

tor and denominator of the multiplicand, by the numerator and deno- 
minator of the multiplicator refpectively, and the fraétion thence ari- 
fing will be the product fought : thus if it was required ta multiply ¢ by 
*, or (which amounts to the fame thing) if it was required to determine 
how much is? of #, the anfwer would be £; and the reafon is plain ; 
for of 4 is 4, by the fixth art. becaufe making the denominator three 
times greater, makes the fraction three times lefs; but if z of ¢ be 4, 
then ? of ¢ ought to be twice as much, that is, £; therefore to deter- 
mine the amount of ? of 4, the numerator and denominator of + muft be 
multiplied refpectively by the numerator and denominator of 2; and the 
fame reafon will hold good in all other inftances, 

If a whole number is to be multiplied by a fraGtion, either change 
the multiplicator and multiplicand one for another, and then proceed as 
above directed ; or elfe contider the multiplicand as a fraction whofe de- 
nominator is unity, and fo proceed according to the rule for multiplying 
one fraction by another ; by which means both rules will be contracted 
into one. Thus 6, or $, multiplied into ż produces ¥, or 4. 

Ifthe multiplicator, or multiplicand, or both, be mixt numbers, they 
muft firft be reduced to improper fractions by the third art. and then be 
multiplied according to the general rule, 


Examples 
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ry 
Examples of multiplication in frattions. 


1, + of 3, multiplying numerators together, and denominators toge- 
ther, is #, or 4: and fo we find it in any particular cafe: for 3 of a 
pound are 17 fhillings and 6 pence ; and ? of 17 fhillings and 6 pence, 
that is, (by the 5th art.) : of 35 fhillings, is 11 fhillings and 8 pence; 
therefore ? of 3 of a pound are 11 fhillings and 8 pence, which will alfo 
be found to be the value of % of a pound. 

Here we may obferve once for all, that whenever two fractions are to 
be multiplied together, the product will be the fame, which foever it is 
that niultiplies the other, juft as it is in whole numbers, and for the 
fame reafon; for if 3 be to be multiplied by 2, then the numbers 7 and 8 
muft be refpectively multiplied by 2 and 3 ; but if + is to be multiplied 
by j, then the numbers 2 and 3 muft be refpectively multiplied by 7 and 
8, which amounts to the fame thing; whence it follows, that 2 of 3 
come to the fame as 7 of ?: to confirm this, we have feen already that 
: of 4 of a pound amount to 11 fhillings and 8 pence; let us in the next 
place enquire into the value of j of 2 of a pound: now 2 of a pound are 
13 fhillings and 4 pence; and 4 of 13 fhillings and 4 pence, that is, } of 
93 fhillings and 4 pence, is 11 fhillings and 8 pence; therefore + ofz 
of a pound are the fame as j of ? of a pound, fince both amount to 11 
fhillings and 8 pence. 

2dly, + of § of 2 are a ort: for 2x 5 xg make go, and 3 x6 x10 


make 180: thus 2 of a pound are 18 fhillings; and of 18 fhillings are 
15 fhillings; and + of 15 fhillings are ro fhillings; which are! of a 
pound, : 

3dly, 3 of } of i are %: thus ł a pound are 15 fhillings; and ł of 15 
fhillings are 11 fhillings and 3 pence; and 3 of r1 fhillings and 3 pence 
are 8 fhillings and 5 pence farthing; which will alfo be found to be the 
value of # of a pound. . 

4thly, The mixt number 63 multiplied by the whole number 7, or 
the whole number 7 multiplied by the mixt number 63, will pro- 
duce in either cafe 47:: for the mixt number 6:3 being reduced (by 
the 3d art.) to an improper fraction, becomes 7; ‘which being multi- 


189 edhe: i 
plied by 7, or 2, makes —, or, w hen reduced to a mixt number, 471. 


This multiplication may alfo be made another way, thus: 3 multipli- 
ed by 7 makes #, that is, (by the 2d art.) 5:; put down the fraction 
‘and keep the 5 in referve; then 6 multiplied by 7 makes 42, which, 


E with 
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with the 5 im referve, makes 47; therefore the whole produét is 47: as 
before. 

é ys 2 i . 1 * 4° a 120 
multiplied by 23, that is, % multiplied by $, makes => 


sthly, 33 


that is, ro: thus 3 3 of a pound are 3 pounds, 15 fhillings; and twice 
3 pounds, 15 fhillings is 7 pounds, ro fhillings; moreover } of 3 
pounds, 15 fhillings, or : of 7 pounds, 10 fhillings, is 2 pounds, ro fhill- 
ings; and thefe 2 pounds, 10 fhillings added to the former part of the 
produét, to wit, 7 pounds, 10 fhillings, give 10 pounds for the whole 
product; therefore 3 3 ofa pound multiplied by 2 3 make ro pounds, 
6thly, 96: multiplied by 24%, that is, = multiplied by 7, gives 


14089 | i. 5 3 
=< that is, (by the 2d art.) 23485. r 


> 


athly, 36 multiplied into itfelf, that is, = multiplied by ~ makes 


21025 

rq? 

Before I put an end to this art. I do not know whether it will be 
thought worth my while to take notice of a very abfurd queftion fome- 
times bandied about, wherein it is required to multiply : of a pound by 
z of a pound: I call this a very abfurd queftion, becaufe there is no 
manner of propriety in it ; for inthe very idea and definition of multipli- 
cation, the multiplicator at leaft is fuppofed to be an abftract number, 
or fraction, otherwife, what can be the meaning of taking the multi- 
plicand as often, or as much of it, as is exprefied by the multiplicator ? 
If by multiplying : of a pound by } ofa pound, be meant no more, than 
multiplying ! of a pound by }, why is the word pound exprefied in the 
multiplicator ? and if there be any other meaning in it, why does not 
the propofer explain it, fince it is not exprefled in the queftion? Let 
him tell me what he means by multiplying 1 pound by 1 pound, and I 
will foon undertake to anfwer his queftion; but if he neither can nor 
will do this, the queftion neither deferves, nor is capable of an anfwer. 
Lam not ignorant of another queftion more frequently ufed than this, 
and of equal nonfenfe, if cuftom had not explained it, and that is, to 
multiply 3 yards by 2 yards, and the like; whereby is meant I fuppofe, 
to aflign the number of fquare yards contained in a rectangled parallelo- 
gram, or long fquare, 3 yards in length, and 2 yards in breadth; but 
if this be the fenfe put upon that queftion by common confent, that 
is all the title it has to it, there being no fuch thing either exprefied, 
or fo much as implied, in the terms of the queftion, 


that is, 1314% 
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A LEMMA. 


12, Let n be any whole number, mixt number, or fraction; I fay then 
that the quotient of n divided by any fraction is equal to the produét of 
n multiplied into the reverfe of that fraction: as for inftance, 


Let » be divided by 3; I fay that the quotient of z divided by 3, will 
be equal to the product of 7 multiplied by #: for let g be the quotient 
of z divided by 3; that is, let g be a number exprefling how often the 
fraction 4 is contained in x; then will 3 multiplied by g, be equal to ~, 
from the nature of multiplication; but the product of ; multiplied by g 
is the fame with the product of g multiplied by 3; that is, 3 of g, by the 
laft article; therefore z is equal to 3 of g; therefore! of z is equal to } 
of g; therefore ? of # are equal to g; but 2 of z is the product of 2 mul- 
tiplied by ?; therefore the product of z multiplied by # is equal tog; but 
the quotient of z divided by 3 was g, by the fuppofition; therefore the 
quotient of z divided by 3, is equal to the product of z multiplied by 4, 


9, E. D. 


COROLLARY, 


Hence may the rule of divifion be at any time changed into that of 
multiplication, only by inverting the terms of the divifor, and then mul- 
tiplying inftead of dividing, ‘The fame will alfo obtain in whole num- 
bers, if they be confidered as fractions whofe denominators are units? 
thus to divide 2 by 2, that is, +, will have the fame effect as to multiply 
it by 4, as was hinted in the foregoing article. . 


Of the divifion of fractions. 


13. The divifion of fractions like all other divifion, is to find how 
often one fraétion called the divifor, is contained in another called the 
dividend ; and that which fhews this, is called the quotient, whether it 
be a whole number, a mixt number, or a proper fraction: for in frac- 
tional divifion the quotient is always intended to be exact, without any 
remainder, and therefore muft fometimes be a whole number, fometimes 
a mixt number, and fometimes a proper fraction. Thus if 18 is to be 
divided by 6, the quotient will be 3 ; becaufe 18 contains 6 3 times: but 
if 21 is to be divided by 6, the quotient will be 31; becaufe 21 con- 
tains 6 three times, and half of it over and above: laftly, if 3 is to be 
divided by 6, the quotient will be z; becaufe here the divifor. being greater 


1 
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than. the dividend, cannot be fo much as once contained in it, and there- 
fore the quotient in this cafe, muft be a proper fraction, that is, !, fince 
3 is juft the half of 6. 

A fraction may be divided by a whole number two ways; either by 
dividing the numerator by that whole number when poffible, or elfe by 
multiplying the denominator by the fame: thus the half of £ may be 
taken, that is, ¢ may be divided by 2, either by halving the numerator, 
and the quotient will be 3, or elfe by doubling the denominator, and then 
the quotient will be ý, both which amount to the fame thing, by the 6th 
and 7th articles, 


If the divifor be a fraction, the quotient may be had by multiplying 
the dividend into the inverted divifor, according to the rules of multipli- 
cation already laid down: thus if ¢ is to be divided by +, the quotient 
will be the fame as the product of ¢ multiplied by 3, that is, 4, or 1!; 
the demonftration whereof is contained in the laft article. 

And here again, as well as in the eleventh article, we are to obferve, 
that if either the divifor, or dividend, or both, be mixt numbers, they 
muft be reduced to improper fractions before the general rule can have 
place ; and that if either, or both be whole numbers, they muft be con- 
tidered as fractions whofe denominators are units. 

From the general rule of divifion before laid down it follows, that 
every. fraction may be confidered as the quotient of the numerator divi- 
ded by the denominator, and that, whether the terms of the fraétion un- 
der confideration be whole numbers, or (which fometimes happens) mixt 
numbers, or even pure fractions: a demonftration of this laft cafe will 
ferve for all, fince mixt numbers may be reduced to fractions, and whole 
numbers may be confidered as fractions whofe denominators are units. 


Let the fraction propofed be 5; I fay, that this fraction is equal to the 


quotient arifing from the divifion of the numerator + by the denominator 
*; todemonftrate which, multiply both ¢ the numerator, and 2 the de- 
nominator, by 3 the inverted denominator, and the fraction will be changed 
into this, #2, or 32, being of the fame value with the former, by the 6th art. 


> 10) 

a 
but the quotient of 4 divided by 2 is alfo 12 as above; therefore the frac- 
tion $ is equal to the quotient arifing from the divifion of the numerator 


by the denominator : and the fame way of reafoning may: be ufed in any 
other inftance. This confideration is of very great ufe in Algebra, where 
quantities are very often fo generally expreffed, that there is no other 
way of reprefenting the quotient, but by a fraétion whofe numerator is 
the dividend, and denominator the divifor, Hence alfo we are taught 

how 
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how to reduce a complicated fraction into a fimple one, whofe numera- 
tor and denominator are whole numbers, to wit, by dividing the nu- 
4 
5 


merator by the denominator: thus we fee that £ is the fame as 3. 


wip 


Other examples of divifion in fractions. 


iff, § divided by 3, or, which is the fame thing, ¿ multiplied into ¢, 
makes %, or 14; which fhews, that ż is contained once, and ! part of 
it over and above, in §: for a further confirmation of this, ¿ of a pound 
are 16 fhillings and 8 pence; and 3 of a pound are 15 fhillings: now 
15 fhillings are once contained in 16 fhillings and & pence, and there is: 
1 {hilling and 8 pence over; which 1 fhilling and 8 pence is juft ! of 
15 fhillings, To prevent overfights, the learner is to remember, that it 
is the terms of the divifor only that are to be inverted, and not thofe 
of the dividend: thus to divide ; by iis the fame as to multiply § into 4, 
but not the fame as to multiply into 4, 

2dly, 2 divided by !, or multiplied into 3, make #, or 2%, which 
may be confirmed like the former: for 2 of a pound are 18 fhillings; 
and ! of a pound is 6 fhillings and 8 pence: now 6 fhillings and 8 pence 
are twice contained in 18 fhillings, and there are 4 fhillings and 8 pence 
over; which 4 fhillings and 8 pence will be found by the sth art, to be 
juft Z of 6 fhillings and 8 pence. 

3dly, The whole number 106 divided by 22, that is £ divided by $ 
or multiplied into 4, makes ¥, or 33. : 

; 2 divi To 8 ivi 710 ini: i I r 

; atbh, 2 + divided by ¥, or divided by ¥, or multiplied into 4 makes 
50) 15° 

sthly, 16: divided. by 13, that is, # divided by zł or multiplied into £ 
makes~2*, or 14. 


2! 


Further obfervations concerning multiplication and. 
divifion in fractions. 


14. When two fractions are. multiplied together, or one is divided 
by the other,. it often happens, that though the original fractions be 
both in their leaft terms, yet the product, or quotient from them, fhall 
be otherwife, and require a further reduction: as for inftance, the frac- 
tions ¿ and 2 are both in their leaft terms; and yet if they be multiplied 
together, their product 4 is fo far from being in it’s leaft terms, that it 
may be reduced to :: fo again in divifion, 2 and 4 are fractions both 

YB 
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in their leaft terms; and yet if the latter be divided by the former, the 

quotient *5° is reducible to a, It may not be amifs therefore, to en- 
144 


quire into the caufe of this, and {ee whether the original fractions may 
not be fo prepared beforehand, as that the product, or quotient, fhall 
always come out in it’s leaft terms, Firft then, as to the multiplicati- 
on of and 2; here it is eafy to fee, that the product of § and 2 mul- 
tiplied together, will juft amount to the fame, as that of $ into 2, the 
denominators of the fractions being interchanged; this I fay is certain 
from the operation itfelf; for the fame numbers are multiplied together 
in both cafes; but thefe laft fractions are far from being in their leaft 
terms, the former, $ being reducible to 4, and the latter 2 to 3; but af- 
ter thefe new fra¢tions £ and 2 are reduced to their leaft terms ! and:; 


their product } will be the fame in value with that of the original frac- 
tions, and at the fame time will be in it’s leaft terms. Thus then we 


fee, that to have the product in it’s leaft terms, care muft be taken, 


not only to reduce the original fractions as low as poflible, but after 
that, to interchange their denominators, and then again to reduce thefe 
new fractions to their leaft terms, and laftly, to multiply thefe reduced 
fractions one into another. 

The fame manner of practice will alfo ferve for divifion, after it is 
reduced to the rule of multiplication: as for example; the quotient of 1 
divided by 2, is the fame with the product of 3; multiplied into 2; and 
this again, is the fame with the product of"¥ multiplied into ¥%, as above; 
but becaufe the fractions 4 and #2, are notin their loweft terms, they 
muft be reduced to £ and { before it can be expected that their product 
¿s fhould be in it’s leaft terms. Thus we have reduced the two com- 
pendiums of multiplication and divifion, not only to one rule inftead of 
two, as they are commonly given out, but alfo to fuch a rule as car- 
ries it’s own evidence along with it. 

N. B. What was here done by interchanging the denominators, and 
keeping the numerators in their places, may as well be done by inter- 
changing the numerators, and keeping the denominators in their places, 


the reafon of both being the fame. 
Of the rule of proportion in frattions. 


15. The rule of proportion in frations, is fo much the fame with 
the rule of proportion in whole numbers, that nothing more needs 


to be faid of it, except to illuftrate it by an example or two. 


Examples 
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Examples of the rule of proportion in fractions. 


ft, If ¥ give t, what will ẹ give? Here and z multiplied together 
give 4; and this divided by i, (or multiplied by +) quotes 4, or 2, which 
is an anfwer to the queftion. 

2dly, If 2 * give 3 3, what will 4 ¢ give? Thefe mixt numbers being 


by the 3d art. reduced to improper, fractions, will ftand thus: Jf-8 give 
f $ He 4 6 
s, what will # give? Here ¥ and # multiplied together give aa or 18; 


4? 
and this divided by $£, quotes 6 3, which is an anfwer to the queftion. 
3dly, If tof a yard cof * of a pound, what will * of an ell cof? Here 
it muft be obferved, that an ell is sof a yard, and confequently that 
of an ell is! of $£ or £ of a yard; fothat the queftion may be ftated 
thus: Jf: of a yard cof z of a pound, what will $ of a yard cof? Here 
+ and $ multiplied together make 4, and this divided by : quotes 5 of a 
pound, or 4 fhillings and twopence; which therefore is an anfwer 


to the queftion, 


The reduction of proportion from frattional to integral 


Lerms. 


Whenever two fractions are propofed, as? and 4, whofe proportion is 
defired in whole numbers, reduce the fractions firft to the fame deno- 
mination by the 8th art. that is, in the prefent cafe, to ! and £; them 
you will have 2 to ¢ as ię is to %; but 32 is to # as ro to 12, or as 5 
to 6; therefore? is to ¢as 5 to 6: here we may obferve, that though 
the finding of the common denominator be neceflary for underftand- 
ing the reafon of the rule, yet itis not at all neceflary for the praétice 
of it; for to what purpofe is it to find the common denominator, to 
throw it away again when we have done? In practice therefore, multiply 
the numerator of the fraction which is the firft in the proportion, by the 
denominator of the fecond, and then the numerator of the fecond frac- 
tion, by the denominator of the firft, and the two produéts will exhi- 
bit refpectively, the proportion of the firft fraction to the fecond in 
whole numbers, as was evident in the foregoing example. 


Of the extraction of roots in fractions. 


16. As every frađtion is fquared, or multiplied into itfelf, by {quar- 


ing both the numerator and denominator, (fee art. 11.) fo e converfo the 
{quare 
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{quare root of every fraction will be obtained by extracting the {quare 
root both of the numerator and denominator: thus the {quare of : is 2, 
andthe {quare root of % is 3. But here care muft be taken, when- 
ever the {quare root of a fraction is to be extracted, that the fraction 
itfelf be firft reduced to it’s fimpleft terms, by the 7th art. otherwife 
the fraction may admit of a {quare root, and yet this root may not be 
difcovered: thus if it was required to extract the {quare root of the 
fraction #8, it would be impoffible to obtain the root either of 18 or 
32; and yet when this fraction is reduced to it’s leaft terms 3, it’s fquare 
root will be found to be 3. 

When the fquare root of a number cannot be extracted exactly, it is 
ufual to make an approximation by the help of decimals, or otherwife, 
and fo to approach as near to the value of the true root as occafion re- 
quires, Now in the cafe of a fraction, if the {quare root of neither 
the numerator nor denominator can be exactly obtained, there will be 
no neceflity however, for two approximations, becaufe fuch a fraction 
may be eafily reduced to another of the fame value, whofe denominator 
isa known fquare: as for inftance; fuppofe the fquare root of 461. 


or =. was required : I multiply both the numerator and denominator 


of this fraction by 5, and fo reduce it to —: Here the denominator 


> 

25 is a known fquare number, whofe root is 5; and the {quare root 
1155 is 34 nearly; therefore, the fquare root of the fraction propofed 
is nearly ¥, or 64. But after all, the beft way of extracting the {quare 
root of a vulgar fraction, is by throwing it into a decimal fraction, as 
will be fhewn hereafter. 

Note. That whatever has here been faid concerning the extraction 
of the {quare root in fractions, may eafily be applied, mutatis mutandis, 
to the extraction of the cube root, &c. 


Of decimal fractions. 
And firft of their notation. 


17. A decimal fraétion is a fraction whofe denominator is 10, or 
roo, Or 1000, Or 10000, &c, and this denominator is never expreffed, 
but always underftood by the place of the figure it belongs to: for as 
all figures on the left hand of the place of units, rife in their value, ac- 
cording to their diftances from it, in a decuple proportion; {o all figures 
on the right hand of the place of units, fink in their value in a fubdecu- 
ple proportion: as for inftance; the number 345.6789, where 5 ftands 

in 
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in the place of units, is to be read thus; three hundred forty five, fix 
tenths, Jeven hundredth parts, eight thoufandth parts, nine tenthoufandth 
parts: or the decimal parts may be read thus; fix thoufand feven bun- 
dred eighty nine tenthoufandth parts; the denominator being ten thou- 
fand, becaufe the laft figure ọ, according to the former way of reckon- 
ing, ftands in the place of tenthoufandth parts, The reafon of this lat- 


F è . 6000 700 

ter way of reading is plain; for $ are , and are, and 

10000 100 10000 1000 

6000 oo 80 

are yan eee ee and’ 25° all gdded together, make 

10000 10000° I0000° 10000 1c00@ 
6789 
10000° 


Cyphers are ufed in the expreffion of decimals as well as whole num- 

bers, and for the fame reafon. Thus .067 may be read either no tenths, 
fix hundredth parts, feven thoufandth parts; or fixty feven thoufandth 
parts, But cyphers on the right hand of a decimal number (if nothing 
follows them) are as infignificant as cyphers an the left hand of a whole 
number; and yet cyphers are fometimes placed after decimals, for the 
fake of regularity, or when we want to increafe the number of decimal 
places, 

From what has here been faid, it will be eafy to multiply or divide 
any number by 10, 100, ro00, Ge only by removing the feparating 
point towards the right or left hand. Thus the number 345.6789 
being multiplied by 10, becomes 3456.789; and being multiplied by 
100, becomes 34567.89: and the fame number 345.6789 being divi- 
ded by 10, becomes 34.567839; and being divided by r00, becomes 
3.456789: thus again, the number 345 being divided by 10000, be- 
comes .0345; for to divide by 10000, is the fame thing as to remove 
the feparating point 4 degrees towards the left hand, if there be any fe- 
parating point in the number given; but if there be none, as in the pre- 
fent cafe, then to put a feparating point four degrees towards the left hand, 
which in this example cannot be done, but by the help of a cypher in 
the firft decimal place. 


Of the addition and fubtrattion of decimal fractions. 


18. The chief advantage of decimal arithmetic above that of common 
fractions, confifts in this, that in decimals, all operations are performed 
as in whole numbers: this will prefently appear from the feveral parts of 
decimal arithmetic, as they come now to be treated of in order; and 
firft of addition and fubtraction. 

Addition and fubtraction in decimals are performed after the fame man- 
ner as in whole numbers, care being taken, that like parts be placed a 

F er 
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der one another; as for example, .567 are added to 8g thus; 


89 89 890 
~. b67 {ubtracted thus; .567 or thus;. 567 
1:457: 3235 03238 


Of the multiplication of decimal fraétions. 


1g. Multiplication in decimals is alfo performed as in whole numbers, 
nó regard being had to the decimals as fuch, till the product is obtained ; 
but then, fo many decimal places muft be cut off from the right hand of 
the product, as are contained both in the multiplicator and multipli- 
cand : as for inftance; let it be required to multiply 4 .56 by 2.3: here 
confidering both factors as whole numbers, I multiply 456 by 23, and 
find the produc to be 10488; but then confidering that there was one 
decimal in the multiplicator, and two in the multipliciand, I cut off three 
decimal places from the right hand of the product, and the true product 
ftands thus; 10.488. 

To fhew the reafon of this operation, let the two factors be reduced 
to fimple fractions according to the common way, and we fhall have 


J 3 456 OR : 
2.3 equal to 8, and 4.56 equal to ==, and thefe two fractions multi- 


fo 


10485 


plied together make divide by t000, which is done by cutting 
p fe) vá ? y. fer) 


1000 ” 
off the three laft figures, according to art. the 17th, and the quotient 
will be 10.488. Another example may be this: let it be required to 
multiply 45€00 by .23: the product of 45600 multiplied by 23 is 
1048800: but as there were two decimals in the given multiplicator, 
and none in the mukiplicand ; I cut off two decimal places from the laft 
product, and the true product will be found to be 10488 .o0, or 10488. 
Laftly, let it be required to multiply .000456 by .23: here neglecting 
the initial cyphers in the multiplicand, I multiply 456 by 23, and the 
produét is 10488: then I confider, that there were two decimal places 
in the multiplicator, and fix in the multiplicand, and confequently that 
eight decimal places are to be cut off from the taft product: but the laft 
product confifts of only 5 places; therefore I place three cyphers to the, 
left hand, with the feparating point before them, and fo make the true 
produ& .02070488. 

There are varicus compendiums of this fort of multiplication to be met 
with in Oughtred and others; but they are fuch, as by a little exercife, 
any one tolerably well grounded in this part of Arithmetic will eafily 
difcover of himfelf as they lie in his way. 


Of 
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Of the divifion of decimal fraétions. 


20, Divifion in decimal fractions is performed, firt by confidering 
them as whole numbers, and dividing accordingly; and then cutting off 
from the right hand of the quotient, as many decimal places as the di- 
vidend hath more than the divifor. The reafon whereof is manifeft from 
the rgth article: for fince the divifor and quotient multiplied together 
are to make the dividend, the divifor and quotient ought to have as many 
decimal places between them, as there are in the dividend ; therefore the 
quotient alone ought to have as many decimal places as the dividend hath 
more than the divifor. 

Example the 1/7; Let it be propofed to divide 10.488 by 2.3: here 
dividing the whole number 10488 by the whole number 23, I find the 
quotient to be 456: but then confidering that there were 3 decimal pla- 
ces in the dividend, and but one in the divifor, I cut off two places from 
the right hand of the quotient, and fo make the true quotient 4.56. 

Example zd; Let it be propofed to divide 5678.9 by .06: here be- 
caufe there are two decimal places in the divifor, and but one in the di- 
vidend, I fupply the deficient place by putting a cypher after the divi- 
dend, thus, 5678 .go; then dividing the whole number 567890, by the 
whole number 6, (for fince 6 is now confidered as a whole number, the 
cypher before it may be neglected ;) I find the quotient to be 94648, 
which is not to be funk, becaufe the dividend was made to have as many 
decimal places as the divifor ; but as this quotient is not exa¢t, if for a 
greater degree of exactnefs I would continue it to any number of decimal 
places, fuppofe 2, inftead of orie cypher after the divifor, I would have 
put three, and then the quotient would haye come out 94648. 33, and 
this quotient is much more exact than the former, as lying between 
94648 .33 and 94648.34: but it ought further to be obferved concern- 
ing this quotient, that if the divifion was to be continued im infinitum, 
the figures in the decimal places would be all 3’s: this is evident from 
the work; for the two laft dividualsare the fame, and therefore they 


muft all be the fame. 
To reduce a vulgar fraétion to a decimal frattion. 


21, Since every fraction may be confidered as the quotient of the 
numerator divided by the denominator, (fee art. 13th,) we have an ea- 
fy rule for reducing a vulgar fraction to a decimal fraction, which is as 
follows: put as many cyphers after the numerator, as are equal in 


F 2 number 


44 Or DECIMAL FRACTIONS, Introd, 


number, to the number of decimal places whereof you intend your 
reduced fraction to confift, and call thefe cyphers decimal ; and then 
dividing the numerator by the denominator, the quotient will be a 
decimal number equal to the fraction firft propofed, or perhaps a mixt 
number, if the fraction propofed was an improper one. 

Example 1f; Let this fraction 3, be propofed to be reduced to a de- 
cimal one confifting of four decimal places: here putting 4 decimal 
cyphers after the numerator 3, I divide 3 .oooo by 49, and the quoti- 
ent uncorrected is 612: but now confidering that there were 4 decimal 
places in the dividend, and none in’ the divifor, and confequently that 
four decimal places are to be cut off from the quotient, whereas it con- 
fifts but of three; I fupply this defect of places by a cypher at the left 
hand, and fo make the quotient .o612. 

Example 2d; Let this fraction 4 be propofed to be reduced to a deci- 
mal fraétion confifting, if poflible, of fix places: here dividing 7 .co0000 
by 16, I find the true quotient to be .4375 the two laft cyphers in the 
dividend being ufelefs, 

Note. When this divifion runs ad infinitum, it will be impoffible for 
the reduction to be exact in a finite number of terms; but an ap- 
proximation may be made that fhall come nearer to the quotient than 
the leaft affignable difference, by taking more and more terms. 


To reduce the decimal parts of any inteser to [uch other 
Diet Reig sabe p 
parts as that integer is ufually divided into. 


22. To explain this rule, and to give an example of it at the fame 
time; let .345 of a pound fterling, that is, three hundred forty five 
thoufandth parts of a pound be given to be reduced into fhillings, pence 
and farthings: here then I obferve, that as any number of pounds 
multiplied by 20 will give as many fhillings as are equal to the pounds, 
fo any decimal parts of a pound multiplyed by 20, will give as many 
fhillings, and decimal parts of a fhilling, as are equivalent to the deci- 
mal parts of a pound; and fo on as to pence and farthings: multiplying 
therefore .34.5 by 20, the product is 6 and .goo, or 6.9, which figni- 
fies, that .345 of a pound are equivalent to fix fhillings and nine tenths 
of a fhilling, which is ufually written thus; 6 .ọ fhillings: again, mul- 
tiplying this laft decimal .ọ by 12 for pence, I find that .g of a fhill- 
ing are equivalent to 10.8 pence: laftly, multiplying .8 by 4 for far- 
things, I find that .8 of a penny are equivalent to 3.2 farthings; as for 
the .2 ofa farthing, I neglect it, there being no lower denomination, 


or 
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or at leaft, not intending to defcend any lower; and fo I find .345 of a 
pound to amount to fix fhillings and tenpence three farthings. 


To reduce the common parts of apy integer into equivalent 
decimal parts of the fame. 


23. This reduction being the reverfe of the former, it might be per- 
formed by divifion, as that was by multiplication; but when all things 
are confidered, I do not know whether the following method may not 
be thought as eafy, and as intelligible an any: let.it then be required 
to reduce 2 hours, 34 minutes, 56 feconds, into equivalent decimal 
parts of a day. Now in one day there are 86400 feconds; and in two 
hours, 34 minutes, 56 feconds, there are g296 feconds; therefore two 


i e 9296 4 
hours, 34 minutes, 56 feconds, are equivalent to E of one day: re- 


duce this vulgar fraction to an equivalent decimal, by the laft article but. 
one, and you will find it to be .10759; therefore 2 hours, 34 mi- 
nutes, 56 feconds, are equivalent to .10759 of one day. But there is 
one article ftill remains to be adjufted, and that is, to how many de- 
cimal places the foregoing fraction muft be reduced, fo as to exprefs ac- 


curately enough, the parts of a day to.a fecond.of time. Now to know 
I 


this, I confider that one fecond of time is of one day; therefore I 


864.00 


I s ` Po e 
reduce a toa decimal fraction, at leaft as far as to the firft fignifi- 
È 4! 


cant figure, and find it to be .oooo1; whence I conclude, that to ex- 
prefs the parts of a day to a fecond of time by any decimal, that de- 
mal muft not confift of fewer than 5 places, becaufe there were 5 pla- 
ces in the decimal fraction .oooor. Now to fhew that the decimal 
fraction above found, to wit, .10759 expreffes the time propofed to a 
fecond, reduce it back again, by the laft art. and you will find it a- 
mount to 2 hours, 34 minutes, 55.8 feconds. 

For another example, let us take the reverfe of that in the laft art. 
that is, let it be propofed to reduce fix fhillings ten pence 3 .2 farthings, 
into equivalent decimal parts of a pound: one pound contains ọ6o far- 
things, or g600 tenths of a farthing; and 6 shillings, 10 pence 3.2 
farthings, contain 3312 tenths of a farthing; therefore 6 fhillings, ro 


e y H Q 7% 3312 SA $ SEH . 
pence 3.2 farthings, are eqvivalent to sss of a pound; but ios being 


reduced to a decimal, is .ooo1 &c. wherein the firft fignificant figure 
is inthe 4th place ; therefore I reduce the fraction a, to four decimal 
places, and they amount to .3450, that is, .345 of a pound; fo that 

in 
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in this particular cafe, three decimal places are fufficient to exprefs ex- 
actly the fum propofed. 


Of the extrattion of the fyware root in decimal 
frattions. ' 


24. Having treated of the multiplication and divifion of decimal 
fractions, it would be altogether needlefs to fay any thing concerning 
the rule of proportion, which is but a particular application of both: 
therefore I fhall now pafs on to the extraction of the {quare root, at 
leaft fo far as it concerns decimal fractions. There are but few fquare 
numbers, or fuch as will admit of an exact {quare root, in comparifon 
of the reft; and therefore, whenever a number is propofed to have it’s 
{quare root extracted, the artit muft firft determine with himfelf, to 
how many decimal places it is proper the root fhould be continued; and 
then by annexing decimal cyphers, if need be, to the right hand of 
the number propofed, he muft make twice as many decimal places there, 
as the root is to confift of ; after this, he muft put a point over the place 
of units, and then pafling by every other figure, he muft point in like 
manner all the reft, both to the right hand, and to the left: by this 
means, the number will be prepared, and the fquare root may be ex- 
tracted as in whole numbers, provided that fo many decimal places be 
cut off from the root when obtained, as were firit defigned. 

Example 1/7 ; Let the root of 2345.6 be required to two decimal pla- 


ces. The number when prepared, ftands thus, 2345.6000, or as a 


whole number, thus, 23456000; and it’s {quare root, when extracted, will 
be 4843 nearly; and therefore 48.43 will be the root fought. To 
try this root 48.43, multiply it into itfelf, and the 4 firft figures of 
the {quare will be 2345, which are all true, nor can it be expected any 
more fhould be fo, becaufe there were but four places true in the root, 
no notice being taken of the reft: but had the root been extracted true 
to s places, that is, to as many places as the original {quare confifted of, 
it would then have been 48 .431; multiply this number into itfelf, and 
g of the firft figures of the product, taken with the leaft error, will be 
2345 .6, which is the original fquare itfelf. 

Example 2d; Let the root of .0023456 be required to § decimal 
places. Here putting a cypher in the place of units to direct the punc- 


tation, thus, o ,00234. 56000, I extract the fquare root of 23456000 as 
of a whole number, and find it to be 4843, as above: but confidering 


that 
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that this root is to be funk 5 places, I put a cypher to the left hand, and 
fo make the true root .04843. 

That the fuppofed fquare ought to have twice as mgny decimal places 
as the root, is evident, both 2 priori, and @ poferiori : à priori, becaufe 
in extracting the fquare root, two figures are brought down from the 
fquare for every fingle figure gained in the root; and @ pofteriori, becaufe 
the root multiplied into itfelf is to produce the fquare; and therefore, 
from the nature of multiplication, the {quare ought to have twice as ma- 


ny decimal places as the root. 
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ELEMENTS of ALGEBRA 


BOOK- 


The Definition of Algebra. 


Article x. SHALL not here detain the young ftudent with a long 
hiftorical account of the rife and progrefs of Algebra; nor 
even fo much as with either the etymology or fignifica- 
tion of the word, which would contribute but very little 

to his information, till he has made a further progrefs in the fcience it- 
flf, and whereof he will find enough in Dr. Wallis and others, Nor in- 
deed is it a fubjeét altogether fo proper at this time to be infifted upon ; 
this art, like many others, having now confiderably outgrown it’s name, 
and being often employed in arithmetical operations very different from 
what it’s name imports, All I {hall advance then, by way of definition 
is, that Algebra, in the modern fenfe of the word, 7s the art of comput- 
ing by fymbols, that is, generally fpeaking, by letters of the alphabet ; 
which for the fimplicity and diftinétnefs both of their founds and cha- 
racters, are much more commodious for this purpofe than any other 
fymbols or marks whatever. 

In this way of notation, it is ufual to fubftitute letters not only for 
fuch quantities as are unknown, and confequently, fuch as cannot well 
be reprefented otherwife, but alfo for known quantities themfelves, in 
order to keep them diftinét one from another, and to form general con- 
clufions. As for inftance; fuppofe it was demanded of me, what two 
numbers are thofe, whofe fum is 48, and whofe difference is 14: here, 
if I only put x, or fome other letter for one of the unknown quantities, 


and ufe the known ones 48 and 14 as I find them in the problem, I fhall 
G only 


50 OF AFFIRMATIVE AND NEGATIVE Booki 


only come to this particular conclufion, to wit, that the greater number 
is 31, and the lef 17, which numbers will anfwer both the conditions 
ofthe problem, But if inftead of the known numbers 48 and 14, I fub- 
{titute the general quantities æ and 4 refpectively, and fo propofe the pro- 
blem: thus; What two numbers are thoje, whofe Jum is a, and whofe diffe- 
rence is b? I {hall then come to this general conclufion, viz. that Half 
the fum of a and b will be the greater number, and half their difference 
will be the lefs: which general theorem will fuit not only the particu- 
lar cafe abovementioned, but alfo all other cafes of this problem that can 
poffibly be propofed. How I come by thefe two conclufions, will be 
fufficiently {hewn in the courfe of this work ; as alfo many other advan- 
tages attending this way of fubftituting letters for known quantities, be- 
fides thofe already mentioned. 

What I have here faid, was only to illuftrate in fome meafure, the de- 
finition already given of Algebra, and to fhew, that letters are there 
ufed, not fo much to fignify particular quantities as fuch, as to fignify the 
relation they have to one another in any problem or computation. From 
all which it may be obferved, that letters reprefent quantities in Algebra 
juft in the fame manner as they do perfons in common life, when two or 
more perfons are diftinétly to be confidered with regard to any compact, 
Jaw-fuit, or in any other relation whatever. 

N. B. A fingle quantity is fometimes reprefented by two or more let- 
ters, when it is confidered as the product of the quantities fignified by 
thofe letters fingly : thus ad is the product of the multiplication of a and 4; 
and abc is the product arifing from the continual multiplication of a, 6 
and c, But of this more particularly under the head of multiplication. 


Of affirmative and negative quantities in Algebra. 


2. Algebraic quantities are of two forts, affirmative and negative: an 
affirmative quantity is a quantity greater than nothing, and is known by 
this fign -+ ; a negative quantity is a quantity lefs than nothing, and is 
known by this fign —: thus + a fignifies that the quantity a is affir- 
mative, and is to be read thus, plus a, or more a: —d fignifies that the 
quantity 4 is negative, and muft be read thus, minus b, or lefs b. 

The poffibility of any quantitie’s being lefs than nothing is to fome a 
very great paradox, if not a downright abfurdity; and truly fo it would 
be, if we fhould fuppofe it poffible for a body or fubftance to be lefs 
than nothing. But quantities, whereby the different degrees of qualities 
are eftimated, may be eafily conceived to pafs from affirmation through 
nothing into negation. Thus a perfon in his fortunes may be faid to be 


worth 2000 pounds, or rooo, or nothing, or == 1000, or — 20005 
i ; in 
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in which two laft cafes he is faid to be 1000 or 2000 pounds worfe than 
nothing: thus a body may be faid to have 2 degrees of heat, or one de~ 
gree, or no degree, or — one degree, or — two degrees: thus a-body 
may be faid to have two degrees of motion downwards, or one degree, 
or no degree, or — one degree, or — two degrees, Gc. Certain it is, 
that all contrary quantities do neceffarily admit of an intermediate ftate, 
which alike partakes of both extremes, and is beft reprefented by a cy- 
pher or o: and if it is proper to fay, that the degrees on either fide this 
common limit are greater than nothing ; I do not fee why it fhould not 
be as proper to fay of the other fide, that the degrees are lefs than no- 
thing ; at leaft in comparifon to the former. That which moft perplexes 
narrow minds in this way of thinking, is, that in common life, moft 
quantities lofe their names when they ceafe to be affirmative, and acquire 
new ones fo foon as they begin to be negative: thus we call negative 
goods, debts; negative gain, lofs; negative heat, cold; negative defcent, 
afcent, &c¢ : and in this fenfe indeed, it may not be fo eafy to conceive, 
how a quantity can be lefs than nothing, that is, how a quantity under 
any particular denomination, can be faid to be lefs than nothing, fo long 
as it retains that denomination. But the queftion is, whether, of two 
contrary quantities under two different names, one quantity under one 
name may not be faid to be lefs than nothing, when compared with the 
other quantity, though under a different name ; whether any degree of 
cold may not be faid to be further from any degree of heat, than is luke- 
warmth, or no heat at all. Difficulties that arife from the impofition 
of fcanty and limited names, upon quantities which in themfelves aré 
actually unlimited, ought to be charged upon thofe names, and not upon 
the things themfelves, as 1 have formerly obferved upon another occa- 
fion; feeintroduction, art. 11. In Algebra, where quantities are abftract- 
edly confidered, without any regard to degrees of magnitude, the names 
of quantities are as extenfive as the quantities themfelves ; fo that all 
quantities that differ only in degree one from another, how contrary {o- 
ever they may be one to another, pafs under the fame name; and affir- 
mative and negative quantities are only diftinguifhed by their figns, as 
was obferved before, and not by their names; the fame letter reprefent- 
ing both: thefe figns therefore in Algebra carry the fame diftinétion along 
with them as do particles and adjectives fometimes in common language, 
as in the words convenient and inconvenient, happy and unhappy, good 
health and bad health, &c. 

Thefe affirmative and negative quantities, as they are contrary to one 
another in their own natures, fo likewife are they in their effects, a con- 
fideration which if duly attended to, would remove all difiiculties con- 
cerning the figns of quantities arifing from addition, fubtraction, multi- 
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plication, divifion, &c: for the refult of working by affirmative quanti- 
ties in all thefe operations is known; and therefore like operations in 
negative quantities may be known by the rule of contraries, 

Before we proceed any further, it may not be amifs to advertife, that 
if a quantity has no fign before it, it muft always be taken to be affirma- 
tive; and that*if it has no numeral coefficient before it, unity muft al- 
ways be underftood: thus 2 æ fignifies +- 2 4, and a fignifies 1 4 or + 1a. 

By the numeral coefficient of a quantity, I mean the number or frac- 
tion by which that quantity is multiplied: thus 2 æ fignifies twice a, or 


a taken twice, and the coefficient is 2: 34, or ji fignifies 3 of the quan- 


tity a, and the coefficient is 3. 

N. B. The fign of a negative quantity is never omitted, nor the fign 
of an affirmative one, except when fuch an affirmative quantity is con- 
fidered by itfelf, or happens to be the firft in a feries of quantities fuc- 
ceeding one another: thus we do not often mention the quantity -+ a, 
but the quantity a; nor the feries -+ a — ġ— c -+ d, but the feries 
a—b—c+d. We fhall now confider the feveral operations of alge- 
braic quantities, 


Of the addition of algebraic quantities. 


3. This article I fhall divide into feveral paragraphs: as 
iff, Whenever two or mote quantities of the fame denomination, and 
which have the fame fign before them, are to be added together, put 
down the fum of their numeral coefficients with the common fign be- 
fore it, and the common denominator after it: thus -+ 2a and + 2a 
added together make -+ șa, for the fame reafon as 2 dozen and 3 do- 
zen added together make 5 dozen: thus again, — 3a, —4ab and 
— sab when added together make — 12 ab; for the fame reafon as 
feveral debts added together make a greater debt. 
2d, If two quantities of the fame denomination which have different 
figns before them are to be added together, put down only the difference 
of their numeral coefficients with the common denominator after it, and 
the fign of the greater quantity before it: for in this cafe, the quanti- 
ties to be added being contrary one to another, the lefs quantity, on 
which fide foever it lies, will always deftroy fo much of the other, as is 
equal to itfelf. Thus + șa added to — 2 a makes +34; asifa per- 
fon owes me 5000 pounds upon one account, to whom f owe 2000 
upon another, the balance upon the whole will be 3000 pounds on my 
fide. If it be objected, that this is fubtraCtion, and not addition; I anfwer, 
that the addition of — 2 a will at any time have the fame effect as the 
fubtraction 
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fubtraGtion of +- 2 a: but I deny that the addition of —2 4 is the fame, 
or will have the fame effect as the fubtraction of — 2#. Other exam- 
ples of this cafe may be thefe; +-7a added to — 7a gives o; +324 
added — 12 4 gives —ga; -+a added to —5a gives —44; -+ 54 
added to —za gives +44; +-4a added to —!a gives -+ 44, Ge. 

3d, When many quantities of the fame denomination are to be added 
together, whereof fome are affirmative and fome negative, reduce them 
firft to two, by adding all the affirmative quahtities together, and all the 
negative ones, and then to one by the laft paragraph. Thus -+ roa—oa 
-+-8a—7a when added together make 24; for 4+ 10¢ and + 8 a make 
-+ 184, and —ga@a and —7a@ make — 164; and 4+18a and —ı bg 
make -+ 2a. 

4th, Quantities of different denominations will not incorporate, and 
therefore cannot otherwife be added together, than by placing them in 
any order one after another with their proper figns before them, except 
the firt, whofe fign, if affirmative, may be omitted, Thus -+24 and 
—3 band +4¢ and —5d, when added together, make 2a—36-+-4¢ 
— 5d: thus a and 6 added together make a-++-4; and hence it is, that 
whenever two quantities are found with this fign + betwixt them, it 
fignifies the fum arifing from the addition of thofe two quantities toge- 
ther: thus if æ ftands for 7, and 4 ftands for 3, 2-4-4 will ftand for ro, 
and fo of the reft: but if —d is to be added to a, the faum muf be writ- 
ten down thus, a—d; for toadd —d, isthe fame as to fubtraé +-4, 

5¢h, Compound quantities, whofe members are all of different denomi- 
nations, are likewife incapable of being added any other way, than by be- 
ing placed one after another without altering their. figns: thus 3a+44 
added to 5c —6d can only make 3¢+-46-++- 5c—6d. But ifthe mem- 
bers are not all of different denominations, it may then be convenient to 
place one compound quantity under another, with like parts under like, 
as far as it can be done, as in the following examples : 


a+b t For a and æ added together make 2a; and +-4 and 
a—b —b added together deitroy one another, and fo make 
za * t o or * ; which character in Algebra is always ufed to 


fignifie a vacant place. 
2x—3a+4b —5c+6d—7e x 
1ox-+-ga—8b —7c—6d «—5f 
12x-+-6a—4b6—12¢ *—7e— oh, 
Note, That in the addition, fubtraction and multiplication of com- 
pound algebraic quantities, it matters little which way the work is carri- 


ed 


| 
| 
| 
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ed on, whether from right to left, or from left to right, becaufe here 
are no referves made for higher places. 


Of the fubtrattion of algebraic quantities. 


4. Whenever a fimple algebraic quantity is to be fubtracted from ano- 
ther quantity, whether fimple or compound, firft change the fign of 
the quantity to be fubtracted, that is, if it 4t be affirmative, make it, 
or at leaft call it negative, and vice verfa, and then add it fo changed to 
the other: for fince (as was before hinted) the fubtracting of any one 
quantity from another, is the fame in effect as adding the contrary, and 
fince changing the fign of the quantity to be fubtracted, renders that 
quantity juft contrary to what it was before, it is evident, that after fuch 
a change it may be added to the other, and that the refult of this additi- 
on will be the fame with that of the intended fubtraction. Thus may 
the rule of fubtraction, by changing the fign of the quantity to be fub- 
tracted, be at any time changed into that of addition, juft as the rule of 
divifion in fractions by inverting the terms of the divifor, was changed 
into that of multiplication. As for example, 4-4 fubtracted from a leaves 
a—b, becaufe —d added to a makes a—4; fothat a—é may be con- 
fidered either as the fum of a and — å added together, or as the remaind- 
er of -+å fubtracted from a, or as the difference between a and 4, or as 
the excefs of a above 4, all which amount to the fame thing : as if a fig- 
nifies 7, and 4 3, a—é4 muft ftand for 4, and fo of the reft. 

The rule of fubtraction here given is univerfal, though there will not 
be always occafion to have recourfe to it: for fuppofe 3a is to be fubtract- 
ed from 7a, every ones common fenfe will inform him, that here muft, 
remain 44, juft as threefcore fubtracted from fevenfcore leaves fourfcore. 


Other examples of algebraic fubtra€tion may be thefe that 
follow. 


iff, 7a fubtracted from 5a leaves — 2 4, becaufe —7@ added to +- 52 
makes — 2a, by the 2d paragraph of the laft article. 

2d, ga fubtracted from o leaves —ga, becaufe —g 4 added to o makes 
om) Ap 

34, 12a fubtraéted from — 3a leaves —1 52, becaufe — 1 2 4 added to 
=— 3a makes — 1 5a, by the firft paragraph of the laft article. 

4th, — 3a fubtracted from —}8a leaves — 52a, becaufe 4-34 added 
=- 34 makes — 5a, 


ath, 
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5th, —7a fubtracted from —3 a leaves 4-42, becaufe +- 7 a added to 
—3 a makes +- 4a. 

6th, — 6a fubtracted from o leaves 4-62, becaufe +-64 added to 
o makes -+ 6a. 

7th, — 5a fubtracted from + 52 leaves -+ 104, becaufe -+ șa add- 
ed to -+ 5a makes +- 104. 

8th, —b fubtracted from a leaves a+, becaufe -+å added toa makes 
a-+-6, by the 4th paragraph of the laft article. 

oth, —2 fubtracted from 7 ‘leaves 9, becaufe -++- 2 added to 7 makes ọ. 

From the firft of thefe examples it appears, that a greater quantity 
may be taken out of a lefs, but then the remainder will be negative ; 
juft as a gamefter that has but 5 guineas about him may loofe 7, but 
then there will remain a debt of 2 guineas upon him. By the laft ex- 
ample it appears, that — 2 fubtracted from 7 leaves g, that is, that 
if a negative quantity be fubtracted from an affirmative one, the affir- 
mative quantity will be fo far from being diminifhed thereby, that it 
will be increafed; a principle which I fear will be found fomewhat 
hard of digeftion, efpecially by weak conftitutions: therefore to ftrength- 
en my patient as far as lies in my power, I fhall fuggeft to him the fol- 
lowing confiderations : 

1f, In any fubtraction, if the remainder and the lefs number added’ 
together, make the greater, the fubtraCtion is juft: but in our cafe, the 
remainder g added to the lefs number —2 makes the greater number 7; 
therefore —2 fubtracted from 7 leaves g 

2dly, In all fubtra&tion whatever, the remainder is the difference be- 
twixt the greater number and the lefs: but the difference between -+-7 
and —2 is g; therefore —2 fubtracted from +-7 leaves 9. 

3dly, 7 is equal to g—2 by the fecond paragraph of the laft article ; 
therefore — 2 fubtracted from 7 will have the fame remainder as — 2 
fubtraéted from 9 —2: but — 2 fubtracted from 9 —2 leaves g; there- 
fore — 2 fubtracted from 7 leaves g, In fhort, the taking away a defect 
in any cafe whatever, will amount to the fame, as adding fomething 
real: as if an eftate be incumbered with a mortgage or a rent-charge up- 
on it, whoever takes off the incumberance,. juft fo much increafes the 
value of the eftate. 

4thly, The lefs there is taken from 7, the more will be left: if no- 
thing be taken, there will remain 7; therefore if lefs than nothing be 
taken, there ought to remain more than 7. 

sthly, If after all that has been faid, or perhaps all that can be faid in 
this abftracted way, fome fcruples ftill remain, let us apply the principle 
we have already advanced, and try whether we fhall meet with any bet- 

: ter 
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ter fuccefs that way. Let it then be required to fubtrac&t the compound 
quantity a— 2 from the compound quantity 6a- 7: in order to this, 
I place a under 6a, and —2 under 7, and then fubtra@ as follows; a 
from 6a and there remains 52, — 2 from 7 and (if our affertion be true) 
there remains g; therefore the whole remainder is 52-+9. Now I 
dare appeal to every ones common fenfe, whether this fubtraction be not 
juft: for certain it is, that if æ be fubtracted from 6a+- 7, the remain- 
der will be 52-+ 7; and if fo, then it is as certain, that if z—2 be fub- 
tracted, which is lefs than the former by 2, the remainder will be great- 
er by 2, that is, 5a-+-9. But to proceed: 


Other examples of the /ubtrattion of compound algebraic 
quantities may be thefe. 


a+b + Thus 7 — 3, or 4, fubtracted from 7 #12 
a—)b -+ 3, or 10, leaves twice 3, or 6. 3a-+7 
i *- 24t — 34- 5. 


From 12x%-+6a—4b—120 x—7e— of 
Take 2x—3a+4b —5¢-+-6d—7e * 


Remains 1ox-++-ga——-85 —7c—6d «—5f 
Proof 12x-+6a—4b—12¢ x—7e— 5f. 


If never a member of the fubtrahend be found to be of the fame de- 
nomination with any member of the number from whence the fubtra¢ti- 
on is to be made, change the fign of every member of the fubtrahend, 
and then add it to-the other. As if 5¢—6d isto be fubtraGted from 
3a—Ab, firt change the fign of s¢—6d, and make it —sc-+-6d, 
and then add it to the other, and you will have 3a—446—5c-+6d 
for a remainder. 


Of the multiplication of algebraic quantities. 


And firft, how to find the fign of the produét in multiplication, 
from thofe of the multiplicator and multiplicand given. 


5. Before we can proceed to the multiplication of algebraic quanti- 
ties, we are to take notice, that if the figns of the multiplicator and mul- 
tiplicand be both alike, that is, both affirmative, or both negative, the 
product will be affirmative, otherwife it will be negative: thus +4 
multiplied into +-3, or —4 into —-3 produces in either cafe 4-12: 

but 
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ion ad ae : s 
multiplication ~~: for the roots of fuch an equation were ——7- 
B—s any 3 B À 
and ES the fum whereof is sa {Z and if thefe two roots be 


BB—ss 
multiplied together, their product will amount to ee 5 ; 


BB-+44C as was formerly fuppofed, art. 103 ; therefore ss—B B= 


but ss = 


BB—=ss $ 
44C, and B B—ss=— 44C; therefore FOTE or the product of 
the two roots equals cad A. 


Therefore if 4==1, that is, if the equation be xx= Bx--C, the 
fum of the roots will be B, and their product — C; that is, as the e- 
quation now ftands, the fum of the roots will be the coefficient of the 
unknown quantity on the fecond fide of the equation, and their product, 
what we call the abfolute term, with it’s fign changed. 

Hence we have an eafy way to form a quadratic equation whofe roots 
Shall be any two given numbers whatever: as for inftance, fuppofe I 
would have a quadratic equation whofe roots fhall be the two numbers 
3 and 4; here it is plain that the fum of the two numbers 3 and 4 is 
7, and that the produét of their multiplication is 12; therefore I form 
an equation whereof one fide is xx, and the other fide is 7x— 12, to 
wit, xx==7«—-12; and the roots of this equation will be the given 
numbers 3 and 4, as will appear from the refolution: if I intend the 
two roots to be 3 and — 4, their fum will be —1, and the product of 
their multiplication —-12, and the equation xx= — x + 12 : if the 
roots are to be — 3 and +4, their fum will be + 1, the product of 
their multiplication — 12, and the equation xx==x-+- 12: laftly, if 
the roots are to be — 3 and — 4, their fum will be —7, the product of 
their multiplication -~+ 12, and the equation x «==—-7x—12. I hall 
demontftrate one general cafe according to the refolution given in art. 103, 
which will be fufficient to {hew the way to all the reft: let then the roots 
propofed be p and g, whofe fum is p-+-q, and the product of whofe 


multiplication is pg ; and the equation will be xx —=p-+-¢xx—pq; now 
if this equation be referred to the general one, we fhall have 4= 1, 
B=p +4, C=—pq, BB=pp+2pq+49, 4d4C=—4py, ss = 

B-+s pt+qI+p—-7 2p B—s 
fe ae ge Te Le 


Aa sues, 
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I think I ought not to omit here, that ifany one has a mind to form 
a quadratic equation with any two given impoffible roots whatever, (if 
I may be allowed the expreffion,) it may be done by the foregoing rule, 
provided that thefe impoffible roots be in fuch a form as is proper for a 
quadratic equation: as for example, fuppofe I would form a juadratic 
equation with thefe two impoffible roots, to wit, 2-+-4/—3 and 2 — 
/— 3, I put ss for —3; for though no poffible quantity multiplied 
into itfelf can produce a negative, yet an impoflible one may, that being 
the very thing wherein the impoffibility confifts ; making then s s — 


==; therefore the two roots of this equation 


— 3 > 
I have s==,/—3, and fo the two roots of the equation will now be 
2-+s, and 2—s; the fum of thefe two roots is 4, and the product of 
their multiplication 4— ss; but if ss==—3, —ss—-+ 3, and 4—ss 
=4-+ 3 = 7 ; therefore the equation with thefe roots will be x x = 4 x 
——7: and this will be further evident by the refolution; for if xx= 
4x—7, that is, if xx—4x==—7, we fhall have xx—4x+4=—3, 


and x—2 == y — 3, and x =2 + \/—3, or 2— y — 3. 


How to determine the figns of the poffible roots of a 


quadratic equation without refolving ihe 


10g. If all the terms of a quadratic equation be thrown on one fide 
of the equation, fo as to be made equal to nothing; and if the term 
wherein xx, the fquare of the unknown quantity is concerned, be made 
the firft, that wherein x, the fimple power is concerned, be made the {e- 
cond, and the abfolute term, as it is called, be made the third; the 
number of affirmative and negative roots in fuch an “equation may be 
found by the following rule, to wit, As often as the figns are changed 
in paffing through all the terms from the firft to the laft, of fo many affir- 
mative roots will the equation confift; but as often as the figns are the fame, 
jo many negative roots will be found in the equation, "This is true in all 
equations whatever, though at prefent we fhall only demontftrate it in 
the cafe ofa quadratic equation: but firft we fhall give the following 
explication of the rule, 


CASE st, 


Let the equation be g xx—ġbx-}c=o. Here there are two char 
in pafling through the terms from the firt to the laft, 
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-axx to —dx, and from —4x to +c; therefore the roots of this 
equation are both affirmative. 


C hieng 
Let the equation be axx—bx—c= o. Here from -axx to —db»x 
is one change, and from —ġx to —c is none; therefore this equation 
confifts of an affirmative and a negative root. 
CASE 3. 


Let the equation be axx-+-bx—c==o. Here in pafling from -+ 
axx to +x, there is no change of fign, but in pafling from + 4 to 
—c there is a change ; therefore this equation alfo confifts of an affirma- 


tive and a negative root, 
CASE 4. 


Laftly, let the equation be axx-+-dx-+-c=0. Here there are no 
changes, and confequently the roots of this equation are both negative. 
All thefe cafes I fhall demonftrate in the following manner. 


C439 Bits 
Let the equation be axx—bx-+-¢==0, or axx=bx—c, Here 


c 
the product of the two roots is > by the laft article, that is, the product 


of the two roots is an affirmative quantity, and therefore thofe roots muft 
either be both affirmative or both negative; but they cannot be both ne- 


: . + > 
gative, becaufe their fum is ~~, by the fame article; therefore. they 


muft both be affirmative. 
DD eo Se 


Let the equation be axx——-bx—c=0, oraxx==bx-+c. Here 
; c 
the product of the two roots is ae and confequently thofe roots muft 


be of different kinds, one affirmative and the other negative; and becaufe 
bys : : LOST. Yo 
their fum, a is an affirmative quantity, it is an argument that the 


greater root is affirmative. 
CASE 3 


Let the equation be axx + bx—c =o, ofaxx=—dx-+-c. Here 


` bg See. 7 
again the product of the two roots is = which argues one root to be 
Aaz afr- 


188 The refolution of affected quadratic equations. Book iii. 


; —b , 
affirmative and the other negative; and becaufe their fum — isa ne- 


gative quantity, it is an indication that of thefe two roots, the greater is 
the negative one. 
C -AnS Bd. 


Laftly, let the equation be axx-+-bx-+e=0, or axx=—bx—c, 


os} ee: 
Here the produ& of the two roots is ++- an affirmative quantity ; 


therefore the roots are either both affirmative or both negative; but they 


cannot be both affirmative, becaufe their fum vie is negative ; there- 
fore they muft both be negative. 


Impoffible roots excluded out of the foregoing rule. 


The rule here given for determining the number of affirmative and 
negative roots relates only to poffible roots; for impoflible ones cannot be 
faid to belong to any clafs, either of affirmatives or negatives; nay fo 
capricious are they in this refpeét, that in one and the fame equation, the 
very fame impofiible roots {hall fometimes appear under one form, and 
fometimes under the other: as for example, this equation xx- 3 
==o may be filled up two ways without affecting either the equation 
or it’s roots; to wit, either thus, xx— ox -+3 =o, the roots of which 
equation according to the foregoing rule are both affirmative ; or thus, 
xx-}ox-}3=0, the roots of which equation, though it be the fame 
with the other, and differs only in form, are both negative: the reafon 
of this abfurdity is, that the two roots of the equation xx-} 3 =o are 
impoflible, and occafioned this confufion by putting on one fhape in one 
equation, and another fhape in the other: this will further appear from 
the refolution ; for if xx+-3==0, we have xx= —3, and x= + 
/—3, or —y/— 3, which are both impoffible quantities. Again, the 
equation x} —-3==o may be filled up various ways; as thus, x3 — o x* 
-+o x—3=0, in which equation, according to. the foregoing rule, 
there are three affirmative roots; or thus, x30 x*—-ox—32=>0, in 
which equation there is but one affirmative root and two negative ones : 
hence an experienced Analyft would immediately conclude (as is really 
the cafe) that two of the roots of the equation x} 3 =o were im- 
poffible, and that they ftood for affirmative quantities in the former way 
of putting the equation, and for negative ones in the latter, This will fur- 
ther appear, when we come to treat of cubic equations, 


of 
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Of biquadratics, and other equations in the form of 
quadratics. 


110. Thus much for the refolution, nature, and properties of a qua- 
dratic equation: I fhall only add an example or two more of other equa~ 
tions that fometimes put on the form of quadratics, and have done, 

EXAMPLE 12, 
16 


x 
1600-+x*==116x%x; therefore xt 116xx— 1600. This equation is 
properly fpeaking, a biquadratic, that is, an equation wherein the fourth 
power of the unknown quantity is concerned: now as every poflible 
quadratic equation has two roots, which will equally anfwer the condition 
thereof, fo a cubic equation, that is, an equation that rifes to the third 
power of the unknown quantity may have three fuch roots, a biqua- 
dratic four, &c: but the equation xt==116x%x—1600, though it be a 
biquadratic, and admits of four roots, yet it is in the form of a quadra- 


i 00 
Let the equation to be refolved be, —-xx==1165; therefore 


tic, if we confider xx as the unknown quantity; in which cafe x+ muft 


be looked upon as the fquare of the unknown quantity, and the equa- 
tion muft be referred to the general one in art. 103, thus; 4==1, B= 
116, C=—1600, BB= 13456, 44C=— 6400, 5s=7056, s=84 
Bs B—s P ; 2 7 
SH GA = 16; therefore in this equation, xx==100, or 
16: now if xx==I00, we fhall have x==-++ or — 10; ifx*—=16. we 
fhall have x==-+ or — 4; therefore the four roots of this biquadratic 
equation are, +10, —10, +4 and—4: but though in this equa- 
tion x has four fignifications, xx has but two, viz. 100 and 16, either 
of which being fubftituted inftead of xx in the original equation, will 
anfwer that equality, as may eafily be tryed. ; 

N. B. Whenever of the four roots of a biquadratic equation any two 
are equal and contrary to the other two, the equation will be in form 
of a quadratie, and may be refolved accordingly. 


Ex AMPLE 13. 


| 576 

Let the equation be i —xx= 55: here we have 976 — x= 

s5xx, and xt 55xx= 570, and xt==—55x*-+ 576; therefore ac- 

cording to the general equation in art. 103, A= 1, B= — 55, C= 
B 

576, BB=3025, 44C==2304, S5== 5329, S= 73, -i =g, 


B—s 


24 
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B—s Spe “ . F 

eu” i aie 64; therefore in this equation, xx = -} 9 or — 64: if xx 
Pa 


—=-+9, x=- or —3; if xx==—64, x will be equal to +,/— 64, 


or mn of mobi, both which values are impoffible; fo that in this equa- 
tion x has but two values, -+ or —3, the other two being impoflible ; 
and xx has two values, to wit, -+9 and — 64, which are both pofi- 
ble, and which being fubftituted inftead of xx into the original equation, 
will anfwer that equality. From this example it is eafy to fee, that a bi- 
quadratic equation may have four roots, and never can have more; yet 
it may fometimes have fewer, upon the account of fome of it’s roots be- 
coming impoffible; nay inftances might eafily be given wherein all the 
roots of a biquadratic equation are impoflible. 

If any one difapproves of the refolutions here given, he may perhaps 
relith the following better: let the equation be 4x+=Bx*+-C; here 
putting z for xx, and confequently zz for x+, the equation will be chang- 
ed into this common quadratic, 4zz=Bzx-+C; which being refolved, 
zor xx, and confequently x itfelf will be known: fuppofe the equa- 
tion to be Ax°= Bx -+ C; here putting g for x3, the equation will be’ 
changed into a quadratic, as before, to wit, dzz=Bz--C, the refo- 
lution whereof will give z or x’, and confequently x by an-extraétion of 
the cube root: laftly, let the equation be 4x—=Bx,./x-+C; here 
putting z z for x, and z for ,/x, the equation will be 4z z= Bz-+-C, 
as before; whence z, and confequently zz or x will be known. 


The [olution of Jome problems producing quadratic equations. 
PROBLEM 69, 


111. It is required to divide the number fixty into two Juch parts, that 
the product of their multiplication may amount to eight hundred fixtyfour, 


SoLUTION. 


Put x for one of the parts; then will the other part be 60 —x, and 
the product of their multiplication will be 60 «—.xx ; whence the equa- 
tion will be 6ox—xx= 864; therefore xx- 864 = 60%, and xx 
==60x—864: this equation compared with the general one in art. 103, 
gives 4=1, B=60, C= — 864, BB=3600, 44C=— 3456, 

Bs B—s 
ss= 144, s= 12, TZ =36, Fay = 24; therefore the parts 
fought are 24 and 36; which upon tryal will anfwer the conditions of 
the problem, 


Obfervas 
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Odbfervations upon the foregoing problem. 
OBSERVATION IR. 


In this problem we may clearly fee the neceffity of the unknowrt 
quantity’s having fometimes two diftinét values in one and the fame equa- 
tion: for here, if I put x for the greater part of 60, the lefs will be 
6o —x, and the ‘equation will be 6o x— xx= 864: fuppofe now I put 
x for the lefs part; then the greater will be 60—., and the equation 
will fill be 6ox—xx= 864; therefore, whether x be put for the 
greater or the lefs part, we {till fall into the fame equation 6o x — xx 
= 864; whence I infer, that this equation muft either give us both the 
parts fought, or neither; fince no reafon can be {hewn why it fhould 
give us one part rather than the other. 


OBSERVATION 2d, 


Hence alfo we fee the neceffity fometimes of impoffible roots, to wit, 
when the cafes of problems to be folved by them become impoffible : as 
for inftance, if any number, as 60, be divided into two parts, the nearer 
the two parts approach towards an equality, the greater will be the pro- 
duc of their multiplication ; and therefore if the parts be equal, the pro- 
duct will be the greateft poffible: thus if the parts be 24 and 36, the 
product will be 864 ; if they be 25 and 35, the product will be 875; if 
30 and 30, the product will be goo, which will be the greateft poffible : 
let us now for once put an impoflible cafe, and let it be required to di- 
vide the number 60 into two fuch parts that the product of their multi- 
plication may amount to gor ; here the equation will be 6ox—xx==901 ; 


60+ —4 


which being refolved according to art. 103, gives x= - y OF 


60— 7 ` 
woe ; but thefe values of x may be reduced to more fimple 


terms thus; —-4==—1x+4 therefore /—4= pt xS/+4= 


Pree /—4 — 60 
/—1x2; therefore orga = f/—I; but = 30 ; therefore the 


two parts. fought are 30-+,/—1, and 30—,/—1, both which are 


impoffible upon the account of the impoffibility of y — 1 ; and yet thefe 
two parts abftractedly confidered will anfwer the conditions of the pro- 


blem ; for if y — ı be made equal to s, the two parts will be 30- s 
and 


A e 
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and 30—s; whofe fum is 60, and the produ& of whofe multiplication 
is goo —ss ; but if s= y — 1, we fhall have ss=— 1, and — ss = 


+ 1, and goo—ss==go1 ; therefore the product of the two parts, 
30-+4/—1, and 30—,/—I amount to gol, as was required, 


OD ss ER VATION 3d. 


Laftly, we here alfo fee the neceflity of both the toots of a quadra- 
tic equation becoming impofflible at once. Two impoffible quantities 
added together, may fometimes make a poflible one, becaufe one quan- 
tity may be as much impoflible one way as the other is the contrary 


way: thus the two impoffible quantities 30 -+ ./— 1 and 30—./—1 
being added together make 60, the impoffible furds +./— 1 and — 


ymi deftroying one another; but a poffible and an impoffible quan- 
tity when added together can never make a poflible one; and therefore 
the two parts of 60 in this problem muft either be both poffible, or 
both iunpoffible, 


PROBLEM 70, 


112. There are three numbers in continual proportion, whereof the mid- 
dle term 1s fixty, and the fum of the extremes one hundred twentyfive : 
What are the extremes è? 

S65: To Ww; 


For the extremes put x and 125—.x, and you will have this propor- 
tion; x isto 60 as 60 is to 125—x, whence by multiplying extremes 
and means, you have this equation, 125x—xx«== 3600, or xx- 
3600 = 125x, or x*==12§x— 3600: here then 4=1, B= 125, 
C==— 3600, BB==15625, 4AC===— 14400, ss== 1225, se=35, 
at = 80, -T =; therefore in this equation, x==45, or 80; 


but x reprefents either extreme, becaufe, which extreme foever x is put 
for, the other will be 125——x, and the fame equation will arife, to wit, 
125x——xx==3600; therefore the two extremes are 45 and 80; and 
they will anfwer the conditions of the problem ; for 45 is to 60 as # is 
to %, that is, as 3to4; and 60 is to 80 as & is to %, which is alfo 
as 3 to 4. 

PROBLEM 71, 


113. Lt is required, having given the fum or the difference of two num- 
bers, together with the Jum of their fquares, to find the numbers, 


SOLU. 
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SOLN kb Ons 


Caje 1ft. Let the fum of the numbers fought be 28, and the fum of 
their fquares 400; then putting x and 28—. for the two numbers 
fought, the fquare of the former will be xx, the fquare of the latter 
784— 56x% + xx, and the fum of their {quares 2 xx — 56x #784 = 
400 ; and the fame equation will arife, whether x be made to ftand for 
one number or the other; therefore the two values of x in this equation 
will be the two numbers fought; but if 2xx— 56x-+ 784== 400, we 
fhall have 2xx— 56x==— 384; divide the whole by 2 for a more 
fimple equation, and you will have xx—28x=— 192; and xx= 
28x— 192; which equation being refolved according to art. 103, gives 
x= 12, or 16; therefore 12 and 16 are the two numbers fought. 

Cafe 2d. Let now the difference of two numbers be given, fuppofe 
4, and let the fum of their fquares be 400, as before; then putting x 
for the lefs number, and «-+-4 for the greater, the fum of their {quares 
will be 2xx-+ 8x-+16==400; whence 2xx-+ 8x= 384, xx-+ax 
=192, *x-+4xX+4—=196, x% -4-2== 14, *=+12 or —16; 
now it cannot be fuppofed that +- 12 and — 16 are the two numbers re- 
quiredin the problem, for their difference is 30, not 4; neither ought it 
to be expected; for when.» was put for the lefs number, and x -+4 
for the greater, the equation was 2xx-+8x-+-16== 400; but if x be 
put for the greater number, and confequently x—4 for the lefs, the 
equation will be 2xx—8x-+-16=400, different from the former ; 
fince then a different equation arifes according as w is put for the greater 
or Jefs number, it cannot be expected that one and the fame equation 
{hould give both: the true ftate of the cafe is this; there are two pairs 
of numbers which will equally folve this queftion, and the equation 2x x 
+8 x+ 16 = 400 gives the lefler number of each pair; for if we make 
x==12, and x+4= 16, the numbers 12 and 16 will folve the prob- 
lem; on the other hand, if we make x=—=— 16, we fhall have «+4 
==— 12, and the numbers — 16 and — 12 will equally folve the prob- 
lem; for their difference is 4-4, and the fum of their {quares ++ 400: 
here then we may obferve, that affirmative and negative folutions of 
problems are of equal eflimation in the nature of things, though perhaps 
not amongft men, the narrownefs of our minds contracting our views ; 
but truth does juftice alike to all: certainly negative numbers differ no 
more from affirmative ones, than affirmative ones do from one another, 
which is in degree, not in kind; and therefore in the nature of things, 
negative quantities ought no more to be excluded out of the feale of 
number, than affirmative ones, though in common life they are fet afide. 


Bb P ROR- 
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PROBLEM 72, 


114. What twa numbers are thofe, whofe fum is feventeen, and the fum of 
their cubes one thoufand three hundred forty three? 
SoLUTION., 


For the two numbers fought put x and 17—x, and the cube of the 
former will be xxx, and the cube of the latter 4913— 867 Xe Sixx 
=—xxx, as appears from the following computation : 

I7—x 
17—x 
289—17xKX+Kxx 
— 17% 
289—344- xx 
17—x 


4913— 578 x+ 17 xX% — x3 
— 289 x-4 34 xx% 


4913 — 867 x+ 51 xx — x. 
Therefore the fum of thefe two cubes will be 51 xx— 867x- 4913 
== 1343, and the equation will be the fame, whichfoever of the two 
numbers fought x is made to ftand for; but if 51 «x —867x-+4913 
=1343, we fhall have 51 xx=— 867x= — 3570; divide the whole 
by 51, which though not neceffary, is however convenient, to render 
the equation more fimple, fince it may be done without fractions, and 
you will have, x*—17x==—70; which being reduced as in art. 
103, gives x==7, or 10; therefore 7 and 10 are the two numbers fought. 


PROBLEM 73. 


115. Let there be a fquare whofe fide is a hundred and ten inches; it 
zs required to affign the length and breadth of a reclangled parallelo- 
gram or long jquare, whofe perimeter fhall be greater than that of 
the fquare by four inches, but whofe area fhall be lef than the area 
of the fquare by four fquare inches. 

N. B. By the perimeter of a plain figure is meant the length of a 
line that will encompafs it round; fo that the perimeter of a {quare is 
equal to four times it’s fide ; and the perimeier of a rectangled parallelo- 
gram is equal to twice it’s length and twice it’s breadth added together. 


SOLUTION 


Since the fide of the given fquare is 110 inches, it’s area will be 
12100 {quare inches; therefore the area of the parallelogram fought 
will 
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will be 12096 fquare inches: again, the perimeter of the given fquare 
is 440 inches; therefore the perimeter of the parallelogram fought muft 
be 444 inches; therefore half it’s perimeter, or it’s length and breadth 
added together muft be 222 inches; therefore, if either the length or 
breadth be called x, the other will be 222 —x, and the area will be 
222% —xx== 12096; which equation refolved according to art. 103, 
will give x ==96, or 126; therefore the breadth of the parallelogram 
fought muft be 96 inches, and the length 126 inches: and thefe num- 
bers will anfwer the conditions of the queftion ; for twice the length 
will be 252, twice the breadth 192, and the whole perimeter 444 ; 
moreover 126 x 96, or the area will be 12096, as the problem requires. 


Se HO Lo UM, 


This problem fhews how grofily they are miftaken who think to efti- 
mate the areas or magnitudes of plain figures by their perimeters, as if 
fuch figures were greater or lefs in proportion as their perimeters were 
fo; whereas here we fee, that the perimeter of one figure may be greater 
than that of another by four inches, and at the fame time it’s area may 
be lefs than the area of that other by four fquare inches. This error, it 
istrue, does not obtain but in low and vulgar minds, nor there neither 
any longer than whileft it continues to be a matter of mere {peculation, 
and truth and falfhood are equally indifferent to them: for whenever 
men come to apply their notions, and find it their intereft not to be 
miftaken, then it is, and frequently not till then, that they begin to look 
about them, correct their errors, and entertain more juft and accurate 
notions of things, The greateft part of mankind have a natural averfion 
to abftract thinking, and where their intereft is not concerned, will ra- 
ther fubmit their opinions to humour, caprice and cuftom, or be content 
to be without any opinions at all, than they will examine ftrictly into 


the nature of things. 
PROBLEM 74. 


116. One buys a certain number of Oxen for eighty guineas; where it muft 
be obferved, that if he had bought four more for the fame money, they 
would have come to him a guinea apiece cheaper: What was the num 
ber of oxen? 

SOLUTION. 


For the number of oxen put x; then to find the price of a fingle ox, 
fay, if « oxen coft 80 guineas, what will one ox coft? and the anfwer 


and for the fame reafon, if he had bought 4 more, that is, x--4 
Bb2 for 


ye 
x Le 
we 
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. o 
for the fame money, the price of an ox would have been ie but = 
cording to the problem, the latter price is lefs than the former by one 

: : 80 80 
guinea; whence we have this equation, -z — 1 = cee therefore 80 

80 x Reale: + sel Ae 
iol = ot therefore 80-—x x 4-+ x or 320-+-76x—xx= ĝo x 
therefore xx -+ 80x =76 x+ 320; therefore xx= —4x-+ 320. Here 
then 4= 1, B=— 4, C= 320, B B= 16, 4AC= 1280, ss = 1296, 
l B—s 
fe 3G, o4* 16, Sq = 203 therefore x= -+ 16, or — 20; 


therefore the number of oxen was 16, the negative root —20 having 
no place in this problem; and this number 16 anfwers the condition of 
the problem ; for if 16 oxen coft 80 guineas, one will coft 5 guineas ; 
but if 20 oxen coft 80 guineas, one willcoft 4 guineas. 

80 80 
N. B. The equation yt =x Bae x= + 16 or — 20, not 


becaufe the number —20 would folve the problem, but becaufe it would 


8 
folve the equation ; for if we make x=— 20, we fhall have = = —4, 


80 


and -= — 1 ==—5: on the other fide we fhall have x+-4—-— 16, 
80 


==— 5; therefore if x be made equal to — 20, we fhall have 


8 8 
2 goers becaufe both fides are equal to — 5; and fo in all 


other cafes we {hall always find, that the feveral roots of an equation will 
be fuch as will equally folve that equation, though perhaps they may 
not be equally proper to folve the problem from whence the equation 
was deduced: but of this more in another place. 


PROBLEM 75. 
117. A certain company at a tavern had a reckoning of feven pounds four 
Shillings to pay; upon which two of the company fneaking off, obliged 
the ref to pay one fhilling apiece more then they fhould have done: What 


was the number of perfons? 
SOLUTION, 
For the number of perfons put x ; then to find the number of fhillings 


every man fhould have paid, fay, if x perfons were to have paid 144 
fhillings, 


| 


| 
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“1° : pn ae 
fhillings, what muft one man have paid? and the anfwer is at ; there- 


fore ntt is the number of fhillings every man fhould have paid; and 


for the fame reafon —+£ is the number of fhillings every man did pay; 
x— 2 


but according to the problem, this latter reckoning is greater than the 
ee 144 144. 

former by one fhilling ; whence the equation will be ee i I= Fea 3 ; 
x x—2 


AA RSET 
therefore 144 +x= 75; therefore x —2 x 144-4 x, or Xx-+ 142% 
—288— 144%; therefore xx—288 = 2x ; therefore xx= 2 x+ 288. 
Here thea Aen B==2, C=-288, BBS AACE stem 


Bua B — 
1156, sa -= ; —=— 16 therefore x = -+ 18, 


or — 16; but negative roots have no place in this fort of problems ; 
therefore the number of perfons was 18, which anfwers the condition; 


I 
for 744 — 8 and I = . 
18 I 
PROBLEM 76. 


118. What number is that, which being added to it’s fquare root will 
make two hundred and ten ? 
SOLUTION. 


For the number fought put xx; then will it’s fquare root be x, and 
the equation will be xx- x = 210, or xx==—x-++-210 ; where A=T, 
Bos 

B=—1, C=210, BB=1, 44C=840, ss==841,, s==29, E 


B—s 
=14, >g =—155 therefore x=- 14, or —15; therefore xx or 


the number fought, equals 196 or 225, fuppofing the fquare root of 
225 to be — 15 ; and either of thefe two numbers will anfwer the con- 


dition ; for 196-+ 14==210, and 225—15 =210. 


PROBLEM 77, 


119. What two numbers are thofe, the product of whofe multiplication is 
one hundred ninety two, and the fum of whofe fquares is fix hundred 


and forty ? 
SoLv- 
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SOLUTION, 


For the two numbers fought put x and -22 ; then will the fquare of 


686 
the formèr be xx, and that of the latter et and the fum of their 


686 
{quares will be xx 34 ==640; which equation wil] be the fame, 


whichfoever of the two numbers fought x is made to ftand for; but if 


36864 
Re T T 


640x°— 36364 : here then 4=1, B= 640, C=—36864, BB= 
B 
409600, 44AC=— 147456, ss== 262144, S= 512, = 576, 


sos == 64 ; therefore xx= 576, or 64; therefore x=- or —24, 


==640, we fhall have x+-++- 36864=640x%; and xt = 


or + or —8; therefore the two numbers fought are 8 and 24. 
PROBLEM 78, 


120. One lays out a certain fum of money in goods, which he fold again 
Sor twenty four pounds, and gained as much per cent as the goods cof? 
him: I demand what they cof him. 

N. B. One’s gain per cent is fo muchas he gains, every hundred pounds 
he lays out ; or if he does not lay out fo much as a hundred pounds, his 
gain per cent however, is fo much as he would have gained if he had 
laid out a hundred pounds with the fame advantage; thus if he lays out 
20 pounds and gains 2 pounds, he is faid to make 10 per cent of his mo- 
ney, becaufe 20 pounds is to 2 pounds as 100 pounds is to 10 pounds, 


SoLUTION, 


Put x for the money laid out, and the gain will be 24—x ; fay then 
‘by the golden rule, if in laying out x he gained 24——x, what would 
he have gained if he had laid put 100 pounds to the fame advantage? 


2400——100¥ 2400— 100% , 
n nE SEET willte 


his gain per cent; but according to the:problem, this gain is equal to x, 


2400— 100% 
nee SN Ae oe SOO i 


and the anfwer will be ; therefore 
the money laid out; therefore «== 


jJoox: herethen d==1, B==—100, C=2400, BB== 10000, 44C 
=9600, 
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Bos B—s 

= 9600, ss== 19600, s==140, TT 2% SH SH I20; there- 

fore the money laid out was 20 pounds; therefore his gain per 20. was 

4 pounds; therefore his gain per cent was 20 pounds, equal to the mo- 

ney laid out. 

; PROBLEM 79. 


121. One lays out thirty three pounds fifteen fhillings in cloth, which be 
foldagain for forty eight fhillings per piece, and gained as much in the 
whole as a fingle piece cof: I demand how he bought in bis cloth per piece, 


SoLUTION. 


Put x for the number of fhillings every fingle piece was bought for, 
and the gain per piece will be 48—x ; fay then by the rule of proporti- 
on, if in laying out x he gained 48 —x, what did he gain in laying 
out 33 pounds 15 fhillings, or 675 fhillings? and the anfwer will be 
32400 —675 x 32400 — 675% 
as sete aa 
according to the problem, the whole gain was equal to x, the money 
32400—675x 

x 


; therefore will be his whole gain; but 


given for a fingle piece; therefore x= therefore xx= 


32400—675x; therefore 4=1, B = — 675, C==32400, BB= 
Bos 
4.55625, 44C= 129600, ss= 585225, s=765, Ta = 45 


B—s 
2A 
every fingle piece was bought for, was 45 fhillings, and the gain per 
piece was 3 fhillings; but if 45 fhillings gains 3 fhillings , 33 pounds 
15 fhillings, or 675 fhillings, will gain 45 fhillings; therefore the whole 

gain was 45 fhillings, equal to the money given for a fingle piece, 

N. B. It is not impoffible but that fometimes two: different problems 
may produce one and the fame equation; and then the equation muft 
provide equally for both: therefore in fuch a cafe, though the equati- 
on has two roots, and both affirmative, yet it muft not be expected that 
both roots fhould equally ferve for the folution of one problem, and 
that there fhould be no {olution left for the other ; we ought rather 
to conclude, whenever an equation gives two roots, and both affirmative, 
whereof one only will folve the problem that produced the equatign, 
we ought, I fay, rather to conclude, that the other root is for the fo- 
lution of fome other problem producing the fame equation; a curiaus 
ir ftance whereof we have in the two following problems, 


= — 720 ; therefore x==-++- 45, or —— 720; therefore the money 


P Ro- 


i fe a 
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PROBLEM 8o. 


122, Two travellers A and B, fet out from two. places C and D at the 
Jame time, A from C bound for D, and B from D bound for C; 
when they met and had computed their travels, it was found, that A 
had travelled thirty miles more than B, and that at their rate of tra- 
welling, A expected to reach D in four days, and B to reach C in nine 
days : I demand the diftance between the two places C and D, 


SOLUT TOM | 


Put x for the number of miles between C and D; then it is plain 
that 4 and B both together had travelled x miles when they met ; there- 


fore as much as the miles travelled by 4 exceeded = , juft fo much did 
the miles travelled by B come fhort of ~ ; but by the fuppofition, 4’s 
miles exceeded thofe of B by 30; therefore 4 mutt have travelled — 


x- 30 
2 


X —3 0 


miles; and B muft have travelled - — ış or 


pae 1°, 
2 


-H I5 or 


miles; therefore the remaining part of 4’s_ journey is miles, 


which he expects to perform in four days, and the remaining part of B’s 


journey is as miles, which he expects to perform in g days: thefe 


things being allowed, let us now enquire into the number of days each 
H—30 


hath travelled already; and firft for 4 fay, if 4 expects to travel x 


x-}30 


miles in 4 days, in how many days did he travel miles? and the 


ie re 
X—30 °° X30 


2 


anf{wer is ; then for B fay, if B expeés to 


travel se miles in g days, in how many days did he travel al 


tbe DN 


hte ; therefore Æ hath travelled 
x-+- 30 


4XX-4-30 
xX—=30 


days, 
d 


miles? and the anfwer is 
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days, and B ee days from the time of their firft fetting out ; 
but as they both fet out at the fame time, and are now met, they muft 


both have travelled the fame number of days; therefore a 3 Pas 


Q Xx——30 


PTE multiply both fides of the equation into x—30, and you 


Q XX —= 30 xx — 30 
X= 30 
and you will have 4 x x + 30 x x -+ 30 = Q x x — 30 X x — 30; extract 


will have 4 xx -+ 30 = ; again, multiply by x+-30, 


the {quare root of both fides, and you will have = 2 xx -F 30 == 3 x 
*— 30: this general equation refolves itfelf into 4 particular ones, viz. 
it, + 2xx+ 30=-+ 3xxX—3o. 
2d, + 2xx-+ 30=—3xx— 3o. 
3d, — 2 x x -F 30 = -+ 3 X ¥— 30. 


4th, — 2 x x -H 30 == — 3 x X — 30. 


But as the two laft of thefe equations give but the fame values as the two 
former, I fhall only make ufe of the two former, thus ; 


1ft, Suppofe +-2xx-+-30=2-+4+ 3 x x—30, then we fhall have 2x- 
60==3x—9g0, and x= 150. 

adly, Suppofe + 2xx+30==—3 xx—30, then we fhall have 2x 
+ 60=—3x-+ 90, and x=-6; therefore the diftance between the 
two places C and D muft either be 150 miles, or 6 miles; but 6 
miles it cannot be, becaufe when 4 came up to B, he had travelled 30 
miles more than B, and had not yet reached D; therefore the diftance be- 
tween the two places Cand D muft be 150 miles; which will fatisfy „ 
the problem; for then 4 muft have travelled 75-+-15, or go miles, 
and B 75—15 or 60 miles, from the time of their fetting out; there- 
fore Æ has 60 miles, and B go to travel; but if 4 could travel 60 miles 
in 4 days, he mutt, at the fame rate, have travelled go miles in 6 days, 
and if B could travel go miles in g days, he muft have travelled 60 
miles alfo in 6 days; therefore they both travelled the fame number 
of days from the time of their firft fetting out to the time of their 
meeting, as the problem requires. 


Gg P R o- 
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123. Two travellers A and B, fet out from two places C and D at the 
fame time; A from C with a defign to pafs through D, and B from 
D with a defign to travel the fame way: after A had overtaken B, 
and they had computed their travels, it was found, that they had both 
together travelled thirty miles, that A had paffed through D four days be- 
fore, and that B at his rate of travelling, was a nine days journey difè- 
ant from C: I demand the diftance between the two places C and D. 


Soe Ever Doce: 


Put x for the number of miles from C to D; then it is plain, that 4 
mutt have travelled more miles than B by x; but they both together travel- 
led 30 miles, by the fuppofition ; therefore as much as £’s miles exceeded 
15, juft fo much muft B’s miles come fhort of 15; but the whole dif- 


x 
ference was x, as above; therefore.4 muft have travelled 1 5-5, OF 


30-+ x, x JOSS, 
-——— miles, and B muft have travelled 1 iper i TE miles; 


; o—x 
therefore 4’s diftance from D, after he had overtaken B, was aT 
miles, which he had travelled in 4 days, and B’s diftance from C was 


ae miles, which by the problem he could travel in g days; there- 


fore to find how many days each had travelled already, fay, if 4 hath 


travelled Bet es 


miles from D in 4 days, in how many days did he 


e T ‘ P 
travel a miles fince his departure from C? and the anfwer is 


30+ x 
ae SR ey peor 
z ; : ox . 
3 m ae er = ;again fay, if B could travel 3 > miles, the 
2 


whole diftance from C, in g days, in how many days did he travel EI 


miles fince his fetting-out from D ? and the anfwer is 


as they both fet out at the fame time, and 4 has now overtaken B, they 


muft both have travelled the fame number of days; therefore we have 
this 
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4% 30-+x gx 30——x 
——- = _ 
30 —x 30- x 
A ——— 9X30—xX x 30—* 
and you will have 4x 30-+-«= ee 


by 30 + x, and you will have 4 x 30+ XX 3O- X= 9X30 — xX X30; 


this equation, : multiply both fides into 30—x, 


; again, multiply 


‘but the product of 3o—x x 30—x differs nothing from the product of 


x — 30 xx — 30, as will appear upon tryal, and will be further evi- 


dent from hence, that 30 —x and x — 30 differ no more from one another 
than an affirmative quantity does from an equal negative one, and there- 
fore each multiplied into itfelf muft give the fame product ; therefore the 


equation as it now ftands is, 4xx-+-30XX-+ 30 = 9 XxxX-— 30XX—30; 
but this equation is the fame with the equation deduced from the laft pro- 
blem, which juftifies what I obferved before, art. 121, that different pro- 
blems may produce the fame equation ; therefore the two roots of this 
equation will be 6 and 150, as in the laft article; therefore the diftance 
between the two places C and D muft either be 6 miles, or 150 miles ; 
but 150 miles it cannot be, becaufe, after 4 had paffed from C beyond 
D, and at laft had overtaken B, they had both travelled but 30 miles ; 
therefore the diftance from C to D muft be 6 miles; and this number 
will anfwer the conditions of the problem ; for then 4, when he had 
overtaken B, had travelled 15-3 or 18 miles, and B 15—3 or 12 
miles ; therefore 4 had got 12 miles beyond D in 4 days time, and B 
was 18 miles diftant from C, which he could travel in g days; but at 
thé rate of 12 miles in 4 days, 4 muft have performed his 18 miles 
journey in 6 days; and at the rate of 18 miles in g days, B muft have 
performed his: 12 miles journey alfo in 6 days; therefore from the time 
of their firft {etting out to the time of 4’s overtaking B, they had both 
travelled the fame number of days, as the problem requires; therefore 
the fuppofition whereupon this calculation was founded, to wit, that the 
diftance of C from D was 6 miles, is juft. 

N. B. The folutions here given of the two laft problems, are in my 
opinion, the moft natural, though fomewhat different from the reft. 


A LEMMA. 


124. The fum of a feries of quantities in arithmetical progreffion may be 
had, by adding the greateft and leaft terms together, and then multiplying ei- 
ther half that Jum by the whole number of terms, or the whole fum by half 
the number of terms, or laftly, by multiplying the whole fum into the whole 
number of terms and then taking half the product : thus in the feries 2, 4, 

C<2 6, 8, 
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6, 8, 10, 12, where the leaft term is 2, the greateft 12, their fum 14, 
and the number of terms 6; the fum of all the terms taken together will 
I 


2 
down the feries 2, 4, 6, 8, 10, 12, and then by writing down over it 
the fame feries inverted, 12, 10, 8, 6, 4, 2: for if this be done, 2, the 
firft term of the lower feries added to 12, the firft term of the upper 
feries, (which is the fame as the greateft and leaft terms of the fame fe- 
ries added together) will make 14; in like manner every term of the 
lower feries added to the next above it will make 14; therefore both the 
feriefes together will be equal to 14 as often taken as there are terms 
in either feries, that is, 6 times 14, or 84; therefore either feries taken 
alone will be equal to 42. 


13 2-20-86 a se 
A- Ores: gk Rae (> Sey © 


eee ap ot ee eS 

The defign of this lemma is, to add the terms of a feries together, 

where only the greateft and leaft terms and the number of terms are 

known, or fuppofed to be known; the intermediate terms being either 
not afligned, or too many to be fummed up by a continual addition. 


6 a 
be 7x6, or 14%3, OF = 42. This will beft appear by writing 


PROBLEM 82. 


125. 4 traveller, as A, fets out from a certain place, and travels one 
mile the firft day, two miles the fecond day, three the third, four the 
fourth, &c ; and five days after, another, as B, fèts out from the fame 
place, and travels the fame road at the rate of twelve miles every day : 
I demand how long and how far A muft travel before be is overtaken by B. 


S'o) fe 3 F°O.N 


Put x for the number of days 4 travelled before he was overtaken by 
B; then to find an expreffion for the number of miles travelled by him 
in that time, I obferve that in three days 4 travelled over 1+ 2-+4+ 3 
miles, that is, he travels over a feries of miles in arithmetical progreffion, 
whereof the number of terms is 3, the greateft term 3, and the leait 
term 1; in four days he travels over a feries whereof the number of 
terms is 4, the greateft term 4, and the leaft 1 ; therefore univerfally, in 
any number x of days, he muft travel over a feries of miles in arithmeti- 
cal progreflion, whereof the number of terms is x, the greateft term x, 
and the leaft term 1; but the {fum of the extremes of this feries is x -- 1, 
which multiplied by x the number of terms, gives xx-}x, the half 


1 
wnere= 
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ex 
whereof is will be 


the fum of this feries, and confequently the miles travelled by 4 before 
he was overtaken: again, if 4 travels x days, B muft have travelled 


K+ x 


x sree 
; therefore by the lemma foregoing, 


-x— 5 days, which at the rate of 12 miles a day, gives 12x —60 for 


the miles travelled by B when he overtook 4; but as they both 
fet out from the fame place, and are now got together, they muft have 
travelled the fame number of miles; whence we have this equation, 
xx x x 

= 12% — 60 ; therefore x x- x= 24 x — 120; therefore x x 


==23%— 120; compare this equation with the general one in art. 103, 
and you will have 4= 1, B= 23, C=—120, BB= 529, 4 AC=— 
à B—s 

480, s$==40, eA a 15, Sg = 8; therefore x= 8, or 
15: now for the better application of thefe roots to the folution of this 
problem, it muft be obferved, that the problem is more limited than the 
equation deduced from it; juft as if, in tranflating out of one language 
into another, the terms of the latter, inftead of being adequate to thofe 
of the former, fhould be found to be of a more extenfive fignification ; 
in the problem it is only fuppofed that B overtakes 4, whereas in the 
equation it is fuppofed that 4 and B are got both together by having tra- 
velled the fame number of miles from their firft fetting out, without {pe- 
cifying whether this arifes from B’s overtaking 4, or from 4’s over- 
taking B; both which in this cafe muft neceffarily happen in the courfe 
of their travels, provided they be but continued long enough for that 
purpofe : for fince at firft, B is the fwifter traveller, whenever they come 
together, it muft arife from B’s overtaking 4, which happens after 4 
has travelled 8 days ; then if we fuppofe them ftill to continue their tra- 
vels, B pafles by 4, and continues before him for fome time ; but after 
12 days, 4 becomes the fwifter traveller, and muft neceffarily come up to 
B again after he has travelled 15 days: therefore though the two roots, 
8 and 15, will both anfwer the condition of the equation, yet but one 
of them, to wit, 8, will anfwer the condition of the problem ; and that 
both of them will anfwer the condition of the equation, will be evident 
as follows. 

In 8 days A travels over a feries of miles whereof the number of 
terms is 8, the greateft 8, and the leaft 1 ; the fum of which feries is 
36 miles; but when 4 has travelled 8 days, B muft have travelled 3 
days, during which time, at the rate of 12 miles a day, he alfo muft have 
travelled 36 miles ; therefore after Æ had travelled 8 days, 4and B muft 
neceflarily find themfelves together: again, in 15 days, Æ muft have 

‘ travel. 
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travelled over a feries of miles, whereof the number of terms is 15, the 
greateft 15, the leaft 1, and the fum 120 miles; but when 4 had tra- 
welled 15 days, B muft have travelled 10 days, which at 12 miles a 
day gives alfo 120 miles ; therefore now again 4 and B mutt find them- 
felves together ; and confequently 8 and 15 equally anfwer the fuppofition 
contained in the equation. | 

N. B. If we fuppofe B after 5 days to have begun to follow 4, and 
to have travelled only 10 miles a day, he could never have overtaken 4, 
nor 4 him, fo that in this cafe, both the roots would have become im- 
poffible, as will be found by the refolution of an equation founded upon, 


this fuppofition. 
PROBLEM 83. 


126. It is required to divide the number ten into two fuch parts, that 
the product of their multiplication being added to the Jum of their /quares, 
may make feventyfix. 

SOLUTION. 


The two parts fought, x and 1o—x, 
The product of their multiplication, 10% —x x. 
The fum of their fquares, 2 xx— 20 x- 100. 
The product of their multiplication 2 
added to the fum of their {quares, 
Whence x==4, or 6; but this equation will be the fame, which part 
{oever x is put for; therefore the two parts fought are 4 and 6. 


x*— IOX-+ 100 = 76, 


PROBLEM 84. 


127. It is required to find two numbers with the following properties, to 
wit, that twice the firft with three times the fecond may make fixty, and 
moreover, that twice the fquare of the firft with three times the quare 
of the fecond may make eight hundred and forty, 


COLU TT on, 


For the two numbers fought put x and y, and we {hall have 
Equ. 1ft, 2x+-3y==60, and 
Equ. 2d, 2x3 y = 840, 
From the firft equation, 2x-++3y==60, we have 


60— 
Equ, 4d, w= 2, and by fquaring both fides 
26 a y ) 
we have Eqn, 4th, xx ea SO 


4. 
From 
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From the fecond equation, 2 xx-}3yy = 840, we have 

840 —3 yy 

ae, 

Compare the two values of xx in the fourth and fifth equations, which muft 
3600—3609) 


4 
840 — 37y i : ; : 
= SEN ; multiply both fides into 2, by halving the denominators, 


Equ. sth, «x= 


neceflarily be equal one to the other, and you will have, 


and you will have 3000 IE 840. shy ; therefore 3600—3 6oy 
--oyy = 1680— byy ; therefore 3600—360y-+1 syy==1680 ; therefore 
15yy— 3607 =— 1920; therefore 1 5yy=360y— 1920 ; divide by 15 
for a more fimple equation, and you will have y y= 24y— 128 ; whence 
y=8, or 16: fuppofe y=8, then fince by the third equation x= 


Sorta 2 , we fhall have x= 18 ; fuppofe y= 16, then we fhall have x or 


ei == 6; therefore there are two pair of numbers that will equally 


anfwer the conditions of this problem, to wit, 18 and 8, and alfo 6 and 
16: for a proof, let us firft fuppofe the numbers to be 18 and 8; and 
we fhall have twice the firft number with three times the fecond = 36 
+-24==60; and twice the fquare of the firft together with three times 
the {quare of the fecond equal to 648+ 192 ==840: fecondly, let us 
fuppofe the numbers to be 6 and 16; and we fhall have twice the firft 
with three times the fecond equal to 12-++ 48==60; and twice the 
{quare of the firft with three times the {quare of the fecond equal to 
72-+ 768 = 840. 
PROBLEM 8s, 

128. To find four numbers in continual proportion, and fuch, that the 
Jum of the two middle terms may be eighteen, and that of the extremes 
twenty feven. 

Note, Four numbers are faid to be in continual proportion, when the 

firft is to the fecond as the fecond is to the third, and the fecond is to 
the third as the third is to the fourth. 


GOCO TEGN 


For the two middle terms put x and y, without intending which is to 
be the greater; then the extreme next to x may be found by faying, 


4 x x 
as y is to x fo is x to rE and the extreme next to y may be found by 
faying, 
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; . ; ‘ XX 
faying, as x isto y fo is y to? ; therefore the extremes are — and 2, 


x3 


: -H7 : 
and their fum J ; therefore the fundamental equations are 1ft, x-y 


x-y? . 
xy =27, Or x-4 y = 27K; m- 

ftead of x in this equation put 18—y, it’s value in the laft, and you 

will have x3 == 5832 — 972 y- 54y°—y?; therefore x -+ y = 5832 — 


972y+54yy; you will alfo have 27xy or 27yx18—y==486y—27yy; 
therefore 5832—972y-+ 54yy=486y—27yy; tranfpofe 486y— 
27yy, and you will have 81yy— 1458y-+ 5832 = o; divide all by 81, 
which may be done without a fraction, and you will have yy— 18 y-+- 
72 ==0; which equation being refolved, either by the general theorem 
or any other way, gives y= 6, or 12; and fince the equation will be 
the fame, whichfoever of the two middle terms y ftands for, it follows, 
that the two middle terms are 6 and 124; whence the extreme next to 6 
is 3, and that next to 12 is 24; and the numbers are either 3, 6, 12 
and 24, or 24, 12, 6 and 3, for either way they will anfwer the con- 
ditions of the problem. 


==1 8, or x==18—y; and 2dly, 


PROBLEM 86. 


129. There are three numbers in continual proportion, whofe fum is 
nineteen, and the fum of their fquares one hundred thirtythree: What 
are the numbers? 

5.0.4 0.T ILDN 


` For the three numbers fought put x,y and z; then fince by the firft 
condition, x r yas y is to z, by multiplying extremes and means we 
have yy= x% ; again, by the fecond condition of the problem we have 
x+y +Z= 19, and 19—y==x-+z, and ({quaring both fides) 361 
—38y-+yysexx+2xz-+22; fubtract yy from one fide of the equa- 
tion, and it’s equal xz from the other, and you will have 361 — 38 y 
=A x g H z x+y + x = 133 by the third condition of the 
problem : having thus expunged both x and z at once, refolve the equa- 
tion 361 — 38 y = 133, and you will have y the middle term equal to 6, 
and 19—y, or the fum of the extremes =— 13 ; therefore the problem 
propofed is now reduced to this, wz. Of three numbers in continual pro- 
portion, whereof fix the middle term, and thirteen the Jum of the extremes are 
given, to find the extremes: this problem is of the fame nature with that 
in art. 112, and being refolved, gives 4 and ọ for the extremes; there- 
fore the three numbers fought are 4, 6 and g, or 9, 6 and 4. 


ae 
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PROBLEM 87. 

130. To find two numbers fuch, that their difference multiplied into the 
difference of their fquares fhall make thirtytwo, but their fum multi- 
pled into the fum of their fquares fhall make two hundred feventytwo. 

SOLUTION, 
For the two numbers fought put x and y; and the firft fundamental equa- 


tion will be x—yxx*—y"*, or X—IXX—YX KEY, OF X*— 2 Ky -+-y"* 


xx -+y == 32; therefore 


Equ. 1ft, x*—2xy-+-y Siki 
The fecond fundamental equation is, x -+ yxx* -y = 272 ; therefore 
tee aps A 
Equ. 2d, x*-+-y ey 
From twice the fecond equation ? ShA 
fubtraét the firft, that is, from a at a oe y 
fubtra&t x#— ae. 
ubtra 28y -y hy 
m sč es 512 
and you will have M-axy-ty =F 
gas eee — 3 
that is, x+y = api therefore x+y = §12, and x+y =y 512, 


or the cube root of 512==8: thus we have got the fum of the two 
numbers fought, to wit, 8; whence their difference may be found by 


32 
x-y 
+ = 4; therefore x —y, or the difference of the two numbers fought, 


pee 
that is, x—y = 


the firft equation, thus; x*—-2xy+yy= 


equals 2; therefore the problem propofed is now reduced to this ; Hav- 
ing given eight the fum, and two the difference of the two numbers x and 
y, to find thofe numbers, and by art. 26 we fhall have x= 5, and y =3; 
which numbers will anfwer the conditions of the queftion. 

N. B. After we had found x+y, the fum of the numbers equal to 8, 
we might have found the fum of their fquares by the fecond equation, 


which gave x* -+ y = rae ee 34; and then the problem would 


have been reduced to this; What two numbers are thofe, whofe fum is eight, 
and the fum of their fquares thirtyfour 2 which would have produced a 
quadratic equation, as in art, 113, whofe two roots would have heen ç 
and 3, as before, : 

Dd PRo- 
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PROBLEM 88. 


131. To find two numbers fuch, that their difference added to the dif- 
ference of their fquares may make fourteen, and their fum added to the 
fim of their fauares may make twenty fix. 


SO be tated ON. 


For the two numbers fought put x andy, and you will have the two 

following equations ; 
Equ. rt, *x—y-Pot—y* == 14. 
Equ. 2d, x-by-+x*-+-y*== 26. 

Add thefe two equations together, and you will have 2x -+ 2x = 40, 
x«--+x==20, and x= + 4, or — 5 ; again, fubtract the firft equation 
from the fecond, and you will have 2yy4+-2y==12, yy-+-y=6, and 
y= + 2, or — 3 ; and as thefe two values of y were obtained without 
any manner of dependence upon thofe of x, it is plain that either of the 
values of x may be joined with either of the values of y ; and fo we have 
no fewer than four pairs of numbers which will equally fatisfy the condi- 
tions of the equations, to wit, -+4 and +2, +4 and — 3, —>5 and 
+2, —5 and — 3; but it is the firft pair only, which, confifting of 
affirmative numbers, is proper for the folution of the problem, thus ; 
the difference of 4 and 2 is 2, the difference of their fquares 12, and 
2-+12=14; again, the fum of 4 and 2 is 6, the fum of their fquares 
20, and 6-+ 20 = 26: let us fee however how the other pairs will fa- 
tisfy the conditions of the equations; make then x equal to 4, y, that is, 
-+ y=— 3, and you will have —y = -+ 3 ; whence X—y==443=7, 
e— y= 16—g==7, and 7-+-7 == 14; again, x-+-y=4—3=1, 
and x*-+-y*== 16 + 9 =2 5, and 1-+25==26: inthe next place, make 


x=— 5, and y=-++-2, then we hall have x—y=— ;—2 =—7, 
Sty? 25 4 21, and — 7-H 21 = 14; again, x-+-y==—5-+-2 
= — 3, and x*+-y*==25-+ 4 = 29, and —3 + 29 = 26: laftly, make 
x==— 5, and y=— 3, and you will have x ——y=—5-+3=—z, 
and x*——y*==25—g==16, and —2 -+ 16= 14; again, x+y=— 5 
—3=— 8, and x*-+-y*=25-+-9= 34, and —8 + 34 = 26. 


PROBLEM 8g. 


132. What two numbers are thofe, whofe fum, when added together, is 


equal to their produét when multiplied together; and this fum or pros 


duct, when added to the fum of their fquares, makes twelve? 
For 


\ 


Art, 192: PRODUCING QUADRATIC EQUATIONS, 2IY 
S o.L UT ION, 


For the two numbers fought put x and y, and the fundamental equa- 
tions will be 1ft, x«-+y==.xy; and fecondly, Koby xp y= 127 in 
the firft of thefe fundamental equations, where x-+-y=yx, we have 
yx—x=y; but yx—x is the product of y—1xx, or of xxy—1; 


= y ee : 
therefore xxy— 1 =y, and x= pita but if inftead of x, this value 


' 


be fubftituted into the fecond fundamental equation, the equation will 
rife to a biquadratic, for the refolution whereof, no rules have hi- 
therto been given; therefore to extricate ourfelves out of this difficulty, 
it will be proper to have recourfe to fome other artifice, by trying other 
pofitions, as thus; for the {fum of the two numbers fought put g; then 
will z be alfo the product of their multiplication, by the fuppofition ; 
and fince this product z added to the fum of their fquares gives 12, the 
fum of their {quares will be 12 —z ; but every one knows, that if to the 
{fum of the {quares of any two numbers be added their double product, 
there will arife the {quare of their fum ; therefore 12 —z-+-2x, or 12 
-+z==2*; which equation being refolved, gives z==-+-4, Gc; and 
therefore the queftion is now reduced to this; What two numbers are thofe, 
whofe fum is four, and the product of whofe multiplication is four? for the 
numbers fought, put x and 4— x, and you will have 4x—x x = 4; and 
changing the figns, xx — 4 x= — 4 ; and compleating the {quare, xx — 
4x-+-4==-0; and extracting the fquare root, x—2 == 0; whence 
x==2, or 2, for the roots of this equation are equal; therefore 2 and 
2 are the numbers defired in the queftion; and they will anfwer the 
conditions; for in the firft place, 2+-2==4==2x2; and in the next 
place, 4 the fum of 2 and 2, being added to 8, the fum of their {quares, 
gives 12. 
COROLLARY. 


-From our firft attempt to folve this problem we may learn thus much 
however, that if any number whatever be made equal to y, then thefe 


y á : - 
si will always have this property, that their fum 


two numbers y and 


when added together will be equal to their product when multiplied to- 


A 


j 
2 `? 
gether; thus if 3 =y, and confequently ae o 


zy we fhall have 


+-i==4!, and 3x} or 2==4!; whence it follows, that this problem 
cannot be folved in whole numbers in any other cafe than that we have 


here put. 
Dde2 P R o- 
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PROBLEM go. 


133. What two numbers are thofe, whofe fum added to the produét of 
their multiplication makes thirtyfour, and the fame fum fubtratted 
from the Jum of their fquares leaves fortytwo ? 


SoLUTION. 


Here to avoid all difficulties that would otherwife arife, put z for 
the fum of the two. numbers fought ; then fince this fum added'to the 
produét of their multiplication makes 34, the product of their multipli- 
cation will be 342; but this fum z fubtracted from the fum of their 
{quares, leaves 42; therefore the fum of their fquares is 42 +g; to this 
add their double produ& 68—22z, and you will have 110—z==2'; 
whence z= -+ 10, &c, and 34—2z==24; therefore now the queftion 
is, What two numbers are thofe, whofe Jum is ten, and the produét of their 
multiplication twentyfour ? and by art. 111 the two numbers: fought-are 
4 and 6. 

Whoever would fee more queftions.of this nature, may confult Bachet’s 
comment upon the 33d queftion of the firft book of Diophantus’s Arith- 
metics. 

N. B. Having now done with quadratie equations, at leaft for a time, 
it may perhaps be expected, that according to order of method I fhould 
proceed on to equations of higher forms: but I fhall take the liberty for 
once to difpence with that method ; not but that I intend (God willing) 
to treat fully and diftinétly of thefe equations hereafter; but in the 
mean time I think it more advifeable to employ the reader’s thoughts in 
fome other things, which I take to be of much greater importance, and 
more proper for his information. 
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T SSE 


ELEMENTS of ALGEBRA 


BO OK IV. 


Of general problems, and general theorems deduced from 
them; together with the manner of applying, and de- 
monftrating thefe theorems fynthetically. 


nnd 


The defign of this fourth book more fully explained. 


ITHERTO my young Analyft has been indulged for’ 
the moft part in a fort of mixt Algebra, where letters. 
were put only for unknown quantities: but if he would 
reafon abftractedly upon his problems, and draw general 

conclufions from them, he muft put letters not only for his unknown 
quantities, but alfo for fuch asare known ; and fo propofe and folve his 
problems indefinitely. By this means in the firft place he will obtain in- 
definite anfwers, which in many cafes are much preferable to more par- 
ticular ones, as they fuit and folve all particular cafes to which they are 
applicable ; and in the next place he will be able to prove his work fyn- 
thetically ; which will not only confirm his former analyfis, but will 
alfo further enure and reconcile him to the operations of fymbolical or 
fpecious Arithmetic; and fo render him entire matter of this fort of com- 
putation. A fufficient fpecimen of this fort of reafoning both in the ana- 
lytical and fynthetical way, has already been given in our general theo— 
rem for the refolution of a quadratic equation, fo that no more needs be: 
faid by way of preparation; it remains therefore now, that we look back. 
upon fome of the problems already folved, and {hew how to folve them 
over again in general terms, as follows, 


134. 


PR 0 B+ 
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PROBLEM ft, (Seeart. 26.) 


135. What two numbers are thofe, whofe Jum ts a, and difference bD? 
SoLUTION, 


Put x for the lefs number ; then will the greater be x-+-4, and their 
fum 2x-+- b= a; whence 2x = a —ù, and x (the lefs number) will be 
a—b a—b 6 


; whence x-+4 (the greater number) will be => = 
—b+25b a+b : até 
S t ag iti fo the greater number is found to be = ; and 
a—b : ae Fe - 
the lefs os where a and å are left undetermined till fome particu- 


lar cafe of this problem is propofed to be compared with the general one; 
and then the quantities 2 and 4 will not only be determined in that cafe, 
but the problem may be folved by the general theorem without any fur- 
ther analy/is. As for example, let it be propofed, as in art. 26, to find two 
numbers whofe fum is 48, and difference 14 : here it is plain that æ in the 
general problem anfwers to 48 in the particular cafe, and 4 to 14; whence 


8 6 —— 
(or the greater number) = seh = == = 21, and 7 (or 
use 
the Jefs number ) s5 = -i = 17 ; fo that the numbers fought 


are 31 and 17; which will anfwer the conditions of the queftion. Again, 
fuppofe we were to find two numbers whofe fum is 35, and whofe dif- 
ference is g: in this cafe it is plain that æ and å have other fignifications ; 


a 
for here a= 35, and 6==g, and therefore (or the greater num- 


a—b 


ber ) will be 22, and (or the lefs number) will be 13. 


Thefe theorems are capable of being tranflated out of Algebraic lan- 
guage into any other; though to no great purpofe that I know of, to 
fuch as underftand any thing of fymbolical Arithmetic; for in my opini- | 
-on, they appear much more diftin& as they are, and lefs liable to ambi- | 
guity. The foregoing problem, together with the anfwer belonging to 
it, being tranflated into common Englifh, will ftand thus : 


PROBLEM, | 


It is required, having given the fum and difference of any two numbers, 
to find the numbers them/elves, | 
Anf: | 


- 
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Anf. 1ft, Add the difference to the fum, and half the aggregate will be 
the greater number, 2dly, Subtraét the difference from the fum, and half 
the remainder will be the lefi number. 


ae ae ad , ats 
That this is a true tranflation is plain: for what is but half the 


$ . bae A 
| aggregate of the fum and difference added together ? and what is 


but half the remainder, after the difference is fubtra¢ted from the fum ? 

We come now in the laft place to examine this theorem as it ftands 
in general terms, and to try whether it will anfwer the conditions of the 
problem in the letters themfelves. It was propofed to find two numbers, 
whofe fum is a, and whofe difference is 4; and the anfwer was, that the 
a—b 


a+d ray 
greater number was be sag and the lefs : now that this is a true 


anfwer, will be evident from a bare addition and fubtraétion of the num- 


x + E ia. 


bers themfelves, without any other principles; for if 


dA — 


: 2a ; y 
, their fum will be ZF 4, which anfwers the firft condition of the 


a—b 
2 


+4 
problem ; and if be fubtracted from £ a the remainder will 


26 : í F 
be — or 4, which anfwers the fecond condition, 


This is that which is called a fynthetical demonftration, and doubtlefs 
thews the truth of the theorem to which it belongs, as well as the analy/is 
whereby that theorem was inveftigated; but not fo much to the fatif- 
faction of the mind: for a fynthetical demonftration only fhews that a 
/ propofition is true; whereas an analytical one fhews not only thata 
propofition is true, but why it is fo, places you in the condition of the 
inventer himfelf, and unveils.the whole myftery. Synthetical demon- 
{trations ufually require fewer principles than analytical ones, as will evi- 
dently appear, by comparing both, in this very example ; and this I take 
to be the reafon why the ancients, generally fpeaking, chofe to demon- 
{trate their propofitions this way; not with a defign to conceal their 
analyfis, as fome have, unjuftly enough, imagined ; but becaufe this fort 
of demonftration required fewer principles to proceed upon, and thofe too, 
fuch as were commonly known, 

PROBLEM 2, 


136. What three numbers are thofe; whereof the Jum of the firf and fè- 


cond is a, that of the firft and third b, and that of the fecond and third c? 
SOLU- 
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SOLUTION. 


Put x for the firft number fought; then will the fecond number be 
a—*x, becaufe the firft and fecond numbers together make a; for a like 
reafon the third number will be 4—.~, becaufe the firft and third toge- 
ther make 5: add now the fecond and third numbers together, and you 
will have a-+ġ —z2 x =c ; therefore 2x-+-c—a-+4; therefore 2x— 
a-+-b—c; and x (or the firt number) = Hiss 


mips 


; fubtrat now 


this firft number ë eoma a, or which is all one, add rant do a aa 


~ 


—a — b+c a 
I 


— 
— 


to a, and you will have the fecond number equal to 


mamb tca a— b 4-E 
2 jig 2 
atb—c 


; again, fubtraét the firt number 


from 4, and you will have the third number equal to =e 


b —4 -b-c 


I 


; and thus we have all the three numbers fought, 


jae 
to wit, "The firft, i. 3 
——ġ 
The fecond, eea h 
pewa b4-¢ 
The third, TAEAE 


‘To apply this general folution to fome particular cafe, I fhall make 
ufe of that in art. 42, where it was required to find three fuch numbers, 
that the fum of the firft and fecond may make 60, that of the firft and 
third 80, and that of the fecond and third 92: in this cafe it is plain 


a+b—c 
that a= 60, b= 80, and c == 92 ; therefore aE ee M the firt num- 


inni i 
7 a or the fecond number will be 36; and 


ber will be 24; 


—4 -+$ 

metite or the third number will be 56; which numbers upon 

tryal will be found to be fuch as the problem requires. But that the 

theorems here given are not only true in this particular cafe, but are uni- 

yerfally fo, will beft appear from the fynthetical demonftration following. 
a: 
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a+b—c a—b-+c 
1t, The firt number SES and the fecond number —————— 


; 2a ; +f 
being added together make ~~ or a, according to the the firft condition, 


the other quantities deftroying one another. 
a+b—c j PS 
2dly, The firt number —>—, and the third number ee 


: 2b : : me 
being added together make z or 4, according to the fecond conditien. 
—a+b+e 


Laftly, The fecond number ——_ and the third number 


‘ 2¢ i oe 
being added together make z oF ¢, according to the third condition. 


This problem may alfo be folved fomewhat more elegantly thus: put 
s for the unknown fum of all the three numbers fought ; then if c, the 
{fum of the fecond and third numbers be fubtra¢ted from s, the fum of 
all three, there will remain the*firft number equal to s—c ; in like man- 
ner 4, the fum of the firft and third numbers, fubftra¢ted from s, the fum 
of all three, leaves the fecond number equal to s— 4; and a, the fum of 
the firft and fecond numbers, fubtraGted from s, the fum of all three, 
leaves the third number equal to s—a; add now all thefe three numbers 
together, to wit, s—c, s—d and s—a, and the fum will be 3s—a 
—4—c; but the fum is s, by the fuppofition ; therefore 3s—a—s—c 


at+b+c ; 
—— ; whence we have the following theorem : 


=s; and s= 


a+ b-c = 
Make ——-—— =s ; then if the numbers a, b and c be taken backa 


wards, and fubtraéted feverally from s, the three remainders s —c, s— b 


and s—a will be the three numbers fought, in order as they are fuppofed 


in the problem. Thus if a= 6o, b= 80, and c = 92, as before, we thall 


at+tbte 5 - 
have 3 or s= 116; whence the firft number will be 116 — 92 


or 24, the fecond 116—8o or 36, and the third 116—60 or 56, 
ScHOLIUM. 


What three numbers are thofe, whereof the product of the frf and 
Jecond is a, that of the firft and third b, and that of the fecond and 


third c? 
Ee poke L 
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SOLUTION. 
Put p for the product of all the three numbers; then fince ¢ is the pro- 


duét of the two laft, we fhall have the firft number equal tof ; for a like 


reafon the fecond equals F, and the third equals Ê , and the product of 
a 


all three equals i $; therefore p = abc, and’ p = yab ce. | 
DEMONSTRATION. 


P. t , or the product of the firft and fecond numbers, is Fass oe 
cb be bc. 
=<=@; and fo of the reft. 

PROBLEM 3. 


137. It is required to find two numbers whofe difference is b, and the 
difference of whofe fquares is a. | 
SoLUTION. 
Put x for the lefs number, and confequently x-+-4 for the greater ; | 


then will the fquare of the lefs number be xx, that of the greater xx- 
25x-+-bb, and the difference of their fquares 2bx-+-b4=<a; therefore 


— bb 
2hx=a—bb, and x (the lefs number) = E FEL, whence x-+ 4 (the 


a—bb b a—bb+2bb atbb | 
greater) = <a fee ae 
To apply this general folution, let it be required to find two numbers | 
whofe difference is 4, and the difference of whofe fquares is 112 : here | 
— bb bb ; 
a==112, b=4, bb= 16, Z c= 12, Ti 16; therefore the 


numbers are 12 and 16. The general demonftration is as follows: if | 
a—bb a -+ bb | 


the lefs number —> be fubtracted from the greater —F—, their diffe- 
2b ie | 
rence will be ya b, according to the firft condition of the problem ; 
—bh, aa—2abb+-h | 
again, the {quare of the lefs number — is a and the | 
+4, b+ b+ 
{quare of the greater — is atis EAE. fubtra&t the fquare of the 


lefs 
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lefs from that of the greater, and you will have the difference of their 


abb vi ; 
{quares = aT =a, as the fecond condition requires. 


PROBLEM 4, 


138. Let r ands be two given multiplicators, whereof r is the greater; it 
is required to divide a given number as a into two fuch parts, that 
the greater part when multiplied into the lefs multiplicator may be 
equal to the lefs part when multiplied by the greater multiplicator. 


DUD Ue Tron. 


Put x for the greater part, and a— x for the lefs; then will the greater 
part multiplied into the lefs multiplicator be s x, and the lefs part multi- 
plied into the greater multiplicator will be ar — rx ; but according to the 
problem, thefe products are to be equal ; therefore sx=ar—rx, and 


rx-—-+-sx=ar; but rx-+sx isxxr—+s; therefore xxr—-+-s=—ar; 


ar 
and x (the greater of the two parts fought) = ra whence a—x, (the 
a ar ar--as—ar as 
lefs part) equals Pop pe es Lie the ‘greater 
. OF as 
part fought is oi and the lefs Ph 


The APPLICATION. 


To apply this canon, let it be required to divide 84 into two fuch 

parts, that five times one part may be equal to feven times the other : here 
ar 7x84 

rip aa 47 


a==84, r the greater multiplicator = 7, s = 5, 


as 5x84 
r-+s” 12 
and they will anfwer the conditions ; for firft, 49-+35==84; and fe- 


= 35; therefore the greater part is 49, and the lefs 35; 


condly, 4.9 x 5==245==35%7. Again, let it be required to divide gg in- 


to two fuch parts, that of one part may be equal to ¢ of the other : 
r £ y 2 


rs 2 pes 


here a=99, 7==1, s=} 


ERN 
7 r-+s=% 


as A 
eer a zac 54, pas 99X = 45; {o the two parts are 54 and 


45; which is true; for firft, 54-+45==99 ; and fecondly, 3 of s4 = 
36 =+ of 45. 


Eez As 
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As to the demonttration of this general folution, it muft be obferved 
that in this problem there are two conditions; firit, that the two parts 
when added together muft make a; and fecondly, that the greater part | 
multiplied into the lefs multiplicator muft be equal to the lefs part mul- | 
tiplied into the greater multiplicator : as to the firft of the conditions, it | 


r+s and r- s 


is certain that the parts when added together will make 


ar+-as b at R ar-+as ros | 
Se OG, tte CeO ha Ss. ACCIO se ee ae: = 8 
r+s ? y TA r-}s rts 
at N 
be multi- 


x 1==a: asto the fecond condition, if the greater part — 
RAEN < 1 d II b ars ` 
plied into s, the lefs multiplicator, the product will be erer and again, 


be multiplied into 7, the greater multiplicator, the 


! as 
if the lefs part rar 


ars 
product will alfo be —— ;. therefore the two products are equal, as the 
8 r-+s 


problem requires; and fo the conditions are both fatished. 9, E. D. 

N. B. If any one has a mind to throw the foregoing theorem into 
words, it may eafily be done, and in fuch a manner as almoft to carry 
it’s own evidence along with it; for by the rule of proportion, r- sis to 


ar e as 
ras @to—; andr- sisto sas a to ——; therefore, As the fum of 
r-+-s’ + r-+s’ > Jum of | 


the two multiplicators is to the greater or lefs multiplicator, fo is the fum 
of the two parts fought to the greater or le/s part > and this, I fay, is 


pretty evident; for had »-+-s been the number to be divided, the-parts 
would certainly have been r and s; therefore if a greater or lefs num- 


ber than rs is to be divided, the parts ought to be greater or lefS than 
r and s in the fame proportion. 


PROBEEM §&. 


139. Let r and s be two given multiplicators whereof r is the greater ; 
it 1s required to divide a given number as a into two fuch parts, that r 
times one part being added to s times the other may make fome other 
given number, as b, 

SOLUTION. 


Put x for the part that is to be multiplied by r, and confequently 
@—vx for the other part that is to be multiplied by s, and the products 
- will 
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will be rx and as —s x, and their fum will be rx+- a s—s x =b; there- 
‘fore rx —sx==b—as, thatis, xxr— s= b—4ás; therefore x (the 


ee 
part to be multiplied by 7) = —* ; therefore a—x (the part to be 


a—b+as ar—as—b+as ar—b 


multiplied by s) =- j= ii = 


The APPLICA T FON. 


Let it be required to divide 20 into two fuch parts, that three times 
one part being added to five times the other may make 84 : here a= 20, 
—as 


b= 84, r= 5, s==3, as==60, b—as==24, cae (or the part to be: 


ar—b 


multiplied by 5) == *#==12, ar==100, ar—b = 16, sane (or the part 


to be multiplied by 3) =  ==8; therefore the parts fought are 8 and 12;. 
for firft,, 8 -+ 12 =20 ; and fecondly, three times 8 -+ five times 12 = 84. 

Again, let it be required to divide 100 into two fuch parts, that : of 
one part being fubtracted from j of the other, may leave 39: here it muft 
be obferved, that to fubtract + of any one quantity from another, is the fame 


as to add sa of it;, therefore this problem when reduced to the form: 
of the general one, will ftand thus: To divide a hundred into two fuch 


—— 2 
$ 


of one part being added to +2 of the other may make 


parts, that 


thirtynine, Here a==100, 6==39, rai, =—, penta Paps 
19 — 300 b—as 14 
= go SEs Be gore ee ey 
12 

MESS 

00 __ 250 250 133 ar—b 

=72, ar=2 2 S, —s= 250 39 133 ee 3 
4 3 I S 19 

12 


== 28; fo the two parts are 28 and 72; for 28 4-72 = 100; and moreover: 
1 of 28, that is, 21, fubtracted from § of 72, that is, from 60, leaves 39s- 
The GENERAL DEMONSTRATION, 


ar—b b—as 


The two parts ——- and — 
rms r— 


when added together, make 


ar == 
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ar—b+b—as ar—as r—s 5 b—as 
—— cn —— UR E again, the part ——— 
Cs fs hess) TS 
$ Saye M Aa . br—ars 
‘being multiplied into 7, it’s proper multiplicator, gives —-——, and the 


ar—b ed ME A ; 
other part Pea multiplied into the other multiplicator s, gives 


wpa ; add thefe two produéts together, and they will make 
br—ars--ars—bs br—bs 
Tavita alert ee =%. 9.F. D. 

If any one hereafter fhall think me too concife in the folutions of thefe 
general problems, he muft have recourfe to the particular ones in the ar- 
ticles I fhall refer him to, which he will find explained more at large : 
and as to the application of thefe general folutions to thofe particular cafes, 
it is to be prefumed that by this time the learner will be able in fome 
meafure to perform that part himfelf; and therefore I fhall for the future 
leave it to him, except where I fhall think my affiftance may be of 
any ufe. 


PROBLEM 6, (Seeart. 35.) 


140. One meeting a company of beggars, gives to each p pence, and has 
a pence over; but if he would have given them q pence apiece, he 


would have found he had wanted pence for that purpofe: What was 
the number of perfons ? 


SOs Ulloa: 


The number of perfons, x. 

Pence given, px. 

Pence in all, px--a. 

The pence that would have been given upon the other fuppofition, gx. 
Another expreffion for the number of pence in all, gx— 4, 

Equ. gx —b=px-+a; therefore gx—px—b=a; therefore gx 
a+b 


—px==a-+b; therefore x (the number of perfons) = ed 


DEMONSTRATION. 


b 
If the number of perfons be a then the pence given will be 
a eat ee b if 
pari , and the pence in all wil be Ay + E -m ili A 


— 
Dewees 
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aq-+b s 
= ob GBS 4 : again, the number of pence that would have been given 


a d 
upon the fecond fuppofition is 


b 
oe 7 1 ; and therefore the other expreffi- 
aq+bg b _ag+ėp 


on for the number of pence in all will be ; 


I TaT ee 
and the perfect agreement between this account and the former, is an 
infallible argument that the number of perfons was rightly affigned, 


PROBLEM 7. (Seeart. 64.) 


141. It is required to divide a given number as a into two Juch parts,, 
that one part may be to the other as x ta s, 


SOLUTION 


The two parts fought, x and a — x. 
Proportion, x is to a—wx as r to s. 
Equation, sx=ar—rx; therefore rx- sx=ar; therefore x 


À ar x 
(or the firft number ) =r} therefore a—x (or the fecond number) 
a ar as ar as 
== - — —— = —— ; therefore the two numbers are —— and ——.,. 
1 7r-es rs raps MOT 


DEMONSTRATION, 


ar as 
1ft, The two numbers and —— when added together make: 
reas rars 
ar-+-as 
Pas 


ae as 
2dly, The firft number Fan, 8 to the fecond number yy; 38 ar 


is to as; becaufe throwing away the common.denominator is no more 
in reality than multiplying both fractions by it; and every one knows, 
that the multiplication of two quantities by the fame number, makes no 
alteration in the proportion they bore one to the other; again, ar is to 
as (dividing both by æ) as y to s; for it is as well known that a com- 
mon divifion affects proportion no more than a common multiplication : 
fince then the firft number is to the fecond as ar to as, and ar isto as 
as r tos, it follows, that the firft number is to the fecondasr tos, Q, E. D. 


PR o- 
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PROBLEM 8, (Seeart. 66.) 


142. What number is that, which being feverally added to two given 
numbers, a a greater number, and b a lefi, will make the former fum 
to the latter as r to s? therefore x muft be greater than s, 


SOD UOT TSON; 
‘The number fought, x.. 
Proportion, a- x is to b-+-x as r to s. l 
Equation, brr x=as-+sx ; therefore br--rx—sx=as; there- 
as—br 


fore rx— sx =as—br ; therefore x= 


res ` 


DEMONSTRATION. 


ase—br y : ar—dbr 
The number Nee being added to a, gives anes and the fame 
: . as—bs ar—br . as—bs 
number being added to 4, gives — ; now ——— is to ——— 
r—s r—s ræs 


as ar— br istoas—hbs, that is, asrxa—d is to sxa— $b, that is, as 
rtos, 2, E. D. 


S.C 02, 1 ULM: 


‘This problem was to find a number, which being feverally added to 
a and 4, will make the former fum to the latter as r to s; let us now 
change the numbers a and 4 one for another, as alfo the numbers r and s 
one for another, and then the problem will ftand thus: To find a num- 
ber which being feverally added to b anda, will make the former fum to the 
latter as s tor: but the condition of this problem is exa@tly the fame 
with that of the former, and therefore the anfwer ought {till to be the 
fame ; that is, as changing a and 4 one for another, and z and s one for 
another, had no effect upon the problem, but left it entirely the fame 
as at firft; fo if the expreffion of the number fought be juft, the chang- 
ing of a and J one for another, and of r and s one for another, ought 


: i 5 
to make no alteration in that expreffion, and the number fought ought 


ro) 
{till to be the fame ; for truth will always be confiftent with herfelf, 
Let us try this however, and fee what will be the effect of fuch a change: 
as—br . 
—— ; but upon this change, as þe- 
— s 


now the number fought was 

comes br, and dy becomes as, andr—s becomes s—r, and the whole 
‘ . bor—as br—as 

expreffion will be turned into this, ary eae but ae ee the fame 


as 


Art. 142, 143. AND THEOREMS DEDUCED FROM THEM. 225 


as—br À - 
— 3 for changing the fign of both the numerator and denomi- 


as 


nator of any fraction, no more affects the value of that fraction, than 
in divifion the changing of the fign both of the divifor and dividend af- 
fects the value of the quotient: thus then we find, that the changing 
of a and 4 one for another and of r and s one for another, no more 
affects the theorem for determining the number fought, than it did the 
problem from whence it was derived, 


PROBLEM 9g. 


143. It is required to divide a given number as a into two fuch parts, 
that the excefs of one part above another given number as b, may be 
to what the other wants of b, as r tos; fuppofing r greater than s. 


SOT Toons 


Put x for the greater part, and a— x for the lefs; then the excefs of x 
above 4 will be x—4 ; and the excefs of b above a— x will be x— 


a-b, as appears by fubtracting a — x from 4; but by the problem, 
the former excefs is to the latter as r to s; therefore x—d ts to x—a -+b 
asr to s; multiply extremes and means, and you will have sx— ds 
=rx—ar-+-br; therefore rx—sx=ar—br—bs, and x (the 


ar—br—bs 


greater part) = —; therefore a —x ( the lefs part) == 


r—s 
—artbhrtbs br+-bs—as . ar—br—bs 
se a O 51g tne sreater pert 1s ————-—, 
r—s r—s 2 is 
br+-bs—as 
and the leb part es, 
r—s 


ExAMPLE, 


Let it be required (as in art. 41,) to divide the number 48 into two 
fuch parts, that one part may be three times as much above 20 as the 
other wants of 20: here a= 48, b6==20, r==3, s==1; for to fay 
that the excefs muft be three times the defect, is no other than to fay, 
that the excefs muft be to the defect as 3 to 1; the reft is eafy. 


The GENERAL DEMONSTRAT ION, 


-—br—b — 
si E, and the lefs part afew Bact 


if, The greater part > 


F f being 


r 
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ar-——das z 
= ==: again, the excefs of the great- 


being added together make —— 
ar—br—bs 6 ar== br — bs — br hs 


er part above 4, is ————-—— —— = Se as 
r—s I r—s 


cee. and the excefs of 4 above the lefs part, which is what the 
. b —br—bstas br—bs—br—bs+as 
lefs part wants of b, b= —§_ SOO 

I as, rs 


as—a2hbs 


= —_,~ > therefore the excefs of one part above 4 is to what the 
ar—2br. as—a2hbs $ . 
other wants of 6, as ————— Ta that is, as @r —2 br is to 


as— 26s, that is, as rxa— 2% is to s xa— 2 b, or as r tos, 9, E.D. 
PROBLEM Io. (Seeart. 55.) 


144. There are two places whofe diftance from each other isa, and from 
whence two perfons fet out at the fame time with a defign to meet, one 
travelling at the rate of p miles in q hours, and the other at the rate 
of x miles in s hours: I demand bow long and how far each travelled 
before they met. 

SOLUTION, 


The number of hours travelled by each, x. 


Miles travelled by the firft, i 


By the fecond, E 
s 


By them both, A + n ‘ 


RESNE . ath hak 
Equation, pe +e =a; therefore pep i = aq; therefore psx 


+ grx—=aqs; therefore x (or the number of hours travelled by each) 


= — : now to find how many miles the firft travelled, fay, if in 
q hours he travelled p miles, how many will he travel in a number of 
hours equal to TOL ? fora fourth number, I multiply the third num- 
et 5 PE a aaah EE ET 
ber PESI by the fecond p, and the product is PTET this again I 
divide 
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divide by the firft number g, and the quotient is ae ; for dividing 
the numerator divides the whole fraction: by the fame way of reafoning, 
i el 
psegr 
apstagr 

pst+gr. 


the number of miles travelled by the other will be found to be 


therefore the whole number of miles travelled by them both is 
=a, which demonftrates the folution. 


EXAMPLE, 
Let the diftance of the two places be 154 miles; let the firft travel at 
the rate of 3 miles in 2 hours, and the fecond after the rate of 5 miles 
in 4 hours; then we fhall have a==154, p==3, g==2, r=5, s=4, 


a a z ASEN LESAKARA = 

S= 12, (r= 10, ps-+qr= 22, TET z3 =o, 
Trax 2% agr Ic4X2X 

d RE Sak Pic, O =: (Ape TAB Esse tm 96 : therefore 


piAgr 3.22 Pee 22 
each travelled 56 hours; the firft travelled 84 miles, and the other 70. 


ScHOLIUM, 


If in the foregoing problem we change p into v and g into s, and 
vice verfa, the confequence will be, that the firft traveller will now 
travel at the fame rate as the fecond did before, and the fecond at the 
fame rate as the firft did before; but the motion whereby thefe two tra- 
vellers approach towards each other will ftill be the fame, and therefore 
the time this motion is performed in, that is, the time that each travel- 
led, muft ftill be the fame: let us then make -the changes abovemen- 
tioned, firft in the expreffion of the time, and fee whether that expref- 
fion will ftill continue the fame; then let us make the fame changes in 
the two expreffions of the miles, and fee whether by this means, thefe 
expreffions will not be converted each into the other: firft then, the ex- 


by changing p into r, and g into 


; 3  egt 

preffion of the time, which is er ar 
. asq Sai aqs 

s, and vice verfa, becomes T FIP which is the fame as Taere 


fore the expreffion of the time fuffers no alteration by thefe changes : 


; there- 


fecondly, the number of miles travelled by the firft was RS which 


which isthe fame 


, ar 

after the changes aboyementioned, becomes 1 j 
rr 

f SE aee as 
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as Rae the miles travelled by the fecond; and therefore è conver/a, 
i sc se wie tat 

the expreffion = “bar will be changed into the expreffion pee? and 

thus will the cafe of the firft traveller be changed into that of the fecond, 

and vice verfa, 


PROBLEM I1. (Seeart, 46.) 


14.5. Suppofe that p pounds of gold out of water weigh q pounds in wa- 
ter, and that + pounds of fiver weigh s pounds in water; fuppofe 
alfo that a mafs weighing a pounds, and confifting of both gold and fil- 
ver, when weighed in water, weighs only b pounds: I demand the di- 


fiin quantities of gold and filver in the maf, 


5.0 5'U'T I ON: 


The number of pounds of gold in the mafs, «x. 


Of filver, a—x. 


The weight of the former in water, > 
Of the latter, aoe 
z qX | AS——SK {ib poe aps— psx - 
Equation, Tae == ġ ; therefore iE toss = $f; 
therefore grx -+ aps—psx= bpr; therefore grx—psx=lbpr—aps ; 
therefore x (or the number of pounds of gold in the mafs) = x ile a 
qr—ps ” 


a — bpr--aps te aqr—bpr 


therefore a— x (or the pounds of filver) = ee > Sen 2 ae 


DEMONSTRATION. 


bpor— 
Firft, the weight of the gold ALES 3 and the weight of the filver 
ARDES ae 
pe bas being added together make a 
qr—ps ilasan i 
2dly, We muf find in the next place, how much each weighs in wa- 


ter, by faying, if p pounds of gold weigh g pounds in water, what will 
bpr—a bgr — ie 
(pea weigh? and the anfwer will be pe ; in like manner, 


gr—pþs 
the 


=E A 
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the weight of the filver in water will be found to be ns 

3dly, Add both thefe weights together, that is, fe and 
ae and they will make th , rb, QED. 


PROBLEM 12. 


146. There are two pipes, whereof one will fill a ciftern in the time p, 
and the other in the time q: In what time will they both fill it? 


SOLUTION, 


Put x for the time fought; then fay, if in the time p the firft pipe 
will difcharge one cifternful, how much will it difcharge in the time x? 


and the anfwer will be i and for the fame reafon, : will reprefent the 
quantity difcharged by the other pipe in the fame time x; therefore s -+ 


~ will be the quantity difcharged by them both ; but by the problem, they 

ought both to difcharge one cifternful in this time ; therefore we have this 
. x OX px 

equation, - +- i = I ; therefore x -+ 7 =p); therefore'gx -4px = PTs 


Pg 


therefore x (or the time fought) = ———. 
asi ght) =o 
DEMONSTRATION. 
rft, Ifin the time 7 the firft pipe difcharges one cifternful, in the time 
ae it will difcharge the quantity aes: 


É fe 
: : . : PY d z 
2dly, And for the fame reafon, in the fame time para the other pipe 


will difcharge the quantity iS 


3dly, Therefore in the time s ? both pipes together will difcharge 


the quantity T = 1, that is, one cifternful, Q, B, D. 
PRo- 
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PROBLEM 13, 


347. One has ‘a certain number n, of children whofe ages are in arith- 
metical progreffion; the common difference of the progreffion is d, and 
and the age of the eldeft child is to that of the youngef as r tos: What 
are the ages of the eldeft and youngeft? 


SOLUTION. 


Here I might put. for the age of the eldeft child, and confequently 
x—d for the age of the fecond, and fo on; but the work will fucceed 
better, if we put x — d or x— ıd for the age of the firft child, x— 2 d 
for the age of the fecond, x — 3d for the age of the third, x—4 d for 
the age of the fourth, Gc ; for by this means, the number of every child, 
reckoning from the firft inclufively, will alfo be the coefficient of d in 
the expreffion of his age; but according to this way of reckoning, the 
number of the laft, or youngeft child will be 7; therefore his age will 
be x—zd ; whence we have this proportion, x —d is to x —nd asr to 
s; and this equation, rx —dur==sx—ds; therefore rx—sx—dur 


s=—ds; therefore rx—sx=dur—ds; therefore —— 
dnr — d 
therefore x—d (or the age of the eldeft child) is = i EA 
r—s I 
Penn . dnr—ds nd 
Fizz 3 and w—nd (or the age of the youngeft) is Fay 
dnus—ds 
rs l 


DEMONSTRATION. 


According to this computation, the age of the eldeft is to that of the 


dnur—dr. dns—ds i ‘ 
youngeft as —— is to ————-, that is, as dur — dr is to dus—ds, 
r—s r—§ 


that is, as ar—r is to ns—s, that is, asrxu—1 is to sxm—1, that 


is, asrtog 2, E.D. 


PROBLEM 14. (See art. 68.) 
148. What number is that, which being feverally added toa, b and c, 


all given numbers, will make the three fums to be in continual geo- 
metrical proportion? where the reader may, if he:pleafes, fuppofe 
a to be the greateft, and ¢ the leaft of the three numbers given, 


SOLU- 
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SOLUTION, 


Put x for the number fought; and then the preportion will ftand thus, 
x-a is to x-b as x+dis to x-+ec. 
Multiply extremes and means, and you will have this equation, xx-+-ax 
+x + ac=xx-+- 2bx-+4-66; throw away xx from both fides, and 
you will have ax-++- cx -ac = 2 bx -+-bb ; therefore ax —2bx-+-cx-+- 
ac=bb; therefore ax—2bx-+-cx=bb—ac; therefore x (or the 
bb6—ac 


number fought ( pagay BSA piep 


DEMONSTRATION. 


5 a 
1ft, If the number fought st be added to the firt given 


= 74 Dk em 
number a, the fum will be Stash a Pike SE ieira which 


a—2b-c a—2b+c 
I fhall therefore call the firt extreme. 
edly, If ey or be added to the fecond number 4, the fum will 
bb—actab—2bb+dbe i a b-— bb —ac -thce 
amount to pI a e x BERE EEE T 3 but 


for the better conceiving of this fraction, I divide the numerator into 

two parts, wiz. ab— bb, and —ac+-4c; then it is plain that the firft 

part ab—bb is the product of a— bx, and the fecond part —ae -+ 

bc is the produc of a—bx—c; therefore the whole numerator is the 
LS a 3 ESEN p 

product of a— ġ xb — c, and the middle term is gey ere 


3dly, ee added to the third given number c, makes 
bb—2be+cc b—cxb—c 
a—2b+ce — a—2b+c’ 
4thly, We are now in the next place to enquire whether thefe three 
fums be in continual geometrical proportion: now if we compare the 
two firft terms together, we fhall find that the firft fum is to the fecond 
a—bxa—b, a—bxb—c 
a—2b-e © Goab-e? 


xb——c, that is, as @—d is to b—c, 


which therefore will be the laft extreme. 


as that is, asa—xa—b is to a= ġ 


sthly, 
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sthly, If we compare the fecond and third terms together, we fhall 


. $ a—bxb—c . b—cxb—c 
find that the fecond fum is to the third as PRE TT A ee > 


that is, as a—bxb—c is to b—cxb—c, that is, as a—d is to d—c. 
6thly, Since then the firft fum is to the fecond as a — å is to b—c, 


and the fecond fum is to the third alfo as a—d-is to b—c, it follows, 
that the firft fum is to the fecond as the fecond is to the third, and 
confequently, that the three fums are in continual proportion, Q, E. D. 


Sic so bv M 


The laft problem was, to find a number, which being feverally added 
to three given ones a, 6 and c, will make them continual proportionals : 
let us now change this problem into another, by changing the extreme 
numbers a and ¢ one for the other; and then the queftion will be, to 
find a number, which being feverally added toc, 4 and a, will make 
them continual proportionals: here it is plain, firt, that the number 
fought in this cafe, muft be the fame with the number fought in the 
former; 2dly, that the middle proportional muft alfo be the fame here as 
there; and laftly, that the extremes muft be the fame in both cafes, but 
interchanged one for the other: now if the expreffions in the former 
cafe be juft, the fubftitution of æ and ¢ one for the other ought to have 
the fame effect in thofe expreffions as it had in the nature of the problem 
itfelf; let us try this, by actually changing a and c one for the other in 
all thofe expreffions, and let us fee what will be the confequence, 

b—ac 
a-——2 b-c > p ut 
a for c and c for a, and then that expreflion will be changed into this, 

bb—ca 
c—2b-+a 
is the fame as a— 2 b+c ; therefore the number fought in this cafe is 
bb—ac 


a—2b6+0 


Firft then, the number fought in the former cafe was 


; but 44—ca is the fame as b4—ac, and c—2 b-a 


the fame as in the former. 


a—bxb—c 
a—2b+e? 
change a and ¢ one for the other, and then the expreffion will be 
c—bxb—a 
“¢—2b-+-a 
xb—c, becaufe a change of the figns in both factors will have no =. 
effec 


adly, The middle proportional in the former cafe was 


; but c—bxb—a is the fame as b—cxa—db or a—b 
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effect upon the produét, than if no fuch change had been made ; and 

c—25b-+a is the fame as a—24-+-c, as was before obferved; therefore 
; Se pe, Oa bxhb—e age 

the middle proportional in this cafe is aer: which is the fame 


as in the former. 

—3dly, The firft extreme in the former cafe was <a, put a 
and c for one another in this expreffion, and it will be changed into 
c—bxe—b b—exb—c 
t—2b+a~ a—2b+-e ° 
the fame with the laft in the former, 

But I would not be miftaken in this /cbolium, or in any other of the 
like nature, as if I introduced them to confirm the folutions of the pro- 
blems to which they are annexed ; for thofe preblems need no fuch cen- 
firmation: my chief defign herein, is to {hew the beauty and confittency 
of truth, the neceflary connexion one truth bas with another, and how 
much more clearly and diftinétly this harmony is to be perceived in the 
mathematical {ciences than in any other whatfoever ; and yet after all, it 
is not impoffible but that I may in a great meafure lofe my labour. 


; therefore the firft extreme in this cafe is 


PROBLEM 15. (See art. 38.) 


149. What two numbers are thofe, whereof the greater is to the lef; as 
poq, and the product of their multiplication is to their fum asr tos? 


SoLuTIoNn. 
Put x for the lefs number, and the greater will be found by faying, 
3 z K x 
asg is to p, fo is x the lefs number to > the greater; whence their 


Rise x-+gx Si 
fum will be e+ p se: on the other hand, if the greater 


ey n Pe : DMX 
number ps be multiplied into x, the product will be ae therefore 
Xx 


the product of thefe two numbers will be to their fum as 2 is to 


+ 


x-+gx . . 
te os that is, aspx top-+-q; but according to the problem, the 


product is to the fum as r tos; therefore px is to p+-g as 7 to s; 
whence we have this equation, psx==pr-+-gr; and x (the lef num- 


G g ber 
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ber fought) a therefore p= tt, for dividing the de- 
nominator multiplies the whole fraction ; therefore S (or the greater 
number ) Sara 


DEM ONS T RAT FON: 


prin on peir 


Ss Ed 
divide pr-+-qgr by itfelf, and the quotient will be 1; fo that we may 
I 


ps 


ft, The greater number is to the lefs as 


: EF; A 
now fay, that the greater number is to the lefs as an to that is, as 


ae I r : : 4 
= tiz that is as f is to 1, that is, as p is to g: 


$ aoe and the lefs rie being added 


adly, The greater number 


perstpaqrst+pgrs+qqrs __ bprs+2pgrs+ggrs 
pgss = pgss * 
but pp-+2pq-+q7=p+ ; therefore the fum of the two numbers 


together make 


fought is au —— 
gr vibes r 
3dly, The greater Ry 4 — multiplied into the lefs Renee 
; : 
i rrxp 4 
produces — genes: 


4thly, Therefore the product of the two numbers fought is to their 
2 zZ 


rrxp +g ii rsxp+q 


2. p Ni sine pgss 


fum as , that is, as rr is to rs, or as r tos, 


PROBLEM 16, (Seeart. 63.) 


150. One draws a certain quantity of wine out of a full veffel that held 
a certain number of gallons equal toa; and then recruiting the vefel 
with water, takes a fecond draught of as much wine and water toge- 
ther as before he did of wine; and fo he goes on for four draughts one 
after another, always taking the fame quantity at a draught, and then 

recruiting 
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recruiting the veffel with water ; infomuch that at laft, the number 
of gallons of pure wine left in the veffel was only equal to b: I de- 
mand how much he took at every draught. 

Sore tT 10 Nn. 


For the number of gallons left in the veffel after every draught, which 
was always the fame, put x; then it is plain that at every draught, the 
whole quantity of liquor in the veffel, whether it was pure wine, or 
wine and water mixt, muft be diminifhed in the proportion of a to x ; 
therefore the wine muft be diminifhed in that proportion without being 
recruited; whence we have the following proportions; 1ft, as æ is to x, 
fo is x, the quantity of pure wine left in the veflel after the firft draught, 


xx : ; : 
to—, the wine left in the veffel after the fecond draught ; 2dly, as a 


x3 


; , XX ; ; 
is to x, fo is ye the wine left after the fecond draught, to —, the wine 


a 
$ x EE ; 
left after the third draught ; laftiy, as æ is to x, fo is me the wine left 


x4 : 
after the third draught, to —, the wine left after the fourth draught ; 


but according to the problem, the quantity of wine left after the fourth 
4 b b 


x 
draught was J; therefore z= b; therefore x= ab, =at x—; make ~ 
a 


a 
=s, and then we fhall have x+ = atst, and x (or the quantity of li- 
quor left in the veffel after every draught) =as; whence a—.x (or the 


quantity taken at every draught) will be a—as=ax i — s5. 
EXAMPLE, 


Suppofe the veffel when full held 81 gallons, and that there were 16 
gallons of pure wine left after the fourth draught ; then we fhall have 
b pai 4 2 I aes 
a=81, 6=16, Ft Hees pa Er ; 
I 
= 81 x - = 27; therefore 27 gallonsewere taken at every draught. 


DEMONSTRATION. 


Since the wine in the veffel was diminifhed at every draught in the 
proportion of a to x, that is, in the proportion of æ to as, or of 1 to s, it 
follows, that as 1 is to s, fo is x or as, the wine left after the firft draught, 
to ass, the wine left after the fecond draught ; and for the fame reafon, 

Gg2 as 


© 
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as 1 isto s fo is as* to as, the wine left after the third draught; and 
laftly, as 1 is to s fo is as to as, the wine left after the fourth draught; 


b 
but ast =ax~ by the fuppofition, ==4; therefore the quantity of pure 


wine left in the veffel after the fourth draught was 4, 9. E. D. 

N. B. As there are but few numbers which admit of an exact fquare 
root, fo there are fewer ftill which admit of exact roots of higher kinds ; 
but in the courfe of this work, F fhall fhew how to extraét all. roots 
with equal facility, and to as great a degree of exactnefs as is generally 
required, to wit, by a full table of logarithms. 


PROBLEM. 17. 


151. What two numbers are thofe, the product of whofe multiplication 
is p, and the quotient of the greater divided by the le/s is q? 


SOLUTION, 


Put x for the greater number, and confequéntly £ for the lefs; then 
will the quotient of the greater divided by the lefs be =~ ; but according 


3 : xx 
to the problem, this quotient ought to be g; therefore —==9; and xx 


==pq, and x (the greater number fought) = pg: again, fince xx =p, 


fo that the greater of the two numbers fought is 4⁄2 g, and the lef re $ 
q 


Ex AMPLE, 


Let the product of the two numbers fought be 144, and the quotient 
of the greater divided by the lefs 16; then we fhall have p= 144, 


q==16, pg 14416, f/pg=i2x4=48; £ aeg V- = — 
q I i 4 
3; therefore the numbers are 48 and 3. 


DEMONSTRATION, 


1ft, pg multiplied into? gives r ==pp; therefore ypg multi- 


plied into V £ gives p. 
2dly, 
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divided. by vz gives g. 2, E. D. 


PROBLEM 18, 


2dly, pq being divided by 


152, Let x and y be two unknown quantities, anda, b, c, d, e, f known: 
quantities: It is required to find the values of x and y by the help of 
the two following equations, to wit, ax--by=c, and dx--ey=f. 


SoLUTION, 

Equation 1ft, ax-+-by=c. 

Equation 2d, dx-+-ey==f, Multiply the firft equation. by ¢,. and: 
you will have adx-+-bdy==cd; multiply the fecond equation by a, 
and you will have adx -aey =af; fubtract the former equation thus: 
produced from the latter, and you will have , 

Equ. 3d, ae—bdxy=af——cd; whence 

bya if—cd 
Equ. 4th, y= Pimpin Fg 
bf— bcd 
Therefore bye i ; put this value inftead of dy in the firft 
abf—bed 


equation, and you will have ax +a = multiply the whole 


into ae—bd, and you will have aae—abdxx +-abf—bed=ace— 
bcd; throw away — bcd from both fides of the equation, and you will 


have aae—abdxx-+-ahf=ace; divide the whole by a, and you will 
have ae—bdxx-+bf==ce; therefore ae—bd x x=ce— df; therefore 


ve OS, and fo the quantities x and y are at laft found to be 
ce—bf ee f —cd 
<= ebb I= ge— bd 
I have here purfued the common method in finding out x ; but.after 
y was difcovered, x might have been more eafily and more readily deter- 
mined thus: fuppofe the two fundamental equations had been thefe that 
follow; 4x-+-ay==c, and ex- dy= f; the confequence would have 
been, that x in this cafe would have come out the fame as y in the laft, 
and y here the fame as x there; therefore changing a into 4, and d into e, 
and vice verfa, will change y into x; now the expreffion of y is aac 


change 
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change in this expreffion a into 4, and d into e, and vice versa, and it 


— ce e — bf 
will then ftand thus, men = a =e x. 

By this and many other inftances that might be produced, it might ea- 
fily be made appear, that thefe {peculations are fometimes no lefs ufeful 
in calculation, than they are entertaining to men of tafte and genius, 
though perhaps they may be found too fubtil to be relifhed by the raw 
and narrow minds of young beginners 


For the better conceiving of the foregoing ae lal difpofe the quan- 


tities in the order following: a 
£ je 
b e 


Firft put down a and d, the two coefficients of x, one after the other in 
the fame order as they fiand in the two fundamental equations ; under thefe, 
and in the fame order, put down c and f, the two abfolute terms; and laf- 
ly under thefe again, put down and e, the two coefficients of y ; this done, 
compare the firft couple a and d with the fecond c and f, multiplying the 
terms crofwife, andaf—cd will be the numerator of the value of y; again, 
compare the fecond couple c and F with the third b and e, multiplying them 
in like manner, and ce—bf will be the numerator of x; lafly, compare 
je od pair a and d with the laf b and e, multiphing them as before, 
and 2e—bd will be a common denominator to both the former numerators ; 
Jo that the coefficients of x enter into the numerator of y, thofe of y into 
the numerator of x, and both into the common denominator. 


EXAMPLE 


Let it be, required to determine x and y by the help of the two fol- 
lowing equations; 3 x—4y= 6, and 


5xX— by = I4. 
The terms being difpofed according to the foregoing method, will ftand 
thus; 3 5 
14 


Firft then I compare the firft pair 3 and 5 with the fecond 6 and 14, 
thus; 3x14==42, 5x6==30, and the latter product fubtraéted from 
the former leaves 12 for the numerator of y; in the next place I com- 
pare the fecond pair 6 and 14 with the third —4 and —6, thus; 6 x 
—6=—36, 14x—4==— 56, and the latter produé fubtracted from the 
former leaves +-20, the numerator of x; laftly, I compare the firft couple 
3 and 5 with the third —4 and—6, thus; 3 x—6=— 18, 5x—4 


= 20, 
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==—20, and the latter product fubtracted from the former leaves 
-+2 fora common denominator to both x and y; fo that we have x=” 
or 10, and y==¥ or 6; which numbers ro and 6 will anfwer the con- 
ditions propofed. 

N. B. If any of the terms ax, dy, dx, ey be wanting, the coeffi- 
cients muft be fupplied with cyphers; as if ax be wanting, a muft be 
f{uppofed equal to v. 


The GENERAL DEMONSTRATION. 


—s —cd 
Ift, Sinee eed eat and y= oo, we {hall have ax= 
ace—ab abf— bcd —bcd 
sates and bys ed therefore ax-pby= FF me, 
de—bdf —cd 
adly, din EY, and ey aa ES, therefore dx- ey = 
aef—bdf 


ae—bd SA" & ED. 
PROBLEM 19. 
153. Two perfons A and B were talking of their money: fays A to B, 


give me q of your money, and I fhall then have x times as much as you 
will have left; Jays B to A, give me q of your money, and I fhail 
then have s times as much as you will have left: How much money 
had each ? 
SOLUTION. 
For 4’s and B’s money put x and y refpectively ; and the fundamen- 
tal equations willbe x-}g=ry—gr, and 
+g =s x—{ S; 
and thefe equations when reduced to the form for the laft problem, will 
ftand thus ; x —ry = —q—gr, and 
sx—y =-+9 + 7s. 
Difpofe the coefficients and abfolute terms as in the laft problem, and they 
will ftand thus ; I s 
mee a Le 19 gs 
—r —I 
Compare the firft couple with the fecond, and you will have 1 xg- 9s 
=9-+ 5s, and sx—9g—gr=—gs—g¢rs; fubtract the latter product 
from the former, and you will have g-+-29s-+qrs for the numerator 
of y; compare the fecond couple with the third, and you will have 


—I—9rX— Ite gr, and ggs x r= mgr grs; fub- 
tract 
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tract the latter product from the former, and you will have 9-+-29r-+-grs 
for the numerator of x; compare the firft couple with the laft, and you 
will have 1 x— I= — 1, and sx—r==—rs; fubtra& the latter pro- 
duct from the former, and you will have rs—ı for a common denot 
G+-29r-+9rs 


minator ; therefore x (or 4’s money) was pda 


; and y (or 
g+295+9rs 
rs—I 4 

If g be taken equal to rs— 1, it will deftroy the denominator, and 

the folution will come out in whole numbers, thus; .4’s money will be 

I-H 2r4 rs, and B’s will be 1-+-25-+rs; as for example, let oe 

and s==7; then you will have rs—1==20; put g= 20, and the 


B’s money) was 


problem will ftand thus; fays 4to B, give me 20 fhillings of ex mo- 


ney, and I fhall then have three times as much as you will have left; 
fays B to A, give me 20 fhillings of your money, and I fhall then have 
7 times as much as you will have left: the anfwer to which is, that 
A's money, or 1-+-27-+rs=28 fhillings ; and B’s money, or 1-+-25 
-+z s= 36 fhillings. 

Note, That if 4 upon receiving g of B’s money had a fum equal to 
what B had left, in that cafe r muft be made equal to 1. 


The GENERAL DEMONSTRATION. 
+29r+9rs 
a 1 » be added g, the fum 
29r-+297rs 


à ‘ 3 : + 295--+9rs 
will be cea and if from B’s money, to wit, ee a A 
“hi —I 


rft, If to 4’s money, to wit, 


29-295 
=f =!" which if multiplied 
by r, will be equal to the former fum; and therefore the firft condi- 
tion of the problem is anfwered. 

adly, If to B’s money be added g, the fum will be found to be 
2qs -+ 29rs 


rs—I 
be found to be it oh Hk A 
ri—I 


the former fum ; and therefore the fecond condition of the problem is 
anfwered, 2, E. D. 
PROBLEM 20. (Seeart. 81.) 


154. It is required to find two numbers x and y of fuch a nature, that 
if both be multiplied into r, the firft produdt fall be a fauare, and the 
Second 


be fubtracted g, the remainder will be 


; and if from 4’s money be fubtracted g, the remainder will 


, which being multiplied by s, will be equal to 
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Jecond the fide or root of that fquare ; but if both be multiplied into s, 
the firft produ fhall be a cube, and the fecond the root of that cube. 


SOs Ue to N. 


The numbers x and y being multiplied both into x, produce rx and 
ry, whereof the former is to be the {quare of the latter ; 3 Whence we 
have this equation, rx==r*y*, and x==ry*: again, x and y multiplied 
both into s, produce sx and sy, whereof the former is to be the cube of 
the latter ; whence we have this equation, s x = sy: and x = sy? ; there- 
fore s*y3==ry*, becaufe both are ire to x; divide both fides by y*, and 


you will have s*y==r, and y=— ; ; but if y= Z, EE 7, and ry* or 


3 


r3 2 
x = — ; therefore the numbers are, x= ~, 
gt gt 


r 
and y= > 


DEMONSTRATION. 


If the numbers = — and = be multiplied both into r, their products 


7” 


74 à F 
will be -y and = whereof the former is a fquare, and the latter is the 
. #2 i . . 
root of that fquare; and if the fame numbers > and ep be multiplied 


. . r r . 
both into s, the products will be 3 and rs whereof the former is a 
cube, and the latter the root of that cube. Q, E. D. 


PROBLEM 21, (Seeart. 130.) 


155. What two numbers are thofe, whofe difference being multiplied inte 
the di ifference of their /quares will make a, and whofe, fum being mul- 
tiplied into the Jum of their fquares will make b? 


S-6-b.0 of tO: 


For the two numbers fought put x and y; then according to the firft 
fuppotition, K— YX Km y*, OF x—y XX—Y XX, OF KX—— 2 Ky +y bi 
x% x-+y=a ; therefore 

a 


Equ, rit, ei! dea? Lima E 


Again, according to the fecond fuppofition, Xy Xx -+y =b; therefore 
H h Equ. 
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b 
Equ. 2d, lua fet 3S 

From twice the fecond equation, fubtract the firft, 
2b 

that is, from 2x *+ 2y = era 
a 

fubtract x — KY hy = F vr 

d th ill in x* fo eae 
and there will remain x*-}- 2xy--y* == xy 7 


‘ 2 2b6—a TEU, 
that is, x-y = parent therefore x -+y = 24—a; make 24—a== 


ri, that is, put 7 for the cube root of 2—a, and you will have 
Equ. 3d, x+y =r. 


. . . i p ek f a 
Again, in the firft equation we had x*—2xy-+y ep that 
3 + “4 a : a 
is, X—Y=—; make T= ss, that is, put s for the fquare root of as 


and you will have 
Equ. 4th, x—y==s. 
Add the third and fourth equations together, and you will- have 2 *= 


4 
r-}s, and x = Es ; fubtraét the fourth equation from the third, and 


i r—s 
you will have 2y=r—s, and y==—>— 5 whence we have the fol- 


lowing canon : 


a 
Make 2b—a==1', and T=, and the numbers fought will be 


r-++s r—s 
mE os 


DEMONSTRATION. 


-+s 


Ps r 
The difference of the numbers 


r—s, > 
is s, and the difference 


A 


and 


of their fquares is rs, as is eafily tryed; therefore the difference of the 


Spe R j s x ra 
numbers multiplied into the difference of their fquares is r s s= 7 =a: 


y 


à > r S a 
again, the fum of the numbers and is r, and the fum of 


their 
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: 2) Pinks a toe 
their fquares is T therefore the fum of the numbers multiplied in- 


: . rss 
to the fum of their fquares 1s “Erte but == 2 4—a by the canon, 


and rss==a by the fame; therefore the fum of the numbers multiplied 


$22 
lt es tn SE AN 


into the fum of their {quares is 


PROBLEM 22, 


156. Out of a common pack of fiftytwo cards, let part be diftributed in- 
to feveral diftinE parcels or heaps in the manner following : upon the 
loweft card of every heap let as many others be laid as are fufficient 
to make up it’s number twelve ; as if four be the number of the loweft 
card, let eight others be laid upon it; if five, let feven; if a, let 
twelve —a, &c: It is required, having given the number of heaps, 
which we fhall call n, as alfo the number of cards fill remaining in 
the dealer’s band, which we hall call x, to find the fum of the numbers 
of all the bottom cards put together. 


5°90 Lor yo 


Let a, b, e, &c exprefs the number of the bottom card in the feveral 
heaps ; then will 12 —a exprefs the number of all the cards lying upon 
the bottom card of the firft heap, that is, the number of all the cards of 
the firft heap except the loweft, will be 12—a; therefore 13—a will be 
the number of all the cards in the firft heap; for the fame reafan, 13 —d 
will be the number of all the cards in the fecond heap; and 13—c the 
number of all thofe in the third, and fo on; therefore the number of all 
the cards in all the heaps will be 13 xn—a—b—c &c: make a+4 
+c &c (or the fum of the numbers of all the bottom cards) = x, and 
then we fhall have the number of all the cards drawn out into heaps 
=132-——x,; but thefe, together with 7, the number of cards undrawn 
out, make up the whole pack 52; therefore we have this equation, 
13u—x-+-r= 52; therefore x+ 52 =13-+-r; therefore k= 137 


—s52-+r; but 52==13x4; therefore 13”7—52==13xn—4; there- 


fore x= 13 xn—4-4-r; in words thus: From the number of heaps 
Jubtrad four; multiply the ref by thirteen; and this produét added to the 
number of cards fill remaining in the dealer's hand, will give the fum of 
the numbers of all the bottom cards put together : as for example, let there 
be three heaps, and thirty cards remaining; now 4 fubtracted from 3 
leayes — 1 ; this multiplied by 13 gives — 13, and this produét added 

Hhe to 
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to 30, the number of cards remaining, gives 17 for the fum of the 
numbers of all the bottom cards, 

A more univerfal theorem is as follows : 

Let n be the number of heaps as before, p the number of cards in a pack ; 
let as many cards be laid upon the loweft of every heap as are fuffictent to 
make up it’s number q; and laftly, let r be the number of remaining cards 
as before ; and the fum of the numbers of all the bottom cards will be found to 


be q+-1xNn-+-r—p. 


PROBLEM 23. 


157. It is required to determine the values of three unknown quantittes 
x, y and z by the help of three equations of the following form, to wit, 
px-+qy+rz=s, where the quantities reprefented by P, q, £, S, are 
all fuppofed to be known. 

N. B. 1 know not whether I have not already been too tedious in my 
18th problem, and therefore I fhall not trouble my reader with the in- 
veftigation of the following theorem ; I fhall only give him a few hints, 
which, if at any time he attempts it himfelf, may be of fome ufe to him : 
but firft I fhall give him the theorem itfelf, which is as follows: 


SoU rer O-N; 


Firft put down the three coefficients of x one after another as they fiand in 

the three equations, which coefficients we will call a, b, c; 

TCU ec | unger thefe, put down the three abfolute terms, fuppofe 

d,e, f; under thefe again write down the coefficients of z, 

d e f | fuppofe g, bh, k; and under thefe write the coefficients 

of y, Juppojè 1, m, n : from thefe four fèriefès thus put 

8 h k down, muft be derived two others, to wit, a, B, y, 

and 3, ¢, C ; and from thefe two laff a third, to wit, 

4, 6, x, all which muft be written down as in the follow- 

a BY ing diagram +; and the terms of the three laf feriefes 

muft be had by a crofs multiplication thus : make ae— 

B e bd=4, ah—bg=ß, am—bl= y; make alf 

bf—ce=ð, bk—ch =e, and bn—em=¢; lafl- 

Y ¢ ly, make ae— 8R =n, a(—dy=6, and Bo—ey 

=x, and this laft feries n, t, x will folve the problem : 
eu 


l m n 


i for y will be , and z will Sino ; whence x will 
x x 


eafily be had by any of the three fundamental equa- 
— tions, if inftead of y and z be fubfittuted their values 
here found, 


Who- 
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Whoever attempts the inveftigation of this theorem, had beft do it by 
the method laid down in the 18th problem ; for if pretqtress, 
we {hall have px +-¢y==s—rz; where the quantity s—rz muft be 
looked upon as the abfolute term: this obferved, if he makes ufe of the 
coefficients contained in the feriefes above defcribed, and applies the method 
of the 18th problem to the two firft equations, he will find the value of y, 


: a— bz : 
when contracted by our notation, to be I and if he applies the 


fame method to the fecond and third equations, he will find y = 2, odk 
. è r a— 2 x 1 ER EZ ; 
therefore he will have this equation, pors Sas ; which being 


refolved and contracted, gives z =- : and when he confiders how the 


terms a, B, y, &c were obtained, he will naturally fall into the method 
above defcribed ; and laftly, when he has got this theorem for determin- 
ing the value of z, he will as eatily find the value of y, to wit, by put- 
ting the coefficients of y in the place of thofe of z, and vice verfa. 

N. B. Coming now to give fome examples of the folution of general 
problems producing quadratic equations, I muft advertife the reader once 
for all, that whenever I am to exprefs the fquare root of any quantity, 
which properly fpeaking, is no fquare, to avoid the introducing of furd 
roots, I do it for the moft part by the letter s, putting s* for the num- 
ber whofe fquare root is to be fignified by s: thus if I am to exprefs the 


aa—4b ; è 
fquare root of — 7, becaufe the denominator 4 is a fquare number, 
I exclude it eut of the value of s*, and fo put s for aa—4b, whence 
2 


zam Abp. 6 § ss, ; s my 
ee EAN and it’s root will be os but if I was to exprefs the fquare 
4 

pee 
root of = 
{quare numbers, I might put ss for the whole fra@tion; but confider- 
f I Us trans b— a 
is the product of — multiplied into ae whereof 


, fince here neither the numerator nor denominator are 


; 4b—a 
ing that =F 
the former factor is a {quare, and the latter is no fquare, I rather choofe 
b — a? b —— g SS 
to put ss for the latter factor ETE and fo make —< Tat z 
Note alfo, That I fhall refolve all the following equations in the ordi- 
nary way, without having recourfe to the general theorem in art. 103. 


PRO- 
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PROBLEM 24, (Seeart, III.) 


158, What two numbers are thoje, whofe Jum is a, and the produit of 
awhofe multiplication is b? 


SoLuv TT ON. 


The two numbers fought, x and a—x. 
The product of their multiplication, ax—xx=ġ; whence changing 


the figns, xx— a x =—b, and compleating the fquare, xx — ax -+ r 


aa ; ss 
is, of Nae on one fide, and of Pei the other, and you will 


a 5 a=s è 
have x= asks, and s=; whence the following canon : 


a-s 


Make aa— 4b = ss, and the greater number will be , and the lefs 


a—s 
number a 


The SYNTHETICAL DEMONSTRATION, 


ats a-——s 
added to 
2 : 2 


ea. M 
rift, gives -7 or a, 


aa-——S5 


= $ ” 
gives 


adly, aan multiplied into : = (by fubftituting 


aa—aa+4b b 


—aa-+ 4b inftead of —ss) F ee 2, E. D. 


An example to the foregoing canon. 


What two numbers are thofe, whofe fum is twentyfive, and the produ& 
of whofe multiplication is 144? Here a==25, b==144, aa— 4b or ssm 


a+s a—s 
49, S=7, = 16, {> =93 {o the numbers are g and 16. 


PROBLEM 25. (See art, 113.) 


159. What two numbers are thofe, whofe fum isa, and the fum of their 
Squares b? 


Sol U+ 
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SOLUTION, 


The two numbers fought, x and a — x. 

The fquare of the former, xx. 

The fquare of the latter, aa—z2ax+ xx. 

The fum of their fquares za —2ax-+-2xx=4; therefore 2 xx = 


b—aa cake HE. aa 
> — A% Era ees 
4 4 -F 


SS 
—— aa =— ;. E the fquare roots, that is, the root of 


2ax==b—aa, and xx—ax= 


aa ss 
Xi —— a0 T on one fide, and of yoa the other, and you will have 


2==s 


a S 
x—7 =t 7 and w= ; whence the following canon : 


7 a-+s 
Make 2b—aa=ss, and you will have —— for the greater number, 


a-— 


S 
: Sor the lef, 
DEMQANSTRATION, 


and 


a Ss A= 5 7 
rft, ot added to gives g, 
2 2 
a+s, da+2as-+ss Bi 

adly, The {quare of —-— is — ; the fquare of z is 

— 245-858 ‘ T 
= 4 z ; and therefore the fum of their fquares is i AA 
aa-tss ` da+2b—aa 

> = (by the canon) —-—>—-— = 6. QE, D. 


An example to the foregoing canon. 


What two numbers are thofe, whofe fum is 28, and the fum of their 
fquares 400? Here a=28, b= 400, 24—aa or ss=16, r= 4, 


aats Bus 
5 = 16, GO S12 therefore the numbers are 12 and 16, 


PROBLEM. 26. (Seeart. 114.) 


160. What two numbers are thofe, whofe Jum is a, and the fum of their 
cubes b? 


SoLv- 
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So... ION 


The two numbers fought, x and a—x. 

The cube of the former, x’. 

The cube of the latter, a—3a*x-+- 3 ax*——x', 

The fum of their cubes, a—3a*x-+-34ax*=4; therefore 3 ax*— 
b—a 


, and 


3@x%=b—a'; divide by 34, and you will have xx— ax = n 
3 


aa: aa bæ y 
xx —a x -+ — = C E at fae 3 extract 
aa = 34 4 


; > 3 aa 
the {quare root of both fides, that is, of pE m ia E on one fide, and 


Ss ‘ a s @==5 
of — on the other, and you will have x—z = = zand x = ; 
2 


whence the following canon : 
4b—a? a--s 


Make a a =ss, and you will have a Jor the greater number, 


ao 


Sza 
and e the lefe 
DEMONSTRATION. 


e ee o 
2 2 

r æ@ a's 2 2 3 
2dly, The cube of aE is cee and the cube of 


Aa—S, B—30s+-3as—s 
is aes MRIS 
20+ bas _ eee fee se h Sp 
oe ee ee the canon, =4, 9, E. D. 
An example to the foregoing canon. 


What two numbers are thofe, whofe fum is 7, and the fum of their 
4b6— ái J a-+-s 

a Of ss=9, $==3, —— 
a—s 


== 5, —>— ==2; fo the numbers are 5 and 2, 


“a 


a—s , 
gives 4. 


; therefore the fum of their cubes is 


cubes 133? Here gae7z, ba'133, 


PROBLEM 27, 


161. Jt is required to find two numbers whofe difference is d, and which 
dividing a given number as a, will have two quotients whofe diffe 
rence is b, 

SouLu- 


Art. 161. AND THEOREMS DEDUCED FROM THEM. 24.9 


SOLUTION, i 
The two numbers fought, x and x+ d. 


; a a 
The two quotients, — - and ae 


a 
Their difference, gg E Me T therefore bx x-+-bdx 


ad d d 
=ad, and xx -+ dx= ; therefore xeda“ = S KE AOPA 
b LETA 
d ji 
F -+ dd = —; extra& the fquare root of xx—--dx- J” one fide, and of 
S —d 


d 
~ on the ae and you will have x +- T=) whence « = — 


— 


E 
or ——; fet afide the negative root, and you will have x (the lefs 


AY s—d 
divifor) = „an 
we {hall have the following canon : 


d . s- 
Make k +-dd==ss, and you will-haye 


d 
Sor the greater divifor, 


‘all a 


Sia the lef. 


any, ; | Pept aaa 
N. B. That - is an affirmative quantity, is evident from ‘hence, 


ad < 
that ss = i dd; therefore ss is greater than dd, and s greater than d; 


ck of 
is afirmative, 


The demonftration of the canon. 


s 
therefore 


aft, If the lefs divifor ~ 
remainder will be d; ee the difference of the divifors is d, 


— d 
be fubtracted from the greater od the 


adly, If the dividend a be feverally divided by the two divifors = 


a L refpećtively, 


whereof the former will be the greater, as having a lefs denominator; there- 
Ti fore 


s+d E $ 28 
and ——, the two quotients will be -23 and 
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f , 224 2a 2a5-+-2ad—2as-+-2ad 
. à Ms seer ne ae “il ns i Wr — 
sore the difference of the quotients is SP ao fae e 
4ad qad . 
ot Te ee 4ad by the canon, =, = E D. 


An example to the foregoing canon. 


Let it be required to find two divifors whofe difference is 1, and 

which dividing a given number as 144, will have two quotients whofe 
d 

difference is 2. Here a=144, 6=2, d=1, te ydd or ss== 280, 


s+d s—d 


s=17, ZT =p >= 8 ; therefore the divifors are 8 and ọ, and 


the quotients 18 and 16. 
SCHOLIUM. 


If in this laft problem we had put x for the greater quantity, and x—d 


$ a a ad 
for the lefs, the equation would have been PANE Sg =4, or ase 


=å, which is different from the former ; and therefore it could not be 
expected, that in that equation, the two roots fhould be the numbers 
fought, but rather the two different values of x, the leffer of them, 


PROBLEM 28, (See art. 118.) 


162. What number is that, which being added to it’s fquare root, will 


make a? 
SOLUTION, 


Put xx for the number fought, and you will have this equation, x x 
I I Agd-t-4 S5 
+-1x==a; therefore xx + er =a-+- == = a3 there- 


sr —s— 1 
aes. If x be made = 


s I s 
fore x 557S therefore x= 


eae } SS—25-+ I . —s—I 
——, you will have xx = — ; if x be made equal er O 


SS+25+1 


you will have xx = 3 whence the following canon : 


4 
, ss—2s-} I 
Make 4a4-1=ss, and the number fought will be acer: or 
SS-+2S-+I 


A. 


Art. 162, 163. AND THBOREMS DEDUCED FROM THEM. esi 
SS-+-2S-+-1 ; : : 
—————, according as the fguare root to be added is taken affirmatively 


4 
or negatively, 
DzeMONST RAT ION. 


SS—-25-+ 1I 


Cajè ft, If to the number ese be added it’s affirmative fquare 
S—I 25—2 ss— I 
root , or ———, the fum will be == a, by the canon. 
2 4 
SS Hsi 


Cafe 2d, If to the number be added it’s negative fquare 
—s—I —25—2 í ss — 
E e es the fum wil again be 


9, E. D. 


=4, as before. 


PROBLEM 29. (See art, 129.) 


163. It is required to find three numbers in continual proportion, whofe 
Jum isa, and the fum of their fquares ab. 


Therefore 4 (or 5 is the quotient of the fum of the fquares divided 


by the fum of the numbers; which way of notation will be of fome 
{mall advantage in the computation that follows, 


SOLU TTO 


For the three numbers fought put x, y and z; then fince thefe num- 
bers are in continual proportion, that is, fince x is to y as y is to g, we 
have yy = xz; again, fince by the fuppolition, x- y- z==a, we have 
a—y=x-+ z, and fquaring both fides, ¢*—2ay-+-yy=xx--2xz+22 ; 
fubtract y* from one fide, and it’s equal xg from the other, and you 
will have qa — 2ay = xx + x z -H ž =x +H y -+H zma; fince then 
aa— 2ay= ab, divide by a and you will have a—2y=b, and y (the 


J — 
middle term) =; fubtra&t this from a, the fum of all the three 
a+b 


2 


— 


for the fum of the extremes; 


numbers fought, and you will have 


a—b 


let us call this fum 2/, and let us alfo call or the middle term, 


m; then as x is one of the extremes, 2/—-x will be the other; and the 
product of the extremes will be 2/x—xx==m’*; therefore xx —2/x 
=—m, and xx—2/x-+-P=)—m'=n’, and x—/=-=kn, and 
x ==/=+2; whence may be derived the following canon : 

112 Make 
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a--b a— 
Make == 21, 


2 


b 
=m, and }—m*==n’, and the three num- 


bers fought will be\-+-n, m and\—n. 


DEMON sat AT To ON, 


1ft, Since by the fuppofition 7=/—wm’*, we have m*=h—7'= | 
/+-nxl—n,; therefore the three numbers /-++- 2, m and /—zn are in | 
continual proportion, by the latter end of the 15th article, becaufe the 
fquare of the middle term is equal to the product of the extremes; which 
anfwers the firft condition of the problem. | 


adly, If the three numbers /+-7, m, and /—z be added together, 
b —s 
their fum will be 2/-+-m =H pE by the canon, =a; which 
— $ù 
anfwers the fecond condition: in like manner, if m or s: A be fubtract- 


b 
i , you will have 2/—m=4. 


ed from 2/ or 


3dly, The {quare of /+- x is P4-2/n-+-7n’, the {quare of m is m*, and 
the fquare of /—n is *—~2/n-+-n*; add thefe three fquares together, 
and their fum will be 2#-+-m*-+-22°=2/-+-m’*+-2/—2m* by the 
Í canon, = 4/—m* =2/-+mx2/l—m=ab, by the fecond ftep; there- 
fore all the conditions of the problem are fatisfied. Q., E. D. 


An example to the foregoing canon. 


Let the fum of the three numbers be 19, and let the fum of their 


b 
fquares be 133 ; then we fhall have a= 19, i= =A ZE or 2/ 
—b 
Ee I=, £ or m= b, P — m or v= ote n=, /+-n==9, 


/—n==4; therefore the numbers are g, 6 and 4, or 4, 6 and 9. 
PROBLEM 30. 


164. It is required to find four numbers in continual proportion, and Juch, 
that the fum of the extremes may bea, and that of the middle terms b. 
Note, For what is meant by 4 numbers being in continual proportion, 


fee art, 128, | 


SOLU- 


——— 
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Sot TT IORN 


For the two middle terms put x and y; then the extremes will be 


found, one by faying, as y is to x fo is x to I and the other by fays. 


ing, as x is to y fois y to = ; fo the extremes are -i and 22 , and their 
2 3 3 

fum ste = a therefore the fundamental equations are, 1ft, 

3 3 
x-+-y==b, or x==b—y; and 2dly, =“ +z 
inftead of x in this laft equation ufe —y, it’s value in the firft, and you 
will have = ġ — 3 bby -+ 3 byy—y?, and x- y= b3 bby 4-3 byy 5 
you will alfo have axy, orayxb—y==aby—ayy ; therefore the equa- 
tion will now be 3byy—3bby -+8 =aby—ayy, tranfpofe &, as alfo 


==, Of Cr Vmax y; 


aby—ayy, and then the equation will ftand thus, ayy 3byy —aby —3zDby 
= — 4, or thus, yy—dyxa+ 36—=—6); therefore y= 
bb bs abb—p: ny bb 


bhbss 
xs = 


bhss 


b 
{= the other, and you will have y— > === -—, and y= 


2 2? 

b —— ; x , 
=7 XI =s; and fince the equation will be the fame, which foever of 
the two middle terms y is made to ftand for, the greater or the lefs, we 


have the following canon : 
a—b 


Make 3B and you will have - x 1-+-s for the greater of the 


oO 


2 


Sacer? 
two middle terms, and Pig T for the lefi. 


The middle terms then being thus obtained by the help of the foregoing 
canon, the extremes will eafily be had from the nature of continual 


mE S ; b —. b 
proportionality as above, to wit, by faying, Ena z X IS s fo XIA, | 


-s 


z D —* b- rs ; b- `i 
SIs 7s 8, fo is — $10 — x ¢ Merefore — x 
or as i Ebs BR Ete 0a ey OS eer 


is 
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is the greater extreme: and as Srki s is to TXI—S, or as 1-+8 is 

ete 2 | 

I—s b is. | 

—— ; therefore —x is the leffer 

I-+s’ fi 2 I-}S ep 

„extreme ; and the Fig numbers, putting the greater extreme firft, will fand 
2 


b 


0I—s, fots—xI—s fo mx 
£ oioi 2 


i b nry b d2 I—§ 
bus; XT, KIS TK LS aN XK 
AAU 3 2° i—s 2 + ee I-++s’ 


DEMONSTRATION. 


That thefe four numbers muft be continual proportionals is plain; for 
the extremes were found upon that fuppofition: and that the two mid- 


: ; 5 —— 
dle terms when added’ together muft make 4 is as plain ; for ele wk: 


b ; ; . 
Xl s= x2 = 6; therefore the main butinefs of this demon- 


ftration will be to prove that the fum of the extremes is a; we are there- 


wi b ar agate b 
=a, or dividing by re 


— 


x = 
Trea I-s 


fore to enquire whether > x 


2 2 2 2 
I 5 I—sS 2a I-+s I S 
i . a —— =: now — and eing 5 
whether eT E aa RE: being added toge 
3 3 
I-s- 1 — Seer 
ther make ——————— ; but TPs tb 45-3 ese, and 1—s 
3 AAN 
ss— s; therefore F es ae h | 
= I — 35+ 3 55S 5 O (aay; - ae erefore 
2-}6ss za 
the enquiry is now reduced to this, whether Jaa EF i now to 


determine this, both the numerator 2 $ 6ss, and the denominator 1 —ss, 


— b 
muft be examined apart thus; = age by the canon; therefore 


6a— bb 2 b6a— 6% 
bss = a+ 36 ; therefore 2 -+ 655 or the numerator = nesle Preis | 
Ba ; < a—)b soa a E3 
= 3 z: again, s =z} F32 ; therefore — ss == —— 2+3 $2. therefore 


ISS, 
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> I —a -+b b 
ı — ss, cr the denominator, equals 7 Ey rare therefore 


2+O6ss, : Ta 
= 3s equal to a fraction whofe numerator is Parry A and whofe de- 


io 


si ene poe 5 ets 8a 2a 
nominator is > wary 2 but fuch a fraction is equal to a" FS therefore 
6 ; s b 
a or the fum of the extremes after being divided by z> equals 
2a e < - 
-y + therefore before any fuch divifion was made, the fum of the ex-- 


tremes was a. 9, E. D. 
An example to the foregoing canon. 


Let the fum of the extremes be 27, that of the middle terms 18; 
on ERT DS at ae eee ee a. 
and you will have a= 27, b= 18, Pe: GAL el Sage i 3° 


4 2 —— 
I-pS==>, LST, FX +S 12, 5 x 1—s = 6 ; and fo the two: 


middle terms are 12 and 6 ; whence the extremes are 24 and 3; and 
the 4 numbers in order are 24, 12, 6 and 3, or 3, 6, 12 and 24, 
PROBLEM, 31, 


165. What two numbers are thofe, whofe fum added to the fum of their 
Jquares is a, and whofe difference added to the difference of their 
J/quares is b? 

. SOLUTION, 


Put x and y for the two numbers fought, and the fundamental equa- 
tions will be ift, x-+-y+x*-+y*=a; 2dly, x— y- x*—y* = 5; 
which equations when reduced to order will ftand thus ; 

Equ. rift, XK XE VY ya, 
Equ. 2d, xx-+-x—yy—y=4, 
Add thefe two laft equations together, and you will have 2xx-2x—a-+5; 
whence xx-+1 poke “ai $, and ie = <p ae es = sod lok 
2 S eae | 4 


e I à See 
eee extract the root of xx- 1 Ane on one fide, and of 4 0 the 


eu 


I : 
: again, fubtract 


; tits 
other, and you will have x+7= 7> and x = 


the fecond equation from the firft, and you will have 2y°-+-2y=2 


i 2 
‘whence y+ ===>, and y=; 
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—$ I Ba—2b+y1 S3 

and y? -+ 1 y4- = = = —; 
gE y -+ HET 4 le, 
S 


= D 3 and y= = 


I : 
> te whence the following canon: 


Make 2a4-2b-+-1==11, and 2a—2b-+-1==s8, and you will have the 


r— iI : 
greater number equal to “<= and the lefs number = 


DEMONSTRATION, 


r= I s——I , 7t s—2 2r- 2s—4 
and 1S Serre _ 
2 2 2 4 
r—I , “r—2r-+I 
‘pees ee 
2 4 
S— I, #}—2s5-+ 1I 
Se 


2 4 
A . H Sua y Mm 
Therefore the fum of their {quares is Sartor aaah add to 
: . Zr-Æ2s— 
this the fum of the numbers above found, to wit, riam Renker. 9 and you 


The fum of 


The fquare of 


The fquare of 


will have the fum of the numbers added to the fum of their {quares 
7’ -+ SS—2 


equal to ; but 72- # = 4a -4+2 by the canon; therefore 
7 -+ $ — 


rr ss—2= 4a, and er =a or the fum of the numbers added 


: : ; r—Ii 
to the fum of their fquares, equals ø: again, the difference of 


s—I, r——S Ar — 25 


and is or mer and the difference of their {quares is 
7? —7 oc -+ 2{=— 2 Lf . 
————— , therefore the difference of the numbers added to the 


2 2 


: ; i 46 
difference of their {quares is ne = A by the canon, =4, 2. E: D. 


An example to the foregoing canon. 


Let the fum of the numbers added to the fum of their fquares be 26, 
and their difference added to the difference of their {quares 14; and we 


7 oa = 


{hall have a = 26, d= 14, 2a-+-2b- 1 or rr=81, r=o, = 


-m J 


4, 2026-1 or ss=25, s= 5, —>~ = 2; and fo the numbers 
fought will be 4 and 2, PR o- 


ee nn a a — = —_ 
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PROBLEM 32: 


166. What two numbers are thofe, the fum of whofe fquares is a, and 
the product of their multiplication b ? 


SOLUTION, 


b 
For the two numbers fought put x and z and the fum of their {quares. 


b 
will be x*-- a; therefore x*-+4+-4*==ax* ; therefore xtaqx’ === bh, 


x ie aa 38 aa—4bb ss ie tee i 
and xt——aXxx -H — == — —bb== IMIM; € 
and x 4 r A A xtract the {quare roo 


aa 
4 


a S a==5 A ° . 
xt ==, and ex 5 and fince this equation will be the 


5S 
of x4+—ax* -t — on one fide, and of z” the other, and you will have 


=< 


fame, whichfoever of the unknown quantities x is made to ftand for, you 
` will have the following canon : 

Make aa—4bb==ss, and you will have the fquare of the greater num- 
+s a—s 


"S and the fquare of the lefs equal to se 


a 
ber equal to 


DEMONSTRATION, 


If the {quare of the greater number, which is a be added to the 


pags ees: : 
fquare of the lefs number, which is ee the fum of their {quares wil! 


2a : 3 gg E'S 
be — or a: again, if the fquare of the greater number which is —— 
a—s 


? 


the 


be multiplied into the {quare of the lefs number which is 


product of thefe two fquares will be ee es = EL oa eke by the 


4 
456 j x 
canon, = —— = b% ; but if the fquare of the greater number multi- 


plied into the {quare of the lefs gives 44, then the greater number mul 
tiplied into the lefs will give ż 2, E. D. . 


K k Ay 
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An example to the foregoing canon. 


Let the fum of the fquares of the two numbers fought be 400, and 


the product of their multiplication 192; then you will have a= 400, 
a-+s 


b==192, @—4H or $= 12544, S112, or the {quare of the 


a—s 
2 
therefore the greater number is 16, and the lefs 12. 


greater number = 256, or the fquare of the lefs number = 144 ; 


PROBLEM 33 


167. Let a. fione be dropt into an empty pit or well: It is required, hav- 
ing given the time from the firft dropping of the ftone to the hearing of 
the found from the bottam, to affign the depth of the «well, 


SoLUTION. 


The folution of this problem is founded upon three philofophical prin- 
ciples, all which muft here be taken for granted: The firft is, that the 
fpaces through which a heavy body falls from reft in different times, are 
as the fquares of thofe times : thus the fpace defcribed in two feconds 
of time, is to the {pace defcribed in three feconds, not as 2 to 3, but as 
4 to g. The fecond is, that fetting afide the refiftence of the air, which 
is not here confidered, all bodies both great and fmall, heavy and light, 
are accelerated alike, and defcend through the fame fpace in the fame 
time, The third is, that all founds, at leaft, all {uch as are {trong enough 
to affect our fenfes, are propagated through the air with the fame ye- 
locity, and confequently deferibe {paces proportionable to the time of 
their motion, The firft of thefe principles was demonftrated long fince 
by it’s firft difcoverer Galileo, and the two laft by. the. celebrated: Sir 
aac Newton. Thefe things then being fuppofed, let x be put for the 
depth of the well, let a reprefent the {pace through which a heavy body 
falls from reft in one fecond of time, 4 the fpace through which a found 
safes in the fame time, and let c be the time given in feconds from the 
tirft defcent of the ftone to the hearing of the found; then to find how 
long the ftone muft be in defcending to the bottom of the well, fay, as 
the fpace a is to the fpace x, to wit, the whole depth of the well, fo is 


1, the {quare of the time wherein the former {pace is defcribed, to wit, 


A 


~ x . . 
the {quare of one fecond, to Ey the {quare of the time wherein the lat- 


ter 
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. . x“ . . 
ter {pace is defcribed ; therefore s will reprefent the time the ftone 


takes in defcending through the whole depth of the well: again, to 
find the time the found takes in afcending through the fame fpace, fay, 
as the fpace 4 is to the {pace x, fo is one fecond, the time wherein the 
. . x“ . . . 

former {pace is defcribed, to 7 the time wherein the latter fpace is 
defcribed : but thefe times together, that is, the time of the ftone’s 
defcent, and the time of the dound’s afcent, make up the whole time 

X x 

£; therefore we have this equation, 7 + + a a 
b V a 

bY/x 5 : i ae 
=i =bc. This is a fort ofa quadratic equation, fince x is the fquare 

a 

of /x ; or at leaft it is in the form of a quadratic equation, and muft 
be refolved accordingly. Here then the coefficient of the fecond term is 


; therefore x +- 


b b bb 
Je whofe half is r the {quare of this is aa which being added 


i ea b/w bb bb 

to both fides of the equation, gives x -+ a G =a tee 
bb > bfx bb 
tor e a Ghee ee ee 
4a vg 4a 
== “re whence extracting the root of both fides, you will have ./x -+ 
s —b=s ; Eys 
ep = fa? therefore \/x = er dat is, ya ere 

— bs 


or p whereof the former root is negative, and the latter afirma- 


tive; but the nature of this problem will not admit that ./x be fuppo- 
fed negative ; for we muft be confiftent with ourfelves, and if we fup- 
pofe ,/x to be negative in any ‘one part of this folution, it muft be fo 


in all the reft; whence it wil follow, that ve , the time of the defcent 


of the ftone through the depth of the well is negative, which is abfurd’; 
. . ° eh en . 
it is for this reafon that 1 reject the negative root ——-—, and retain the 


aya 
firmati me AeA mA E E a 
a ne. ——— making \/tan———-, ai tly x the 
affirmative o aa gf 3a confequently x t 


2 


aer) 
depth of the wel =——-, 
4a 


Kk 2 Ti 
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If any one afks, how I came to know that even the accepted root 


oe was affirmative ; this was eafily difcovered by obferving, that ss be- 


“ 


ing equal to 6b-+-4abc, will be greater than 44; therefore s will be 
greater than 4, and confequently s—ġ will be an affirmative quantity, 


S Å— 


is muft alfo - a : this might alfo have been difcovered by turning over 


s e x 
all the parts of the equation to one fide, and fo making 7 + yz —<« 


s—3d 
==0; fee art. 109; but to proceed : fince eae te, we {hall have 


s— b x 
aed T and Ja 


or the time of the defcent of the ftone to the 


bottom of the well, equal to — 7s we fhall alfo. have > , which was 


z 
—b 
the time of the found’s afcent through the fame fpace, equal to oT me 


whence is derived the following canon : 
Make bb-+-4abc equal to ss, and you will have the depth of the well equal 


S— 


s—b ; ; ; : 
to Te the time of the flone’s defcent equal to >> > and the time of the 


> 


2 


: s—b 
founds afcent equal to ale 


Dr MO N-SCE ROA TPO N. 


If the depth of the well be rightly affigned, the time of the ftone’s 
defcent, and the time of the found’s afcent added together, ought to make 


up the whole time c, from the dropping of the {tone to the hearing of the 
$ } s—b 2bs—2bb 
found : now the time of the ftone’s defcent was ae po O mul- 


tiplying both the numerator and denominator by 24; and the time of the 
2 


s— b s—2hbs+bb 


oe 


add thefe two times toge- 


oand s acent was r O 
4ab ab 
2—2 bs- bb 2bs—2hb 
ther, to wit, cee het am and sah URE iA and the fum will be 
: 446 4ab 
e—h 4abc 
by the canon, =c.. Q, E. D., Sc Ho- 


4ab ~ 4ab 
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ScHOLIUM, 


Monfieur Huygens, juftly celebrated for having been the author of © 
fo many curious and ufeful difcoveries, both to the learned world in 
particular, and to mankind in general, having obferved that the length 
of a pendulum that fwings feconds is 3 feet 8 lines and a half, Parts mea- 
fure; and having alfo by an uncommon fagacity found out this curious 
theorem, that the time of the defcent of a heavy body through half the. 
length of any pendulum, is to the time of one fingle ofcillation of that. 
pendulum either forwards or backwards, as the diameter of a circle is 
to the circumference ; from both thefe together, and from Ga/i/eo’s theo- 
rem above mentioned, has demonftrated, that the fpace through which 
a heavy body falls from reft in one fecond of time, is 153, Parts feet, or 
more accurately, 15.0957 Paris feet, that is, 16.1222 Englith feet, in- - 
creafing the number of Paris feet in the proportion of 1000 to 1068, 
This difcovery, I fay, is owing to the fagacity of that excellent Mathe- - 
matician Montieur Huygens ; nor do we owe lefs to the care and diligence 
of our learned countreyman Mr. Derham, who in his experiments and - 
obfervations upon the motion of founds, from a far greater diftance than 
any before him had ever obferved them, found it to be at the rate of 
about 1142 feet in a fecond: therefore 16.1222 feet is the fpace which 
in the refolution of the laft problem we called a, and 1142 feet is what 
we called 6; therefore 4a = 64.4888, and 446 = 73646, and b= 
1304164. Having then got and 4ab ready calculated to our- hand, 
which in all cafes will be the fame, the folution of the foregoing pro- 
blem will become much eafier: as for example, fuppofe the time from : 
the beginning of the fal} to the hearing of the found was to feconds’; : 
then we fhall have c==10, 446¢==736460, b+-4ab¢ or ss==2040624, 


s= 1428.5, s—b== 286.5, s—b= 82082 .253 this therefore divi-- 
ded by 44 or 64.49, gives 1273 feet for the depth of the. well: .more- 


p s—b 
over the time of the ftone’s defcent was es by the canon; but s—é4 


is found already to be 286.5; and this divided ea 2a OF 32.24, gives 
8 .8g feconds for the time of the ftone’s defcent : laftly, the time of the 
2 


2 


— b So 


s l 
found’s afcent was nee according to the canon ; and 


was found 


2 


before to be 1273; divide this by 4 or 1142, and you will have = 


or 
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or the time of the found’s afcent equal to 1.11 of a fecond : add this to the 
former time, to wit, 8.89 feconds, and the whole time will amount to 
ro feconds, as it ought, 


If any one be defirous to fee, how the {pace through which a heavy 


“body defcends from reft in one fecond of time is deduced from Huygens’s 


theorem above mentioned, it is done as follows: let / be the length of 
a pendulum that fwings feconds; and then according to that theorem, 
the time wherein a heavy body defcends from reft through a {pace equal 
to :/, will be to the time of one ofcillation of the pendulum whofe length 
is /, asthe diameter of a circle is to the circumference; but the time 
of one ofcillation of the pendulum / js one fecond by the fuppofition ; 
or if we puts for the unknown {pace through which a heavy body falls 
from reft in one fecond of time, then the time of one ofcillation of the 
pendulum / will be the fame with the time of defcent through the {pace 
s, and the proportion will now ftand thus; the time of defcent through 
1J will be to the time of defcent through s, as the diameter of a circle 
is to the circumference; and therefore the fquare of the former time 
will be to the fquare of the latter, as the {quare of the diameter is to the 
{quare of the circumference ; but the {quare of the time of defcent through 
:/ is to the fquare of the time of defcent through s, as }/ is to s, accord- 
ing to what has been delivered above; therefore :/is to s, as the fquare 


ef the diameter of a circle is to the fquare of the circumference ; but 


the diameter of a circle is to the circumference as 113 to 355, (fee 
fchol, 1, to art. 179;) and the fquare of the former is to the fquare of the 
latter as 12769 is to 126025; moreover / the length of a pendulum 
that fwings feconds is found by experience to be 3 feet 8: lines, Paris 
meafure, as above, that is, (by the introduction art. 23) 3.059028 feet ; 
whence !/==1 .529514 of a foot; fay then, as 12769 is to 126025, fo 
is 1.529514 to 15.0957; and you will haye s==15.0957 French feet, 
or 16.1222 Englifh feet. 

Hence may be deduced by way of corollary, that as the fquare ef 
the diameter of a circle is to the {quare of the circumference, fo is half 
the length of any pendulum to the {pace through which a heavy body 
gill fall from reft during the time of one ofcillation of that pendulum, 


T HE 


THE 
SOLUTION OF TWO PROBLEMS 


By Mr. ABRAHAM DE MOIVRE, 


The curious and elegant folutions of the two following problems about 
proportionals were communicated by that moft excellent Mathematician 
Mr, de Moivre, and his confent has been obtained for the printing of 
them. They are here inferted altogether {fuch as Mr. de Morvre fent: 
them, exactly in his own words, 

PROBLEM I. 


The fum of four continual proportionals being given, as alfo the fum of 
their fquares, to find the proportionals. 
SOLUTION. 
Let the four proportionals be x3, xxy, xyy, >: let their fum be =a, . 
and the fum of their fquares == 4: we have therefore the two following 
equations ; CE xxy-bxyy--yis=a, and 
xH xty yp xxytpy? == 3b, 

The firft equation is reduced to this ; 
x+y xxx-+yy=a: the fecond to 
xx yy xxt— yt Bb, 

The firft equation reduced, determines me to fuppofe 
x-+y==2, and 
Xxx- Yy =V: 

Therefore the firft equation is changed into 
cpa, 

Now for the fecond, I fay, fince x+y == z, then {quaring all, 
XNA Y™NY+4- PY =H BBs 


but xx--yy has been fuppofed =v ; 

therefore 2XY- UZ, 

and 24y =Z Z —V, 

and AXXYY =Z —2VZ%z-4 uy : 

Again, fince xx-+yy=v, then fquaring alf, 
xt 2x xX VV y =v: 


but the fecond equation reduced is 
xX yy x xt ytd, or 
UX xt y= 3 


therefore sy = 
there- 
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therefore inftead of the equation we had a little before, which was 
xt- 2K Ky y -Hyt =v, We may write 
b 


_ 2XXYYS=VUV, OF 
2XXYY==VU—= =, OF 


b 
4xxyy=2v0— =: but we had found before, that 


4 xxyy = zt — 2V% % -4 vv; therefore we have now the 


2 
equation 20U— QD Mm 20zSA-VY, or 


2b 
vv— y =v: 


But by the transformation of the firft equation we have had zv = 4; 


a 
therefore v=; 


and this value of v being fubftituted, we fhall have 


aa 2bz 3 
— m c — t Mme or 
Py” 3 242, 


2b 
Sat ae 
—2aZ3 
“Now z being found in that equation, then v will be found : when z and 
w are known, then x and y will be known; for ’tis plain that 
I 


I m ann 
was = y 2v—zz, and 


:=aa, which is properly a quadratic. 


y =: BHF fBV— BBs as will appear, if we confider 

that by fuppofition x -+ y = z, and 
KX YY =v: 
Square the firft of thefe two equations, and we fhall have 
xx- 2x%y-+yy=zZzz; but the fecond equation is 
xx -yy = v ; from which taking their difference, 
2xy = Zz%z—v; we have 
RX 2 xy -+ yy SV Z Z A u E AV ZB; 


hence x—y = y 20 — BB}; 
but x y= 2; 
therefore 2X Bef f2U— ZS, 


and 


py Mr. ABRAHAM DE MOIVRE, 265 
I I —— 
and =7 2+7 S2V— zz. 


Again, it appears that 2y = z— y 20—zz; 

therefore s=; z—- S20 BE. 

Therefore the four proportionals are known. 
PROBLEM 2. 


The fum of five proportionals, and the Jum of their fquares being given, 
to find the proportionals. 
SoLUTION, 


Let the fum of the proportionals be æ, and the fum of their fquares 
5; then we have thefe two equations ; 
Xt Oy -ExXxyy- xy yt==a, and 
xP xo yy xtyt—p x xy? yb, 
XS ee 15 


The firft may be reduced to qo 4 


the fecond to CE 
Divide the fecond of thefe equations by the firft ; then we fhalt have 


b : 3 
pree 73 which equation being expanded, gives 


Xt mmm 03 + xxyy—xy3 sa i = n 
Write under this, the firft original equation, which was 

KA KY = XK VY 4H Xp yea, 
Let thefe two equations be added together ; then we fhal! have 

2Xt 2 xxyy- 2y =a + ap or 

1b 
Xt xxyy yt = ta F SS S5 
1 

(fuppofing for abbreviation, that 14 +- r ARA 
But if, inftead of adding thefe equations, we now fubtraé& the upper- 
moft from the lowermoft, we fhall have 4 


b 


2x74 2%)? —=4—=., .or 
4 a 


1% 


Xy A- xy n amme IMi or 
2 i a 
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2 


xyxxx—byy tia ae ; which known quantities to 
fhorten, we may call dJ: we have therefore the equation 
xy xxx -+ yy =d. 
Here I am naturally determined to fuppofe xy =z, and xx -H yy =v; 
therefore inftead of.the laft equation, 
I have zv =d. 
My bufinefs now is to exprefs the other equation, st- xxyy- y =s 
by means of z and v: but fince xx -yy =v, then fquaring all, we have 
xt-axxyy-yt==vv; from which, 
fubtracting Xt xxyy H yt =S, which we had before; then there 
remains xxyy = vu —s : 
But xy = z ; therefore xxyy = zz, and therefore 
gg = vv—s, But we had before, %v = d: 
Let z be exterminated ; then we fhall have 


dd 
—=vu—s, or dd== vt —s vv. 
UV 


Now v may eafily be found in this equation ; v being known, æg will be 
known; both z and v being known, x and y will be known; for 


ere nate 7235. 
KZ VUt2% -+ zV? — 2% 


ae ee : 
JZ Vr +2z— > \/v— 2 %, as will appear if we con- 
fider that by fuppofition xy= z, and 
xx- yy =v: 
For doubling the firft of thefe two equations, we fhall have 2 xy =2 z ; 
and this being added to the fecond, we have xx-+-2xy +yy=U-+22, 


therefore x+y =y u+ 22. 
Again, if we fubtract the equation 2 xy = 2% from the other xx--yy==v, 


we fhall have «x—2xy-+yy==v—22; wherefore x—y = \/v—2z. 
Now from the two equations, 


xy = f+ 22, 
and x—y= y v— 2z, it is plain that 
een Se S 
=F SUF2EA Tf V—2% 


a E eee 
and HF Vot 2žz— 7; V02. 
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N. B. It perhaps may be proper for the fake of the young Analyft, to 
fubjoyn an example to each of the foregoing folutions communicated 
by Mr. De Moivre. 


Example to the folution of the firft problem. 


2aa—2b aa—b 


Since 2° = ——>—- 2 ++ aa, if for 


z We put d, then will 2* 


= 2d23-+-aa, and =d+ y ddaa: let a=30, b=340; then 
—% 


a 


6 
will asa = 900, aa—b= 560, or d= =, aa+-dd==900-++ 
3 


2 1226 maaan Ie toó ITEY F. 
aE 3 > Vaatdi=—, d+ faa+tdd or z= 54==27 
30 


. a 
x 2=27 © (puttinge for the cube root of 2,) z= 3 c, or tr = 


AO 8 10¢¢ ——— Bt f2V—$ ZB 
“> Eg TRE GE Cy BUTS BENG, y 2U—— 3% sal, —— s 


Z—/f 2U—2% 
2 

whence the proportionals x3, xxy, xyy, J, 

are 8c, 403, 203, 1c, 

that is, POSIB, BGS: 


Example to the folution of the Jecond problem. 


or *==26¢, or y =c; 


aa+b E EN 
-za 8 S=42, > 
or d= 20, U'==420U-+ 400, VU= 21 + 6/841 = S0==25x2==2 566 


à . d 20 A 
(putting c for the fquare root of 2,) v = 56, 7 or z=- pt aad + 


Let a = 62, b = 1364; then aa = 3344, 


= 20, YVA 22 = Sf 9e =3 Ve, Yu —2 z= e, VUF2z 
presale a E E 0 ee 

aA a A e a fU— 2% Of a A 

KX AC, XY =20, J] =C; 

and the proportionals x4, xy, xxyy, Xy, J, 

will be tcc; Bte get; Bec, ter; 

or nae i 3 4; 


Lla THE 


THE 


ELEMENTS of ALGEBRA 


In what cafes a problem may admit of many anfwers.. 


r68, T has already been obferved, that if in any problem the num- 

ber of independent conditions be equal to:the number of un-- 

known quantities, fuch a problem will admit but of one folu- 

tion; or if it admits of more, they will however be fo deter- 
mined as to leave no room for arbitrary pofitions: but if the conditions 
be fewer in number than are the unknown quantities, thofe that are 
wanting may then be fupplied by the Analyft himfelf at. pleafure ; and: 
as there is infinite choice, it is no wonder if. in fuch a cafe a problem ad- 
mits of an infinite number of anfwers, efpecially where fractions are ta~ 
ken into that number; but if the problem relates to whole numbers 
only, then the number of anfwers will fometimes be finite and. fome- 
times infinite, as the nature of the problem will bear. This will be fuf- 
ficiently. illuftrated by the two following examples.. 


ETAPELE L 


Eet it be required to find two numbers whofe. fum is equal to ten times 
their difference. 
Here putting x and y for the two numbers fought, it is plain that in 
this cafe we have but one condition, and eonfequently but one equation, 
to wit, x-+}y==10x—10y, which equation being reduced, gives x== 


Iry 7 Ss ; s Pie 5 
—= ; and this is all the problem requires. Here then it is plain that the 


2 


Analyft is entirely at liberty to fubftitute whatever, whole number, mixt 
number, or proper fraction he pleafes for y, provided he does but. 


TIY $ ; 
make x == = ; and the two: quantities x-and y will folve the problem. 
As 
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f I ; ry Ft 
As for inftance, let > be put for y ; then will x or — be Tg and thofe 
two fractions ! and ! or 3 will folve the problem ; for their difference is. 
+ and their fum ¥. But if it be intended that x and y fhall both be 
whole numbers, then {fuch a whole number muft be fubftituted for y as- 
will admit of ọ for a divifor without a remainder: but of fuch whole- 
numbers there is infinite choice, as 9, 18, 27, 36 &c; therefore this 
queftion is capable of an infinite number of anfwers, both in whole num-- 
bers and fractions, 
EXAMPLE Z. 
Let it now be required to find two numbers x andy; the produ of whofe” 
multiplication 1s equal to ten times: their difference. 
Here the equation will be y x= 10 x— roy, which being reduced, , 
Ioy 


gives x= Foy Here it is plain that y muft be lefs than 10 ; for if. 


A Ioy = : > 
y was equal to 10, the fraction ot: would be infinite, as will be 


fhewn in another place; and if y be greater than 10,,then 1o—y, and 


10y ; ; x 
confequently >= will be a negative quantity; whereas the problem 


may he fuppofed to relate to affirmative quantities only : however, as there . 
is infinite choice of fractions between o and 10, and as any of thefe 

may be fubftituted for y, the problem will ftill be capable of an infinite: 
number of folutions, if fractions may be admitted ; but if it be required: 
that x and y be both whole numbers, then there cannot be above nine- 
fuch numbers that can be put for y; nor perhaps all thefe neither, as re-- 
mains in the next place to be fhewn. Now to find’what whole number- 
being put for y wilh bring out x a whole number alfo, I reduce the- 


$ 107 z Sl 
quantity- 7o — to. a more fimple one, by dividing roy by1o—y, of: 


—y 
rather by —y-+ 10, beginning with —y thus: roy divided by — y 
guotes — 10, which I put down in the quotient ; then multiplying the 
divifor —y + 10 by — 10 the quotient, I find the product to be 4+ 10y 
— 100, which being fubtracted from 10y the dividend, leaves 100 for 

a remaindér;, but not intending to carry,on the divifion any further, I] 
. . si I10Ọ $ 100” 

reprefent the reft of the quotient by the fraction Toep fo x= i 
p 10—y 

—10; therefere-that x may be a whole number, it is neceffary that - 


I0o 


feats be a whole number; but this will be impoffible, unlef& lOm——¥ 
be. 
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be fome one of the divifors of 100, I mean fuch a number as will , di- 
vide 100 without remainder: I enquire therefore in the next place, 
how many fuch divifors roo will admit of that are under 10; for fo 
long as y is any thing, 1o—y mutt be lefs than ro; and J find four 
fuch divifors, to wit, 1, 2, 4 and 5; therefore if 1o—y be put equal to 


100 
any of thefe, x or ER fO muft come out a whole number ; and 


it muft alfo come out affirmative; for fo long as 10 —y is greater than 


ae 100 
nothing and lefs than 10, 1 will always be greater than re that is, 


O 
— 10 or x will be affirmative. Let us 


than 10, and confequently oy 


then fuppofe firft, 10-——y==1, and we fhall have y= 9, and ae or 


xe=go. 2dly, if 10—y=2, we fhall have y=8, and x=40. 3dly, 
if 1o—y==4, we fhall have y=6, and x==15. Latftly, if ro—y=s, 
we fhall have y==5, and x==10: therefore this queftion admits of 4 fo- 
lutions in whole numbers, to wit, go and g, 40 and 8, 15 and 6, and 
toand 5; all which equally anfwer the condition of the problem, as 
will appear upon tryal. 

Thus having given the reader a tafte of what he is to expect under 
this head, I fhall now make fome preparation for the folution of fuch 
problems as ufually fall under this denomination, 


DEFINITIONS, 


169. If any one quantity can be meafured or divided by another of the 
fame kind without remainder, the former is called a multiple of the latter ; 
as 12 is a multiple of 4, and 6 is a multiple of 6; for in this fenfe, every 
quantity is a multiple of itfelf, becaufe every quantity meafures itfelf : 
but if any one quantity can be fo meafured or divided by two or more others, 
it is then faid to be a common multiple of thofe others ; as 60 is a com- 
mon multiple of the numbers 2, 3, 4, 5, 6. 


Cor Ot LAR ¥: 


Hence, if any two unequal quantities a and b be both multiples of a 
third, their fum a+b, and their difference a—b or b—a, will alfo be 
multiples of the Jame; and if a and b be common multiples of any num- 
ber of quantities, their fum and difference will alfo be common multiples 
of the fame ; for whatever quantities will meafure both a and 4, the fame 
will meafure both their fum and difference, (fee art. 20, ax. 2d;) there- 

fore 
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fore e converfo, whatever quantity or quantities a and 4 are multiples or 
common multiples of, the fame will their fum and difference be multiples 
or common multiples of. 

N. B. The following lemmas contain fome curious properties, firft 
of whole numbers, and then of fractions, worthy to be treated of as well 
for their own fakes, as for the ufe they have in the refolution of fome of. 
the following problems, 

LEMMA ft, 


A THEOREM. 


170, Let a and b be any two quantities whatever whofe leaf common 
multiple is c: I fay then, that this leaft common multiple c fhall mea- 
Jure any other common multiple d of the fame quantities. 

If this be denied, it muft then be allowed that after c has meafured d. 
as often as is poffible, there muft {till remain a quantity as e lefs than ¢:: 
be it fo, and then ¢ will meafure d—e. Since then a and 4 both mea- 
fure c, and c meafures d—e, aand 4 will both meafure d—e; therefore 
d—e isa common multiple of a and 4; but d is a common multiple of 
the fame by the fuppofition ; therefore both d and d—e are common 
multiples of æ and 4; therefore their difference e is a common multiple 
of the fame, by art. 169; bute is lefs than ¢ by the fuppofition ; there- 
fore if c does not meafure d without a remainder, it will be poffible for 
two quantities æ and 4 to have a common multiple lefs than their leaft ; 
but this is impoffible; therefore c does meafure d without a remainder, 

Coe kOLDAA X. 


If the demonftration here given had been applied to three or more 
quantities, it would equally have proved that their leaft common mul- 
tiple will meafure any other common multiple whatever of the fame 
quantities, 

: SCHOLIUM. 


This way of demonftrating the truth of a propofition by running it’s 
contrary into an abfurdity, or into an impoffibility, or into a contradic- 
tion to fomething already eftablifhed and demonftrated, was with a great 
deal of' fubtilty practiced by the Ancients whenever a more direct proof 
could not fo eafily be come at; and it is for that reafon, that this fort of 
demonftrations is fometimes lefs embarraffed than thofe of the direc 
kind, where lefs fubtilty is required: and certainly they are as firm, and 
as conclufive as any others whatever, as depending upon the fame axioms 


and principles; and if they be not altogether fo convincing, it muft be 
becaufe 
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becaufe the machinery and contrivance of them does not fo immediately 
appear, efpecially to young Mathematicians, who cannot as yet be fup- 
poted to be acquainted with all the different modes of thinking and rea- 
{oning upon quantity: therefore whenever I can, from a doubtful pro- 
pofition, by juft reafoning, deduce another that.is apparently falfe, it may 
ferve for an infallible mark to fhew, that the firft pofition from whence 
the deduction was made, was not true; for truth can lead to nothing 
but truth. 
LEMMA 2, 


A PROBLEM, 


471. It is required, baving given any two unequal numbers a and b, to 
find their leaft common multiple. 


SOLU TITON.: 


As aé, the product of æ and 4 multiplied together, is a common mul- 
tiple of both, it may be divided by their leaft common multiple with- 
out a remainder, by art. 170: imagine it then to be fo divided, and let 
the quotient bec; then e conver, if the produc ad be divided by c, 


the quotient < will be the leaft common multiple of a and 4: whence 


4 
I infer, that - and > will be whole numbers ; for elfe, how fhould pe 


be any common multiple of a and 4, much lefs their leaft common mul- 


aud 
tiple? but if zand ~ be whole numbers, then ¢ muft bea common 
E 


meafure of æ and 4; and I fay in the next place, that it muft be their 
greateft common meafure ; for fhould any number greater than c, fup- 


a b 
pole d, meafure them both ; fince zand 5 would be whole numbers, 


ab : ab ; 
Fi -would be a common multiple of a and 4 lefs than ars becaufe d is 


greater than c, and fo a and ġ would have a common multiple lefs than | 
their leaft, which is abfurd: therefore, Jfa andb, the two numbers firft 

propyed, be multiplied together, and their product divided by their greateft | 
common meafure, the quotient will be their leaft common multiple. Q, E. 1. 

_. ‘Thus if the numbers 12 and 15 be propofed, whofe greateft common 

meafure is 3; the product of their multiplication is 180, and this divi- 
ded by 3 gives 60 -for their leaft common multiple. 


COROT: 
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COROLLARY Y 


Hence if the numbers given be prime to each pther, that is, are fuch 
as will admit of no common meafure greater than unity, the product of 
their multiplication will be their leaft common multiple: for in this cafe, 
ab ab 


= = — aù. 


CoROLLARY 2B, 


d 
If the fraction i, be reduced to it’s leaf terms e3 I fay then that ae 


or bd (for they are equal) will be the leaf common multiple of a and b: 
for ïn this cafe, if c be the greateft common meafure of a and 4, we 


fhall have d=*, and e = a and therefore ae or bd will be =. 


LEMMA Le 


A PROBLEM. 


172. It is required, having given three or more numbers, to find their 

leaf? common multiple. 

Let the numbers given be a, 4, c and d, and the folution will be as 
follows: Firft by the foregoing article find the leaft common multiple of a 
and b, and call it e; then find the leaft common multiple of € and c, and call 
it f; then find the leaft common multiple of £ and d, and call it g: I jay 
then that the number g laf found will be the leaf common multiple of the 
numbers a, b, c andd, For firft, that g will be a common multiple of 
thofe numbers I thus demonftrate: @ and 4 muft meafure e, their leaft 
common multiple; and e will meafure f, the leaft common multiple of 
e and c; and f will meafure g, the leaft common multiple of fand d; 
therefore both æ and 4 will meafure g: again, c will meafure f; the leaft 
common multiple of e and c; and f meafures g as before; therefore ¢ 
meafures g; but d meafures g ex hypothefi; therefore all the given num- 
bers a, b, cand dmeafure g; therefore g is a common multiple of them 
all. I fay in the next place that g is their leaft common multiple: for 
if it be poflible, let 4 be a lefs, that is, let all the numbers a, 4, c and d 
meafure a number / that {hall be lefs than g; and fince 4 is a common 
multiple of a and 4 ex hypothefi, and e is their leait common multiple, e 
muft meafure b by art. 170; but c meafures b ex hypothefi; therefore 
fince both ¢ and ¢ meafure $, their leaft common multiple £ muft alfo 
meafure h; but d meafures ex hypothefi; therefore fince both fand d 
meafure 4, their leaft common multiple g muft alfo meafure 4, that is, a 

M m greater 
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greater quantity muft meafure a lefs, which is abfurd; therefore g is the 
leaft common multiple of the numbers given, Q, E. I 

Of this folution take the following example. Let it be required to 
find'the leaft common multiple of the numbers 8, 10, 12 and 14: now 
according to the laft article, the leaft common multiple of 8 and ro is 40; 
and the leaft common multiple of 40 and 12 is 120; andthe leaft com- 
mon multiple of 120 and 14 is 840; therefore $40 is the leaft com- 
mon multiple of the numbers 8, 10, 12 and 14. 


LEMMA 4. 
A PROBLEM. 


173. Let a and b be any two unequal quantities whereof c and à are $ 
multiples refpectively : It is required to find as many more multiples as 
we pleafe of the fame quantities with the fame difference, that is, that 
a’s multiple may always exceed that of b by c—d, if c be greater 


than d; or elfe that bs multiple may always exceed that of a by d—c, 
if d be greater than c. 


SOL UTLIOR. 


Let c-+-e and d-e reprefent any two multiples of this kind, that 
is, whofe difference is c—d or d—c; then fince both c and c+ e are 
multiples of 4, e will alfo be a multiple of a, by art. 169; for the fame 
reafon, fince both d and d+-e are multiples of 4, e will be a multiple 
of 4; therefore If e be any common multiple of a and b, c-+-e and 
d-e will be multiples of the Jame, and fuch as were required, and not 
otherwife. Let now e be the leaf common multiple of a and b; then it is 
plain that e+e and d-+-e will be the next in their kind greater than c 
and d, and that c-++2e and d+-2e will be the next greater than ce 
and d-+-e, and fo on ad infinitum: on the other hand c—e and d—e 
will be the next in their kind lefs than c and d, and c— 2e and d— 2e 
the next lefs than c—e and d—e, and fo on, fo long as the fubtrattion 
can be continued. 

Whence it follows, that [fe be the leaf common multiple of a and b, 
and if either c or d or both be lefi than e, thofe multiples c and d will be 
the leaft in their kind: as for example, let a4 and 6=6, then will 
8 and 18 be two multiples of a and 4, whofe difference is 10; and they 
will be the leaft in their kind, becaufe the leaft common multiple of æ and 
4 is 12, and 8 islefsthan 12: but if other multiples with the fame diffe- 
rence be required, they will eafily be had by a continual addition of the 
leat common multiple 12; as 20 and 30, 32 and 42, 44 and 54, &c j 
ad infinitum, 


LEMMA 5, 
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LEMMA 6. 
A THEOREM, 


174. Let a and b be any two quantities whofe greatef common meafure 
is c: I fay then that if any two unequal multiples of a and b be taken 
and compared, their difference can never be lefs than the greateft com- 
mon meafure c. 

For fince, by the fuppofition, c meafures both a and 4, it muft not 

only meafure all their multiples, but alfo the differences of thofe multi~ 
ples ; and therefore no difference can be lefs thane, Q, E. D. 


LEMMA 6, 
A PROBLEM. 


175. It is required, having given two numbers a and b, whereof a is 
Sippofed to be the greater, to find two unequal multiples of thefe numbers 
whofe difference fhall be the leaft poffible, that is by the laft article, 
whofe difference fhall be the greateft common meafure of a and b. 


SOLUTION. 


Let the greater number be 270, and the lefs 112, whofe greateft 
common meafure found by art. 21, is 2: it is required then to find a 
multiple of 270, and another of 112, whofe difference fhall be 2, and 
that, whichfoever of the two multiples is intended for the greater. Here 
a@==270, and 6=112, which two equations I put down one under the 
other in the form following : 

Iit, 1a—ob=-+270, 

2d, oa— 1 b= — 112, 
where oa and — o å are only put down to make thefe equations of the 
fame form with others, which I derive from them thus: firft I divide 
270 the abfolute term of the firft equation by 112 the abfolute term 
of the fecond, without having regard to it’s fign, and the neareft quo- 
tient too little is 2 ; therefore I multiply the fecond equation by 2, and 
the product is o a— 2b==—224; to this equation I add the firft, 1 æ 
—ob=-+ 270, and the fum is a— 2b = + 46, which I put down 
under the other two for a third equation, as you will find in the table 
annexed: this done, I again divide 112 the abfolute term of the fecond 
equation, without regarding it’s fign, by 46 the abfolute term of the 
third, and the neareft quotient too little is 2; therefore I multiply the 
third equation by 2, and the product is 2a—44==-+-92 ; to this I add 
M m 2 the 
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the equation next above it, viz. oa=— 1 == -— F¥2,,and.the fum makes 
a fourth equation, to wit, 2 a— fb =- 20, which I put down under 
the reft: then I divide 46 the abfolute term of the third equation by 20 
the abfolute term of the fourth, and ftill the neareft quotient too little 
is 2; therefore to twice the fourth equation I add the third, and fo have 
a fifth, to wit, 5a—124=-+-6: this being put down, I divide 20 
the abfolute term of the fourth equation by 6 the abfolute term of the 
fifth, and the neareft quotient too little is 3; therefore to thrice the fifth 
equation I add the fourth, and fo have a fixth, to wit, 17a—41b6—=—2: 
laitly I divide 6 the abfolute term of the fifth equation by 2 the abfo- 
lute term of the fixth, and the true quotient is 3, but the neareft too 
little is 2: now if to three times the fixth equation I fhould add the 
the fifth, I fheuld have s6a—1354=-0; but becaufe Ido not want 
an equation whofe abfolute term is nothing, but only an equation whofe 
abfolute term is the leaft poffible, inftead' of the true quotient, 3 I ufe 2 
the neareft quotient too little, as I have: all.along hitherto done, and fo 
adding the fifth equation to twice the fixth,. I have a feventh, to wit, 
39a—94b==-+2. 

Having thus finifhed my feries of equations,, it is evident that the two 
laft equations will folve the problem ; for if the multiple of a is to be 
greater than that of 4, 3ga@and 944 will be the multiples required, be- 
caufe 39a—945—=-+-2; but if the multiple of 4 is intended to be grea- 
ter than that of a, then 174 and 414 will be the multiples fought, be- 
caufe 17a—41 b= — 2, and confequently 414—17¢=-+2. This 
will further be confirmed upon tryal; for if a be 270, and 6 112, we 
thall have 39¢= 10530, g4b==10528, 17a=4590, 41 b= 4592, 

Equ. 1, 1a——- ob==+ 270. 

=% Ode 16==—I112. 

am 26=-+ 46, 

4, 2a— 55==— 20. 
§, 5@—12b6=+ 6, 
6, 17a——-4tb6=— 2. 
7, 394—9446=+ 2, 

Laftly, that this feries of abfolute terms in the equations above defcri- 
bed will always terminate at laft in the greateft common meafure of a 
and å, will be evident from the very method of finding the greateft com- 
non meafure, laid down in art. 21, which is the very fame with that 
whereby the abfolute terms are found: for to find the greateft common 
meafure of the numbers 270 and 112, 270 mutt be divided by 112, 
112 by 46, 46 by 20, 20 by 6, and 6 by 2, and the feries 270, 112, 
46, 20, 6, 2 terminates in the greateft common meafure: but this feries 
is altogether the fame with the feries of abfolute terms found above, except 

that 


A 
3 


Art. 175. OF WHOLE NUMBERS, 277 
that there, the greateft common meafure is twice repeated, which arifes 


from hence, that the true quotient at laft was not taken, but only ‘the’ 
neareft quotient too little; therefore one of the two laft equations will: 


always folve the problem. 2. E. D. 


CoROLLARY tI, 
y peer! 270 3 Bate e- 
Since the fraction 7 or iO, when reduced to it’s leaft terms, is “38, 


it follows by art. 171, that 56¢==1354 is the leaft common multiple 
of a and J, and confequently that 56a—1354=0 is the fimpleft equa- 
tion that can have o for it’s abfolute term. Let now this equation. be 


continually added. to. either of the two laft equations which folves the. 


problem, and you will have an infinite number of folutions more of the 
fame problem, that is, you will have an infinite number of equations 
whofe abfolute terms are -+ or —2: thus if to the laft equation 392 
—94b=2 be added the equation 56a—1354=0, you will have 952 


—229b=2; and if again be added the fame equation, you will have 1512 : 
— 3645==2, and fo on:. again, if to the laft equation but one, to wit, . 
——2 be added.the. equation 564—1354==0, you will. 


17a—41 b= 


have 73 4— 176b=—2; and if again be added the fame equation, you . 


will have 129a—311b==—2, and fo on ad infinitum. 


COROLAR A 


The abfolute terms of the equations above defcribed will always be 
affirmative and negative alternately, and the abfolute term of the. laft 


equation will be negative-or affirmative.according as the number of equa- - 


tions is even or odd: thus in the foregoing table the abfolute terms were 


+270, — 112, +46, —20, +6, —2, +2, , and the laft term was . 


-+ 2 as poffeffing an odd place, 
ScHOLIU MM 
If the foregoing problem be ftated algebraically, it will ftand thus ; 
It is required, having given two numbers a and b, «whofe greatef common 
meafure 1s C, to find other two numbers x and y of fuch a nature, that be- 
ing multiplied by the numbers a and b refpettively, the difference. of the 
produéts ax —by may be found equal to + or —c. 


Here then we have but one equation for finding two unknown quan- ~ 


tities, and that is the reafon why the problem admits of ar infinite num- 


ber of folutions, to wit, by a continual addition of the equation 56a— - 
1355==0, as in corollary 1: but though this equation may be conti--- 
nually added to any of the equations exhibited in the foregoing table, ang ` 


that ad infinitum, yet it cannot be fubtraéted from any of them; which 


1S 
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is a manifeft argument that thofe equations are the moft fimple of their 
kind, that is, the moft fimple of all others that have the fame abfolute 
terms; fee art. 173: this will be more univerfally demonftrated in art. 
177. In the mean time, in order to form general conclufions concern- 
ing the nature of thofe equations, it will be proper in all the equations 
except the two firft, to denote the coefficients of a and 4 at leaft, in ge- 
neral terms, thus: in the third equation we have 1a—2b—=-+-46; 
„make p= 1 and P=2, and you will have pa — Pb= -+ 46: in like 
manner in the fourth equation, if g be made equal to 2 and Q equal to 


5, you will have ga-—-Qh==—20; and fo on. See the equations ac- 
cording to this way of notation : 


Equ. 1, 14—0b==-+270. 


2, Oa— Iġ=— i112. 
3, pa—Pb=+ 46. 
4, 7a—Qh=— 20, 


a ra—Rbx=+ 6, 
6, sa—Sb=— 2, 
7, ta—Tb=+ 2. 


LEMMA 7. 
A THEOREM. 


176. Jf in any of the equations exhibited in the laft article, the coeffi- 
cients of a and b be multiplied croffwife into the coefficients of a and b 
in the equation next it, whether above or below, b's coefficient being 
confidered as affirmative; I fay then that the difference of the two pro- 
duéts thence arifing will always be equal to unity. 

As for example, let the two laft equations be taken, and let ¢ the co- 
efficient of a in the laft equation be multiplied into S the coefficient of 
b in the laft but one; let alfo T the coefficient of å in the laft equation 
be multiplied into s the coefficient of a in the laft but one: I fay then 
that the difference betwixt the two products Z8 and T's will be equal to 
unity ; and that the fame will happen throughout the whole feries, pro- 
vided that the equations made choice of be fuch as lie neareft one another. 

To demonftrate this, let the abfolute term of the laft equation but 
two be divided by the abfolute term of the laft but one, and let the near- 
eft quotient too little be 2; then it is plain from the nature of thefe e- 
quations, that zsa -ra will be equal to ża, and that — 7 Sb — Rå will 
be equal to — Th ; therefore ns -+r=ż, and zs -+ R= T. Put now 
inftead of ¢ and T their values thus found, and you will have sS=n5S's 
+Sr, and Ts==nSs-+sR; therefore the difference between ¢S and 
Ts will be the fame with the difference between sR and Sr; and a 

the 
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the fame reafon, the difference between sR and Sr is the fame with the 

difference between rQ and Rg; and this again the fame with the diffe- 

rence between g P and Qp, &c: therefore if this difference in any two 

neareft equations be known, it will every where be known, as being 

every where the fame; but 1 the coefficient of æ in the firft equation 

being multiplied into 1 the affirmative coefficient of 6 in the fecond, gives 

1 for the product ; and moreover o the coefficient of J in the firft equa- 

tion being multiplied into © the coefficient of æ in the fecond gives © for 

the product, and the difference betwixt the products 1 and o is 1; there-- 
fore the difference of the products every where will be 1, Q, E. D. 


Lemma: 8, 
A THEOREM. 


77. Suppojing all things as in the two laf articles, if the coeficients of 
a and b in the feveral equations exhibited in the fcbolium to the bun- 
dred feventyfifth article be turned into frattions, by making the coeffi- 
cients of b the numerators, and thofe of a the denominators; I fay 

7 Pig es 


—, — will all be in their 


A Se Tey 
then that the fractions ree P P Er 


` leaf terms. 
For if the fraction F for inftance, be not in it’s leaft terms, the num- 


bers Tand ¢ muft admit of fome common meafure greater than unity : 
be it fo, and let this common meafure be called m; then fince the num- 
ber m meafures both the numbers T and ż, it muft alfo. meafure both 
the products Ts and 7.5, and confequently their difference; but the dif- 
ference of thefe two produéts is unity, by the laft article; therefore m 
a number greater than unity muft meafure unity, which. is: abfurd ; 


therefore the fraction a is in it’s leaft terms : and the fame may be af- 
firmed of all the ref. Q, E.D. 


CoR OE: L A RIX 


If the abfolute term of the lat equation but one, which is the great- 
eft common meafure of a and 4, be divided by the abfolute term of the 
laft, which is alfo the fame common meafure, the quotient will be 1: 
therefore if the laft equation be multiplied by 1, and to the preduct 
be added the laft equation but one, or which is the fame thing, if 
the two laft equations be added together, there will arife an equation 
of this form, va —V b = o, the two abfolute terms deftroying each 

AF other 5 
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| See. A E th 
other ; whence > 737S but the fraction 5 isin it’s leaft terms by 


this propofition, as being produced after the fame manner as the reft; 
therefore av= bV is the leaft common multiple of a and 4, and the 
equation gzv-—4V =o is the fimpleft that can have o for it’s abfolute 
term: but av and 4V are greater multiples of æ and 4 than can be found 
in any of the equations exhibited in art. 175, as is evident from the ge- 
nefis of thofe equations ; therefore the equation av-—-bV = o cannot be 
fubtracted from any of thofe equations, at leaft without deftroying the 
coefficient of a; therefore thofe equations are the fimpleft of their kind. 


LEMMA 9. 
A THEOREM. 
178. Suppofing all things as in the laft article, I fay that the fractions 
od dQ RS 


cao P en u cat of Juch a mature as to be alternately 


E A 
lefs and greater than the fraction p> Dut yet fo as conftantly to con- 
verge towards it. 


Thus the fraction = is infinitely lefs than the fraction = , and the 


: aA è : 
fraction — is infinitely greater; for the lefs the denominator of any frac- 


tion is, ceteris paribus, the greater will be the fraction; therefore if 
the denominator be nothing, or infinitely fmall, the value of fuch a frac- 


E 
tion muft be infinitely great: thus again the fraction ? is lefs than 
Fo and the fraction = greater, and fo on alternately. I fay further, that 


tt ex 
the fration © approaches nearer to ; than doth the fraction —, and 


p 


Si aie 
the fraction y nearer than S and fo on. 


To demonftrate this, let the equation ca— Ch == d be a general 
reprefentative of all the equations in art. 175; and dividing both fides by 


C 
bc, we thall have © saline sah aan ; whence I infer 1/7, that the frac- 
Pa t bc : 


gird iis © . 
tion 5 will be greater or lefs than the fraction —, according as the abfo- 


lute 
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lute term d is affirmative or negative; 2d/y, that the lefs the abfolute 
term dis, or the greater the denominator ¢ is, the nearer will the fra@tion 
C 8 ee se : 

— approach towards the fraction >: but throughout the whole feries of 
a i - 


equations in art. 175, the abfolute terms are alternately affirmative and 
negative ; therefore the feries of fractions deduced from thofe equations 
will be of fuch a-nature, that the fractions will be alternately lef§ and 


š E ok > 
greater than the fraction 3: it is alfo evident from the nature of the 


equations above-mentioned, that the feries of terms reprefented by d will 

be conftantly diminifhing, and that the terms reprefented by c will be con- 

ftantly increafing ; and therefore upon both thefe accounts, the fractions 

reprefented by = muft converge on both fides towards the fraction 5 : 
COROLLARY, 

‘Therefore if any two fra€tions that are neare{t to each other be taken, 


S 
as > and oa the fraction 5 muft lie between them, but fo as to lie 


, SA oe: : 
nearer to the fraction 7 than to the fraction = otherwife the feries would 
not converge. 
LEMMA IO, 


A THEOREM. 


179. Suppofng all things as in the foregoing articles, I fay that the 
a : zim so ay 

frattions ~, —} es exhibit the fratin g more accurately 
than any other fractions whatever of le/s denominations can do; and 


‘cularly I hat th aie A 
particularly I fay that the fraction q approaches nearer to the frac- 
verge z . : > 
tion $ than any fraction can do whofe denominator is lefs than t. 
; ; C ; ; ` 
If this be denied, let A be a fraction whofe denominator c is lef than 


p C A 
¢; firft then I affirm that y cannot be equal to 73 for the fraction £ 


ae wk ; 2-6 
is in it’s leaft terms already, by art. 177; therefore if the fra&ion — 
> 


Nan was 
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HEZ T 
was equal to the fraction = the denominator ¢ muft be equal to, or 
fome multiple of the denominator Z, whereas ¢ is lefs than ¢ by the fup- 


A A a. x i 
pofition: now fince the fraction rs lies between the two fractions 2 and 


5 $ T 
>> but nearer to > by the laft article, it follows that if the fradtion < 


F 
approached nearer to 5 than doth the fraction 5 it mutt lie alfo between 


t fs 


Cs —c S cS—Cs ‘ 
PSE ae RET and this 


N J S 
= and ti but the difference between — and —* is sat by art. 176; 


gh C : 

and the difference between PE and Yie 
e I ies: 5, I 

difference cannot be lefs than at fince then z; Í$ greater than “R be- 


i : . RY 
caufe ¢ is lefs than ¢, it follows that the difference between zand — is 
c 


; S T C 
greater than the difference between = and 3 therefore the fraétion — 
z 


; sa SF 
cannot lie between the two fractions P and rs and confequently cannot 


a 


T 
approach fo near the fraction 7 38 doth the fraction >. Q, E. D. 


t 
S:¢ -o'L 3M F. 


In computing the equations in the 175th article, the quotients ufed 
for that purpofe were 2, 2, 2, 3, 2, the laft quotient 3 being diminifh- 
ed by unity to give fuch a folution of the problem there confidered as 
was neceflary to anfwer the end for which it was propofed ; but had the 
true quotient 3 been taken, the laft equation would have been 56a—. 
1355==0, as was there obferved; and the fraction derived from it would 


13 ort ss : eee 
have been “38, which is nothing elfe but the fraction z in iv’s leaft 
terms; therefore if the laft quotient be taken true, the fractions derived 
5 12 41 135 


: rem, 7 
from thofe equations, to wit, EEE rior. "<b will not only con- 


verge on both fides towards the intermediate fraction A , but at laft will 


actually terminate in it, 
As 
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As to the practice of computing thefe fractions, there is no neceffity 
of introducing the terms æ and 4 into the feries, and much lefs of com- 
puting the equations in order to deduce the fractions from them; for 
as the terms of thefe fractions are nothing elfe but the coefficients of a 
and 4, they may be obtained much eafier by themfelves, in the manner 


following: Let the fraction di be propofed, whofe numerator and deno- 


! minator are the terms æ and 4, as in art. 175, and let it be required to 
| find other fractions of leffer denominations which, though not equal to 
the fraction propofed, fhall neverthelefs come as near it as any particular 
purpofe requires, and nearer than any other fraction of a lefs denomina- 
tion than thefe can: here the greater number 270 divided by the lefs 
112 quotes 2, and there remains 46; again, 112 divided by 46 quotes 
2, and there remains 20; 46 divided by 20 quotes 2, and there remains 
6; 20 divided by 6 quotes 3, and there remains 2 ; and laftly 6 divid- 
ed by 2 quotes 3, and there remains o; therefore the quotients arifing 
from this continual divifion are 2, 2, 2, 3, 3. Thefe quotients being thus 


; F i es I r 
obtained, in the next: place I affume two fractions mand > to begin 


with, and multiplying 1 and o, the terms of the latter fraction, by the 
firft quotient 2, the products are 2 and o, to which I add o and 1, the 
terms of the firft fraction, and fo have 2 and 1 for the terms of my 


; ; ae Seige E 
firft finite fraction; therefore my firft finite fraction is “i. thefe terms 2 


and 1 I multiply by my fecond quotient 2, and the products are 4 and 
2, to which adding 1 and o, the terms of the fraction immediately go- 


ing before, I have 5 for my next fraction ; thefe terms 5 ard 2 I mul- 
tiply by my third quotient 2, and the products are ro and 4, which | 


: n ; " : ie E- 
with 2 and 1, the terms of the fraGiion immediately before it, give — 


for my next fraction; thefe terms 12 and 5 1 multiply by my fourth | 
quotient 3, and the products are 36 and 15, which with 5 and 2, the | 


' ee, See x 
terms of the next antecedent fraction, give ve for the terms of my next 


fraction ; laty I multiply 41 and 17 by my lait quotient 3, and the 
products are 123 and 51, which with 12 and 5, the terms of the frac- 


; Š 1 z $ 
tion before it, give 135 for my laft fraction ; and fo the fractions thus 


56 
= 4}. 73S 
a ee Se 


Where it may be obrved, that if | 
N n2 I had | 


i 2 12 
obtained are ~, — 
5 
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I had placed the fraction ~ before the fraction ~, and then had deri- 


ved the reft from thefe as before, the fractions would have come out in- 
ee BS 56 


I sippi 
verted, to wit, =, - —— ; and thefe fractions would have 
y erte > > 2 > 5 7 I 2 > 4 I ? I 3 5 a 


converged towards, and at laft would have terminated in the intermediate 


2 


b : ene se of 
one —, with this difference however, that now the firft fraction - 
a r 


b 2 
would have been greater than a the next — lefs, and fo on alternately. 


The better to fee the approximation of thefe fractions, I reduce them all 
to other fractions whofe common numerator is 270, thus: as 2 the nu- 
merator of the firft fraction is to 1 the denominator, fo is 270 the new 
numerator of the fame fraction to 135 the new denominator ; whence 


ye 270 
I 


== ——, which differs no more from — than might be expected , 
135 112 


. Ne ar A ; 
confidering the fimplicity of the fraction ~: again, as 5 the numerator 


I 
of the next fraction is to 2 the denominator, fo is 270 to 108; therefore 
f° B56 en 270 z 
=a which differs much lefs from = than did the former frac- 


2 r a 
tion a gdly, as 12 the numerator of the next fraction is to 5 the de- 
270 


era? which is very near 
a 


‘ 12 
nominator, fo is 270 to 1123; therefore Pas 


270 oe 
pa 5: 4thly, as 41 the numerator of the next fraction is to 17 the deno- 
: : I 270 
minator, fo is 270 to 1118 or 112—— nearly; therefore = -L 
laftly, as 135 the numerator of the laft fraction is to 56 the denomina- 

i? 35 3 

t I 270 

tor, fo is 270 to 112; therefore eae ge š 

OETI 
For another example of this {ort of approximation, take the proportion of 
thecircumference of a circle to it’s diameter, which according to Van Ceulen s 
numbers when abbridged, is that of 314159265359 to 100000000000. 
Here making a = 314159265359, and 6==100000000000, let it be 
required to find a fraction in more fimple terms that fhall nearly ex- 


b ? 


prefs the fraction =, that is, more nearly than any other fraction of a 
= lef 
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lefs denomination ; and the procef$ will be as follows: 1ft, a divided by 
b quotes 3, and there remains c==141 59265359: 2dly, 4 divided by ¢ 
quotes 7, and there remains d=88 5142487: 3dly, c divided by d quotes 


15, and there remains e==882128054: 4thly, d divided by e quotes’, . 


and there remains f==3014433:. 5thly, e divided by f quotes 292; and. 
there. remains g—=1913618. This laft quotient. 292 being fo very large, . 


I conclude that the four firft quotients 3, 7, 15 and r will give the laft 
fraction accurately enough, {ince it’s terms muft be multiplied by no lefs 
a number than 292 to obtain another that is more fo, Ufing then the 


four firft quotients 3, 7,.15,.1,.1- proceed as in. the foregoing example, 


22 22 
and fo find four fractions +, —, 333 an which laft fraGtion 
will be found exact enough for all purpofes ; for fince the circumference 
of a circle is to the diameter asa to 4; and the fraction zs nearly e- 


355 
trir? 


> 


qual to 355 it follows that the circumference is to the diameter as 355 


to 113 nearly, or as 335 is to 1, or (reducing the fraction to decimals) 


as 3.1415929 to 1, or laftly as 31415929 to 10000000, the antecedent 
of which proportion is true to 7, and almoft to 8 places; for the propor- 
tion ought to be as 31415927 to 10000000. 

Artifts for the better remembering the proportion betwixt the diame- 
ter and circumference of a circle, as we have here eftablifhed it, wz. 
113 to 355, are ufed to conceive it thus: put down the three firft odd 
numbers 1, 3 and 5, writing down every number twice, or at leaft 
imagine them to be put down thus, 113355 ;-then will-the three firft 
numbers 113 belong to the diameter, and the. three.laft, to wit, 355 to 


the circumference, 
S esacorL I wo M 2; 


The fractions treated of in the laft fcholium may be called primary 
or principal fractions, all converging to, and at laft meeting in the inter- 
mediate fraction 7 ; but if it be required that the feries be compleat, 


other fractions called fecondary ones muft be inferted between the 
primary ones, when the quotient is greater than unity, by changing 


the multiplication in the laft fcholium into a continual addition: in 

order to do this, it will be proper to make two rows of fractions, the 
. . a 

upper to contain all the fractions that are greater than z and the lower 


to 
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to contain all thofe that are lefs, fo as that > may be the firft fraction 


1@) > z : 
in the upper row, and =f the firft in the lower; then making ufe of the 


firft example in the foregoing fcholium, where the quotients were 2, 2, 
2, 3, 3, becaufe the equations in the 175th article were particularly 


. I . 
adapted to that cafe, add the terms of the fra&tion 5 twice to the terms 
wine e : ; 
of the fraction m becaufe the firft quotient was 2, and you will have 
; j > wan E 2 
two fractions arifing from that continual addition, to wit, y and z to be 
$ - : 2 k 
placed in the lower row: add the terms of this laft fraction z twice to 


; I : 
the terms of the fraction 5 becaufe the fecond quotient was 2, and 


5 


you will have two fractions = and > to be placed in the. upper row : 


add the terms of this laft fraction = twice to the terms of the laft frac- 
tion = in the lower row, becaufe the third quotient was 2, and you 
will haye the fractions F and yio be placed in the lower row: add 
fhe terms of this laft fra&tion 2 thrice to the terms of the laft fraction 


Šin the upper row, becaufe the fourth quotient was 3, and you will have 


= “2 and 5 to be placed in the upper row: add the terms of this 


laft fraction 2 thrice to the laft fraétion = in the lower row, becaufe 


the laft quotient was 3, and you will have 3, ef and “33 to be 
E 

placed in the lower row: and thus you will have finifhed the whole 

feries, or rather two feriefes of fractions, whereof the upper feries confifts 

of fractions greater than z and the lower of fractions that are lefs, as 


appears py the following table: FraGions 
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arr T e 

12 7 IA y 

ot ee ee fae 
eT te | AE il 


; I 
Fractions greater than the true, = 


o« a 
Fractions lefs than the true, =o 


therefore, properly fpeaking, belongs to neither row: every fraction in 
a set 
the upper feries approaches nearer to 7 than any other fraction in fim- 


2 a iors 
pler terms can do that is greater than z~, and every fraction in the low- 


er feries approaches nearer it than any other in fimpler terms can do that 


j a . . . 
is lefs than 7 ; but it fometimes happens that a fraction on one fide fhall 
not approach fo near it as a fraction on the other, though in more fim- 


ple terms: thus the fraction = in the upper feries differs more from 


270... 4 12 17 
ria OF g on one fide, than — doth on the other ; for the excefs of cI 
5 i 
BIO. I 10 270 i265 
above ce? te —, whereas the excefs of -— above — is ——; 
itz 56 550 112 560 


but this never happens when the fraction that hath the greater denomi- 
nator is a primary fraction, 

All I have delivered in this fcholium will beft be comprehended by 
treating the equations in the 175th article after the fame manner as the 
fractions here, that is, by turning the multiplication there made ufe 
of into a continual addition; but for the better diftinguifhing thefe 
equations, make two columns, placing all the equations whofe abfo- 
lute terms are negative in the left-hand column, and all thofe whofe ab- 
folute terms are affirmative on the right, fo as that the firft equation 


on the left hand may be oa —14==—112, and the firft on the right 
hand may be ı a— o= + 270: this done, you may proceed as fol- 
lows; rft, add the equation oa —14==— 112 twice to the equation 


Iı a—ob= +270, and you will have two equations to be placed in 
the right-hand column, to wit, 1¢a—1b==-+158, and 1a—2b—=+-46: 
adly, add this laft equation 1¢a—24==-+4+ 45 twice to the equation 
oa=— 1 b= — 112, and you will have two equations to be placed in 
the left-hand column, to wit, ra—3b== — 66, and 2a—s54—=—20: 
3dly, add this laft equation twice to the equation 1a —26==-+- 46, and 


you will have two equations to be placed on the right hand, to wit, 34 
—7b=-+ 26, 
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—7b=-+26, and sa—i2b==-+6: 4thly, add this laft equation 
thrice to the equation 2¢— 54==— 20, and you will have three equa- 
tions to be placed on the left hand, to wit, 7a— 17b=—14, 124 
—29s—=—8, and 17a— 41 b= — 2: sthly, add this laft equation . 
thrice to the equation 5a—12b==-+4-6, and you will have three equations 
to be placed in the right-hand column, to wit, 22 a — 53 b= + 4, 394 
—94b= + 2, and 564-—135b=0, Thus you will have finifhed your 
feriefes of equations, from whence the two feriefes of fractions already 
computed have been derived. 
1a— ob=-+270. 


0a— Ib=— 112, 

lg@— 1b=+158. 
1a— 3b=— 66. la— 2b=-+ 46. 
24— sb==— 20, 

3a— 7b=-+ 26. 
7a—17b==— 14, 5a— 126=-+ ó. 
12a—29b=— 8. 
17a—41b=— 2. 22a— 53b==-+ 4. 

39a— 94b=+ 2. 


6a— 135b= O. 

Much more might be produced gidi this head ; but I fear moft of 
my readers think I have been too prolix already, efpecially thofe, who 
heing lefs converfant in numbers, cannot fo eafily be made fenfible of the 
ufefulnefs of this doctrine. 

“This way of approximation to fractions of higher denominations is 
owing to the fagacity of the ingenious Mr. Cotes late Profeflor of Aftro- 
nomy and experimental Philofophy in this Univerfity, whofe great and 
happy genius to all mathematical enquiries made him conceive and 
treat the moft difficult fubjects with the utmoft fimplicity and eafe ; and 
whofe pofthumous pieces not long ago publifhed by his worthy fucceffor 
Dr. Smith, will ever be efteemed and admired, fo long as a good tafte 
and found judgment fhall haye any ‘being amongft mankind. 

This fubject had been handled before, though ina very different way, 
by the learned Dr. Wallis, and Monfieur Huygens ; ‘but Iam of opinion, 
that whoever makes the comparifon will eafily agree with me, that this 
method is much readier and lefs embarraffed than ecither.of their’s. 


LEMMA Il. 
A THEOREM. 
180. Let there be two fractions & and $ fuch, that if a continual di- 


vifion be made from a andb, according to the method for finding the 
greateft 
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greateft common meafure, the quotients thence arifing fhall be found to 
be the fame, both in quantity, order and number, with the quotients 
arifing from a continual divifion made from c andd: I fay then that 


c 
the fractions - and qg will be equal one to the other. 


To demonftrate this, let the quotients in both cafes be 1, 2 and 3; 
and by the help of thefe quotients let a converging feries of primary 
fractions be computed, as in the firft fcholium to the laft article, to wit, 


OB! 2 a E E ee Reps oe 
=.3\ Geupo ee then it is plain that this feries will equally relate to 
both fractions, will equally converge to both, and at laft terminate ia 


both ; therefore the two fractions > and - muft be equal one to the 


other, fince they are both equal to the laft fraction of the feries, to wit, 
IO 


T ee 
Fd Q, 


COROLLARY. 


, : 3 i R : ae c 
Since the two fractions mentioned in this article, to wit, 3 and F. 
; 


will be equal one to the other, whether the number of divifions and 
quotients be few or many, it is plain that the nature of this equality 
does not depend upon the fuppofition of a laft divifion, though the de- 
monftration does; and therefore this article will be true, even though 
the number of quotients be infinite. 


Sc. OL Tv mM, 


If a, b, c and d, inftead of numbers, reprefent any other quantities 
whatever, and the quotients from a and 4 be every way the fame with 
the quotients from cand d, then the fenfe of the foregoing lemma is, 
that a will have the fame proportion to 4 that c hath to d; and that, 
whether the quantities a, b, c, d be commenfurable or incommenfu- 
rable: and therefore if we lay down this as a definition of proportiona- 
lity, to wit, that Four quantities are faid to be proportionable, when the 
quotients of a continual divifion from the two firft are every way the fame 
with the quotients of a continual divifion from the two laft; this definition 
will reach incommenfurables, and will fufficiently juftify our applica- 
tion of proportion to fuch quantities: for now all the difference betwixt 
the proportion of commeniurable and incommenfurable quantities will 
only be this, that whereas in the cafe of commenfurables, the quoti- 
ents will break off, in the cafe of incommenfurables they will run on 

Oo ad 
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ad infinitum ; but the quotients from the two firft will be every way the 
fame with the quotients from the two laft, which fufficiently marks out 
their proportionality, and is, as I take it, the moft diftinét definition 
that can be given of proportionality, though not fo ufeful as that in the 
fifth definition to the fifth book of the elements, becaufe the other pro- 
perties of proportion are not fo eafily deducible from it, 


Or INCOMMENSURABLES. 


An apology for introducing the dotrine of Incommenfurables 
into this place. 


181. I doubt not but it will be thought by fome a little out of me- 
thod to introduce the doctrine of incommenfurables into this place; but 
my firft problem ought by no means. to. be rejected, whether we confi- 
der the elegancy of the problem itfelf, or the clofe connexion it has with 
fome of the foregoing articles, which it may ferve further to illuftrate ; 
and as this problem relates purely to incommentfurables, without a pre- 
vious knowledge whereof it cannot poffibly be underftood, I thought 
this a proper place to bring my reader into fome acquaintance with them ; 
and if, after I found myfelf obliged to dip into this fubject, I drew out 
from thence fomewhat more than my prefent occafion required, it was 
becaufe I eafily forefaw that the reft would be of no lefs ufe on other 
occafions. In fhort, this doctrine of incommenfurables is certainly very 
entertaining, and a curious inftance of moft fubtil and refined reafoning, 
and therefore cannot, if clofely and clearly delivered, but be acceptable 
to every ingenuous reader, who is really more inquifitive after true and 
fubftantial knowledge than after matter of criticiim and cenfure; and this 
I hope will be fufficient to juftify me. 

I {hall infert here but a very fmall part of what Euclid has delivered 
more at large upon this head; and my method will be, firft to demon- 
{trate fome properties naturally flowing from the idea of incommenfura- 
bility, and from one another, and then to find a fubject for thefe proper- 
ties, that is, to demonftrate that there are actually exifting in nature fuch 
things as incommenfurable quantities. 

N. B. If any one has a mind to fatisfy himfelf concerning the exift- 
ence of incommenfurables without being at the pains of reading all I have 
= written upon the fubjeét, he may firft read the hundred eighty fecond 

article, and then pafs over to the tenth propofition and thofe that fol- 
low, which are fo contrived as to have little or no dependence upon the 

reft, 
DEFI- 
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DEFINITIONS AND AXIOMS, 


182. Def. ift, One quantity is faid to meafure another, when being 
taken as often as poffible out of that other, there is nothing left. 

2d. When a quantity will meafure two others, it is called their common 
measure. 

3d. And quantities are faid to be commenfurable or incommenfurable, ac~ 
cording as they will or will not admit of a common meafure. 

4th, Whole numbers are faid to be prime to one another, which will ad- 
mit of no common meafure but unity. 

th. A fquare number, in the fenfe we are here to ufe it, is any whole 

number that will admit of itfelf, or fòme other whole number for it’s fquare 
root, exclufive of all fractions both out of the fquare and out of the root. 

6th. Whenever a lefi whole number meafures a greater, the lefs is called 
an aliquot part of the greater, and the greater a multiple of the lefi, 


ScHOLIU™M. 


Fractions, as far as I can find, were very little regarded by the Ancients, 
efpecially before Archimedes’s time; but what we now exprefs and per- 
form by fractions, they accomplifhed by the help of proportion in whole 
numbers; fo that by number or numbers with them, muft always be un- 
derftood whole numbers, and by aliquot parts, {uch leffer whole numbers 
as will meafure others that are greater: thus the aliquot parts of the 
number 6 were 1, 2 and 3 ; but the mixt number 1!, or the fraction 3, 
though it meafures 6 juft four times, was neverthelefs excluded out of 
the number of it’s aliquot parts: and to fay the truth, if this be not done, 
every number will have as many aliquot parts as we pleafe ; and fo the 
diftinction of prime and compofite numbers, and the diftinction of num- 
bers that are prime and not prime to each other, will be utterly loft ; our 
idea of proportionality in numbers will be rendered obfcure and confufed ; 
and that excellent treatife of numbers by Euclid in his feventh, eighth 
and ninth books, will become in a great meafure ufelefs, Not that I would 
here be underftood as if I did not think fractions exceeding ufeful in all 
arithmetical operations; fo far am I from thinking otherwite, that I have 
frequently ufed them myfelf in cafes where others ufed proportion, pure- 
ly becaufe I looked upon fractions as more tractable: but what I would 
chiefly fignify by the foregoing difcourfe is, that whether fractions be ad- 
mitted into arithmetical operations or not, the doctrine of whole num- 
bers being previous to, and diftinct from that of fractions, the Ancients 
were very juftifiable in treating it diftinctly by itfelf, without any regard 
to fractions, 

O02 CoROL- 
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CoOROLLARIES FROM THE DEFINITIONS, 


ift. All whole numbers are commenfurable: for unity is a common mea- 
fure to them all, 
k x J - a& č 
ad. ractions are commenfurable: for if the fractions > ie 
All fractions afi ctions z and 7 Be 


Joes 3 ad bc I 
t 7 P —— —— o —: 
reduced to the fame denomination, they will become ad and a and 


will meafure them both, 

3d. All whole numbers and mixt numbers compared together, all mixt 
numbers compared with one another, all whole numbers ,and fractions, all 
mixt numbers and fraétions are commenfurable : for all mixt numbers may 
« be reduced to fractions; and all whole numbers may be confidered, as 


fraGtions whofe denominators are units. 


Axiom 1, If one quantity meafures a fecond, and that a third, the firft 
quantity will alfo meafure.the third, 

2d, Whatever quantity meafures two others, the fame will meafure both 
their fum and their difference. 

34. Two finite homogeneous quantities can never be fo different one from 
another, but that the lefer may be multiplied till it exceeds the greater. 

4th. Equal fractions may be converted into equal proportions in whole 
numbers, by making the numerators antecedents, and the denominators con- 
Jequents ; and vice verfa, equal proportionals in whale numbers may be chan- 
ged into equal fractions. 


PROPOSITION I. 


183. All commenfurable quantities are to one another as number to num- 
ber ; and vice verfa, all quantities that are to one another as num- 
ber to number are commenjurable, - 

For firft, let a and 6 be two commenfurable quantities; I fay then 
that the proportion of a to 4, let it be what it will, may be expreffed 
in whole numbers: for as æ and 4 are commenturable quantities, let c 
meafure them both ; let c meafure a juft three times, and å four times ; 
then will 3¢==a, and 4c= b, and a will be todas 3 to 4. 9, E.D. 

Again, let æ and 4 be two fuch quantities that the proportion of a to 
6 may be exprefled in whole numbers; as for example, let a be to 4 as 
3 to 4, and let ¢ be a third part of a; then will 3c =a, and 4c=—4, 
and fo the quantity ¢ will meafure both a and 6; therefore the quantities 
a and ġ will be commenfurable. Q, E. D. 


PROoPo- 
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PROPOSITION 2, 


184. Lacommen/urable quantities are not to each other as number to num» 


ber ; and vice verfa, quantities that are not to each other as number to 
number are incommenfurable, 

For firft, let æ and 4 be two incommenfurable quantities; I fay then 
that the proportion of a to 4 cannot poffibly be expreffed in whole num- 
bers: for if it could, thofe quantities 2 and å would be commentfurable, 
by the latter part of the foregoing propofition, which contradicts the fup- 
pofition. In the next place, let the quantities æ and 4 be fuch, that the 
proportion of ato 4 cannot poffibly be expreffed in whole numbers; I fay 
then that thofe quantities @.and 4 will be incommenfurable: for if they 
were commenfurable it might, by the former part of the foregoing pro- 


pofition, Q, B. D; 
CoROLLARY. 


If the proportion of incommenfurable quantities be too fubtil to be ex- 
prefed in whole numbers, neither can it in fractions: for all fractions 
are commenturable, by the fecond corollary to the definitions, and as 
fuch, are to one another as number to number, by the firft propofition, 


FRO PoSsTT ION = 


185. If four quantities a, b, c and d be proportionable, fo as that a is 
to b asc to d; I fay then that. if the two firf a and b be com- 
menfurable, the two laft c and! d-wll alfo be commenfurable; but if 
the two firft a and b be incommenfurable,. the two. laft c and d wilh 
alfo be incommenfurable, 

For firft, let a and 4 be commenfurable ; then will abe to 4 as num- 
ber to number, by the firt propofition; but asa is to. $. fois c tod; 
therefore c will be to d as number to number; therefore ¢ and d will be 
commenturable by the firft propofition. Q, E. D. 

In the next place, let a and 4 be incommenfurable ; I fay then that 
¢ and d will alfo be incommenfurable: for if c and d were commenfu- 
rable, a and 4 would alfo be commenfurable, by the former part of the 
propofition, becaufe c is to das ata b; but a and 4 are not commenfu- 
rable, by the fuppofition; therefore neither are cand d; therefore c and 


dare incommenturable. Q, E. D. 


CoROLLARY. 


By the demonftration of this propofition it appears, that Jf incommen- 


furability can be proved to belong to any one fort of continued quantity 
whatever, 
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whatever, it will equally belong to all; for in this demonftration, a and 
b may be quantities of any one fort, and ¢ and d thofe of another. The 
feveral forts of continued quantity, fuch as length, fuperficial and folid 
fpace, time, weight, motion &c, are all equally fubtil in their confti- 
„tution; and therefore if a, 6, c and d be all continued quantities, there 
can be no abfurdity in fuppofing them all proportionable: but if the an- 
tecedent and confequent of one proportion be continued quantities, and 
thofe of the other difcontinued or numbers, thefe latter being of a lefs 
fubtil compofition, cannot always be proportionable to the former, asap- 
pears from the {fecond propofition; though on the other hand, the for- 
mer may always be proportionable to the latter. 


SCHOLIUM. 


Hence appears the neceflity of Euclid’s treating proportionable mag- 
nitudes or continued quantities, which have no fuch thing as a leaft finite 
part, after a very different manner from proportionable numbers, whofe 
Jeaft finite part is unity. 


PROPOSITION 4. 


186. If two quantities be commenfurable to a third, they will be com- 

menfirable to one another. 

Let a and 4 be two quantities commenfurable to a third, which we will 
call c; 1 fay then that the quantities 2 and 4 will be commenfurable to 
one another: for firft, fince æ and c are commenfurable, they muft be to 
one another as number to number, by the firft propofition: let then a 
be to c as the number d to the number e. Again, fince 4 and ¢ are fup- 
pofed commenfurable, let c be to 6 as the number f to the number g; 
then fince æ isto c as d to e, or as df to ef; and again, fince c is to ġ 
as f to g, or as ef to eg, it follows ex æquo, that a is to 4 as the num- 
ber df to the number eg, and confequently that æ and 4 are commen- 
furable, by the firft propofition, 2, E. D. 


C.02-0-L. Busey. 


Hence it appears that two incommenfurable quantities cannot both be 
commenfirable to a third; becaufe none but commenfurables can, by this 
propofition. 


COROLLUSE TED 


If there be three homogeneous quantities'a, b and c, whereof a is in- 
commenfurable to b, and b is commenfurable toc; IfJay then that a is in- 
commenfurable to ç: for if it was not, we fhould have two incommenfu- 

rable 
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rable quantities 2 and 4 both commenfurable to a third c, which, by the. 


corollary foregoing, is impoffible, 


PROPOSITION 65. 


187. As incommenfurable quantities cannot be equal one to another, fe 


neither can any multiple, part or parts of one be equal to any multi- 
ple, part or parts of the other. 

That two incommenfurable quantities, fuppofe æ and 4, cannot be e- 
qual is plain; for then either would meafure both, and fo they would 
not be incommenfurable: and in the next place, that no multiple, part or 
parts of one can be equal.to any multiple, part or parts of the other, 
I thus demonftrate : Let c be any multiple, part. or parts of a, and d 
of 6; then if ¢ be a naultiple of a, itis plain that 2 will meafure c; on 
the other hand, if c be a part of a,.c will meafure a; and laftly, if c 
be parts of a, as 2 of a, then it is plain that ! part of a will meafure them 
both ; fo that in all cafes a. will be commenturable. to c; andé to d, for 


the fame reafon; therefore c and d cannot be commenfurable ; for if 


they were, fince a is commenfurable to ¢,.andi¢ to d, a and d would be 


commenturable,. by the laft propofition ; but if @ be commenfurable to + 


d, and d to 4, then a and 4 will. be commenfurable, by the fame; but 
a and 6 are not commentfurable ; therefore neither will c and d. So far 
therefore are c and d from being equal, that they: are not fo much as 
commenturable to one another; therefore of two incommenfurable quan- 
tities, no multiple, part or parts. of one can be equal to any multiple, 


part or parts of the other.. 2, E. D; 


Otherwife more directly thus: a is incommenfurable to 4, and 6 is - 


commenfurable to d; therefore d is incommenfurable to a, by the {fecond 
corollary to the foregoing propofition: but if d be incommenturable to a, 
and a be commenfurable.to c, then d-will be incommenfurable to c, by. 
the fame corollary ; therefore Gc. Q, E. D. 


LEMMA; 


188. If of two homogeneous finite quantities a and q, from the greater a 
be taken more than it’s half, and from the remainder more than it’s 
half, and from the laft remainder more than it’s half, &c ; Tjay then 
that this fubtraétion may be continued to a remainder lefs than q. 

For firft, fince by the fuppofition a and g are homogeneous and finite. 

quantities, the quantity g cannot be fo {mall but that it may be multi- 
plied till it exceeds a, by the third axiom : let then 6g be a multiple of g 


that exceeds a; then will be lefs than g: let now the half of a be ta- 


ken . 


| 
| 


296 Or INCOMMENSURABLES. Book v. 


ken from a, and then there will remain 14; take away again the half 
of this, and there will remain ta; take away again the half of this, and 
there will remain ia; but ia is lefs than zg, and ja is lefs than g; there- 
fore ża is lefs than g ; therefore if from a be taken away it’s half, and 
from the remainder it’s half, and from the laft remainder it’s half, and 
fo on, the fubtraction may be continued to a remainder lefs than g ; there- 
fore a fortiori, if from a be taken away more than it’s half, and from 
the remainder more than it’s half, and from the laft remainder more 
than it’s half, and fo on, the fubtraction may be continued to a remain- 
der lefs thang. 2, E. D. 


PROPOSITION 6; 


189. Let a and b be two homogeneous quantities; and from thefe two 
quantities let a continual divifion be 
formed in manner following: divide a b. c. d. e. f. g. h. 
a by b, and let.the remainder bec; 41. 24. 17. 7. 3. I. O. O. 
then divide b by c, and let the re- 
mainder be d; then divide c by d, and let the remainder be e, &c: 
I fay then that the feries a, b, c, d, e &c may be continued to terms 
le/s than any affignable quantity as q. 

For in the firft divifion, when a was divided by 4, that is, where 4 


-was taken away from æ as often as poffible, the remainder c muft be lefs 


than 4; for if it was not fo, 4 might have been taken out once more, 
or oftener, contrary to the fuppofition: fince then the quantity taken 
away was å at leaft, if not 24, 34, 44 Gc, it follows that. the quantity 
taken away muft.be greater than that which was left; therefore in the 
firt divifion, where æ was divided by 4, there was taken away from a 
more, than it’s half, and there remained ¢: in like manner in the third 
divifion, -where ¢ was divided by d, there was taken away from c more 
than it’s half, and the remainder was e: fo again in the fifth divifion 
there was taken away ftom e more than it’s half, and the remainder was 
g, &c; therefore the terms a, c, e, g &c may be continued till they be- 
come lefs than g, by the foregoing lemma; in like manner, from the 
fecond, fourth and fixth divifions it appears, that the terms 4, d, f, b 
may be continued till they become lefs than 7: put both thefe confidera- 
tions together, and then it will appear that the terms a, 4, c, d, €, f, g, 6 
may be continued till they become lef thang. Q, E.D. 


PROPOSITION 67. 

190. Suppofing all things as in the laß propofition; I fay then that what- 
ever quantity will meafure any two terms of the foregoing feries that 
lie next to one another, the fame quantity will meafure all the ref both 

before and after them, Let 
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Let g meafure the two contiguous quantities d and e; I fay then in 
the firft place, that g will meafure all the reft that follow e: for when 
d was divided by e there remained the next term f; therefore e mea- 
fures d— f: fince then g meafures e ex bypothefi, and e meafures d—f, 

muft meafure d— f, by the firft axiom ; but g alfo meafures d ex hypo- 
thefi; therefore  meafures both the quantities d and d—/, whofe ditie- 
rence isf; therefore g meafures f by the fecond axiom: if then becaufe q 
meafures d and e, it follows that it muft neceflarily meafure f, fo becaufe 
q meafures e and f, it muft neceflarily meafure g, and foon. I fay in 
the next place, that if g meafures dand e, it will meafure all the terms 
before d: for when c was divided by d there remained e; therefore d 
meafures c—e: fince then g meafures d ex hypothe/i, and d meafures 
c—e, q meafures c—e; but g meafures e alfo ex hypothefi; therefore g 
meafures both e and c—e, whofe fum is c; therefore g meafures c: fince 
then upon a fuppofition that g meafures both e and d, it follows that it 
mutt neceflarily meafure c, fo becaufe g meafures both d and c, it muf 


neceflarily meafure 4, and fo on that way. Q, E. D. 


PROPOSITION 8. 


191. Suppofing all things as in the two foregoing propofitions, I fay that 
if the original terms a and b be commenfurable, the feries a, b, c, d, 
e &c will not run on ad infinitum, but will break off, fo that the 
lafl term of the feries will be the greateft common meafure of a and b; 
and vice verfa, if the terms a, b, c, d, e &c do not run on ad in- 
finitum, J fay then that the original terms a and h will be commen- 
furable. 

For firft, let a and 4 be commenfurable ; I fay then that the feries 
will not run on ad infinitum: for let g be any common meafure of a and 
b, then will g meafure all the fubfequent terms by the laft propofition ; 
but if the terms run on ad infinitum, they will come at laft to be lefs 
than g by the fixth propofition, and fo q cannot meafure them all; there- 
fore the feries does not run on ad infinitum: let then the laft term be e, 
and I fhall then prove in the next place, that e will be greateft com- 
mon meafure.of a and 4: for as e is the laft term of the feries by the 
fuppofition, it will precifely meafure d the laft but one without any re- 
mainder; for fhould any thing remain, as f, then / would be the next 
term after e, and fo e would not be the laft term of the feries, contrary 
to the fuppofition: fince then e meafures both d and itfelf, it muft alfo 
. meafure a and å by the laft propofition; and I fay further, that it will 
be the greateft quantity that can meafure them both: for fhould a and 6 
admit ofa greater common meafure than e, fuppofe ¢, then g would mea- 

Pp {ure 
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fure all the fubfequent terms, and amongft the reft e, by the laft pro- 
pofition, that is, a greater quantity would meafure a lefs, which is ab- 
furd ; therefore if e be the laft term of the feries, it will be the greateft 
common meafure a and å will admit of. Q, E. D. 

_Icome in the laft place to prove, that if the feries a, b, c, d, e &e 
does.not run on ad infinitum, the original quantities a and 4 will be com- 
menfurable: for fince the feries is fuppofed not to run on ad infinitum, 
let e be the laft term; then will e meafure both d and e as was proved 
before ; therefore it will alfo meafure a and é by the laft propofition, 
and therefore a and 4 will be commenfurable. 


ORIOLE AR Y Si 


Hence if a and b be commenfurable, whether they be numbers, or any 
other homogeneous quantities, it will be eafy to find their greateft common 
meafure; to wit, by computing the laft term of the feries a, b, c, d, e: 
thus the greateft common meafure of the numbers 42 and 30 Is 6, be- 
caufe 6 is the laft term of the feries 42, 30, 12, 6. 


COROLLARY 2. 


If the original quantities a and b be incommenfurable, the feries a, b, c, 
d, e &c will run on ad infinitum: for if it did not, a and would be 
commenfurable, by the latter part of this propofition. 


COROLLARY 3. 


And vice verfa, if the fertes a,b, c, d, e &c runs on ad infinitum, the 
original quantities a and b will be incommenfurable: for if they were com- 
menfurable, the feries would not run on ad infinitum, by the former part 
of this propofition. 

CORO LE A RY A, 


Whatever quantity, asq, will meafure two others a and b, the fame will 
aljo meafure their greateft common meafure e. 
PROPOSITION 9g, 
A PROBLEM. 


192. It is required, having given three commenfurable quantities a, b 
and c, to find their their greateft common meafure. 
SOLUTION. 


Firft find the greateft common meafure of any two of them, fuppofe 
of a and b, and call it d; then again find the greateft common meafure 


of 
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of d and of the third quantity c, and call ite; then will e be the great- 
eft common meafure of all the three quantities a, b and c firft propofed. 
For firft, fince e meafures d, and d meafures both æ and 4, e will mea- 
fure both æ and 4; but e meafures c ex bypothefi, being fuppofed the 
greate{t common meafure of d and c; therefore e will meafure all the three 
quantities 4, b and c. I fay in the next place, that e is the greateft quan- 
tity that can meafure them all: for if it be poffible, let f, a greater quan- 
tity than e, meafure all the three quantities a, å and c; then fince f mea- 
fures both a and 4, it will alfo meafure their greateft common meafure 
d, by the fourth corollary to the laft propofition; but f meafures c ex 
bypothefi ; therefore f will meafure e, the greateft common meafure of d 
and c, that is, a greater quantity will meafure a lefs, which is abfurd ; 
therefore e is the greateft common meafure of a, db and ¢. Q, E. D. 

Of the foregoing rule take the following example in numbers; let it 
be propofed to find the greateft common meafure of the numbers 42, 30 
and 15; now the greateft common meafure of 42 and 30 is 6, by the 
firft corollary to the eighth propofition ; and the greateft common meafure 
of 6 and 15 is 3; therefore the greateft common meafure of 42, 30 and 
15 is 3; andif the numbers 42, 30 and 15 be all divided by 3, they will 
be reduced to'14, 10 and 5, three other numbers in the fame proporti- 
on with the dividends refpectively, 


COROLLARY, 
Whatfoever quantity, as f, will meafure three quantities a, band c, the 
fame will meafire their greateft common meajure e. 


N. B. The following propofitions are to prove the exiftence of incom- 


menfurables, and fome other affections of them, proper to be known. 


Rio Post FroN To, 


193. All equal fractions, when reduced to their leaft terms, become one 

` and the fame fraction. 

Before I enter upon the demonftration of this propofition, it will be 
proper to take notice by way of lemma, that Jf any two numbers, as - 
and 11, whofe greateft common meafure ts unity, be made to multiply a third 
quantity, as d, of what kind foever, then will that quantity d be the greateft 
common meafure of the quantities 74 and 11d; and vice verfa, if d be the 
greateft common meafire of the quantities 7d and 11d, then will unity be 
the greateft common meafure of the numbers g and 11. For if in finding 
the greateft common meafure of 7 and 11, the divifors be PA 8, i 
as they actually are, then in finding the greateft common meafure of 7d 
and rrd, the divifors will be 7d, 4d, 3d, 14; thatis, if 1 be the laft 

Pp 2 divifor, 
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divifor, and confequently the greateft common meafure in the former 
cafe, d will be the laft divifor, and confequently the greateft common 
meafure in the latter cafe, and vice verfa. 
This being allowed, let there now be two equal fractions, which when 
j a f 
reduced to their leaft terms, are ; and 7: Iam then to demonftrate, 
that the numbers ¢ and d are actually the fame with the numbers æ and 
b refpećtively. 
For firft it is plain that the numbers æ and can have no common 
meafure but unity, any more than the numbers ¢ and d: for if they had, 
> a C : i 
the fractions z and Fi would not be in their leaft terms, but would be 
further divifible, contrary to the fuppofition. 
ee c 
2dly, The fractions 7 and 5 muft be equal to each other: for by 


what methods foever thefe reductions to the leaft terms were made, this 


À ; j a c ; r 
is certain, that the fractions 3 and 7 muft be equal to the fractions 


firft propofed, otherwife they would not reprefent thofe fractions in their 


° ~ a c 
leaft terms, but other fractions: fince then the fractions E and 7 are equal 


to the fractions firft propofed, and thofe fractions are equal to each other 


by the fuppofition, it follows that the fractions ; and A are alfo equal, 


c 
3dly, Let now the equal fractions “and rn be reduced to the fame 


- ; ; SEA PETE 
denomination, and the fractions thence arifing, to wit, hal and Id will 
ftill be equal; becaufe neither can this reduction affect their values, by 


bc 


; : TAR 
the eighth article of the introdu€tion: fince then the fraGions +5 and +— 
g bd bd 


are equal, and have the fame denominator, they muft alio have the fame 
numerator, that is, the number 6c muft be the fame with the number 
ad; therefore the numbers ġe and bd mutt be the fame with numbers 
ad and bd refpectively ; therefore the greateft common meafure of the 
former couple will be the fame with the greateft common meafure of 
the latter; but the greateft common meafure of the numbers be and bd 
is 6, by the lemma, becaufe it has been proved that the greateft common 
meafure of the numbers ¢ and d is unity; and for a like reafon, the 
greateft common meafure of the numbers ad and dd is d; therefore 

the 
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the numbers 4 and d are the fame: fince then the two fractions s and S 


are equal, and have the fame denominator, they muft likewife have 
the fame numerator, that is, the number ¢ muft be the fame with the 
number a; and fo the numbers ¢ and d muft be actually the fame with 


the numbers a and å refpectively. Q, E. D. 


Corot tL A RE, 
: Sigh c > À Bie okt «3 
If there be two equal fractions ~ and F? whereof the former p Matt's 
leaf terms; I fay then that a the numerator of the former fraction will 
meafure © the numerator of the latter, and that b the denominator 


of the former will meafure d the denominator of the latter as often. 
For let e be the greateft common meafure of the numbers ¢ and d; 


jA D c 
then will unity be the greateft common meafure of the numbers > and 


À by the lemma laid down in the propofition ; therefore = and Í will 


be the leaft terms of the fraction S; but the fraction = is equal to the 


£ $ a A A Rol ony 7 
fraction 7> which is already in it’s leaft terms by the fuppofition; and 


by this propofition the leaft terms of all equal fractions are the fame ; 


C E : 
therefore the numbers = and — are the fame with the numbers a and 4; 
é 


therefore the numbers c and d are the fame with the numbers ea and 
eb refpectively ; but a meafures ea, and 6 meafures ed as often; there- 
fore a meafures c, and 4 meafures d as often. Q, E. D. 


ae ee ey ee a ORN ÜN 


194. If there be three numbers a, b and c, whereof a is prime to b, and 
b ¢s a multiple of c; I fay then that a will be prime to c. 

For if a and ¢ be not prime to each other, they muft have fome 
common meafure greater than unity by the fourth definition; let 
that be d; then fince d meafures c, and ¢ meafures it’s multiple 4, d 
will meafure 6; but d alfo meafures a, as being a common meafure 
of a and c; therefore d meafures both a and 4; therefore a and / cannot 
be prime to each other; therefore if a and ¢ be not prime to each other, 
neither can a and 4; but a and /are prime to each other by the fup- 


pofition ; therefore a and ¢ muft alfo be prime to each other, 9, E. D 
: SC H 0a 
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SCHOLIUM. 


When ¢ is equal to unity, this propofition is felf-evident; not fo much 
that the numbers æ and ¢ are prime to each other, as that they will have 
no common meafure but unity : fhould unity be admitted 2s a number, 
then every other number would be both prime to it, and a multiple of 
it; to avoid which confufion, and to eftablith a diftin&tion betwixt num- 
bers prime and not prime to each other, Euclid has excluded unity from 
his definition of number, chufing rather to confider it as a common de~ 
nominator of all number; thus the number 3 is to be interpreted three 
units, &e, 

PROPOSITION 12. 


195. If two numbers a and b be both prime toa third number c; I fay 
then that their produét ab will alfo be prime to the fame third num- 
ber c; or (which amounts to the fame thing) that the produét ab and 
the number c will have no common meafure but unity. 

If this be denied, let the product 24 and the number c have fome 
common meafure greater than unity, and let that be d; then fince d mea- 
fures both the product aå and the number c, it will meafure the num- 
ber ¢ alone, and confequently c will be fome multiple of d; therefore 
we have three numbers a, c and d, whereof a is prime to c, and ¢ is a 
multiple of d; therefore by the laft propofition æ is prime to d, and the 
fraction «is in it’s leaft terms: again, fince d meafures both the pro- 
duct ab and the number c, it will meafure aå alone, and confequently ab 


b 
will be fome multiple of d; therefore the fraction S will be equivalent 


to fome whole number; call that whole number e, and then fince 


a a e . 
7 = we fhall have 173: here then we have two equal fractions 
a 


e S ¥ 5 
7 and 7> whereof the former 7 isin it’s leaft terms; therefore d the 


denominator of the former fra€tion will meafure 6 the denominator of 
the latter, by the corollary to the tenth propoftion; but d meafures ¢ ex 
hypothefi ; therefore d, a number greater than unity, meafures both 4 and 
ç; therefore if the product a4 and the number ¢ be not prime to each 
other, neither can the numbers 4 and c; but the numbers 4 and ¢ are prime 
to each other ex bypothefi; therefore the product 2 and the number c 
are alfo prime to each other. 2, E. D, 


Cok ok. 
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CORONAL AR Y Ae 


Ff two numbers a and bbe prime to other two c and d in fuch a man- 
ner that both the numbers a and b be prime to each of the numbers cand 
d; I fay then that ab the produét of the former two will be prime to cd 
the product of the latter two, For fince both a and 4 are prime to ¢, the 
produét a% will alfo be prime to ¢ by this twelfth propofition ; and for 
the fame reafon the product ab will alfo be prime to the number d: 
fince then both the numbers ¢ and d are prime to the number a4, their 
product cd muft alfo be primeto ad, and ab to cd. Q,E.D, 


CoROLLARY 2. 


If the numbers æ and å in the foregoing corollary be fuppofed equal 
to one another, as alfo the numbers cand d; and if moreover æ be prime 
to c, then both a and 4 will be prime to each of the numbers ¢ and 4, 
and fo the product aé will be prime to the product cd: but in this cafe, 
the product a4 is the fame as a*, and the product cd the fame as c*; 
therefore a? will be prime to c*; which is as much as to fay, that Jf 
two numbers a and c be prime to each other, their fquares aa and cc will be fo too, 

CoROLLARY }3. 


Therefore if any two numbers a and c be the leaft in their proportion, 
their fquares aa and cc will be the leaft in their's: for when either a or 
c is equal to unity, this is evident of itfelf (unity being incapable of any 
further divifion ;) and when both @ and c are greater than unity, aa and 
ce will be the leaft in their proportion by the laft corollary. 


PROPOSITION 13. 


196. If there be three homogeneous quantities a, b and c in continual 
proportion, and if the middle term be commenfirable ta the extremes; 
I fay then that the leaft numbers in the proportion of the extremes will 
be both fquares. 

Since gand 4 are fuppofed commenfurable, let their greateft common 
meafure be contained in a d times, and in ġ e times; then will d and e 
be the leaft numbers in the proportion of a to 4, by the tenth propofition ; 
and fince a is to 6 as dis to e, or as dd to de, and fince å is to c alfo 
as d to e, or as de to ee, it follows ex eguo, that a is to c as dd to ee; 
but d and e are the leaft numbers in the proportion of æ to 4, as hath 
been already fhewn; therefore dd and ee are the leaft numbers in the 
proportion of a toc, by the third corollary to the laft propofition; there- 
fore the leaft numbers in the proportion of the extremes a and ¢ are both 
fquares, Q, E. D. 


PR o- 
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PROPOSITION TA. 


197. If there be three homogeneous quantities of any kind a,b and c 
in continual proportion, whofe extremes a and c are commenfirable to 
each other ; and if the leaft numbers in the proportion of thefe extremes 
be not both fquares; I fay then that the middle quantity b will be in- 
commenfurable to both the extremes. 

That the middle quantity cannot be commenfurable to one extreme, 
and incommenfurable to the other, is evident ; for if we fhould fuppofe 
a and & for inftance, to be incommenfurable, and at the fame time 4 and 
c to be commenfurable, we fhould then have two incommenfurable quan- 
tities æ and 4 both commenfurable to the fame third quantity ¢, which 
by the firft corollary to the fourth propolition is impoffible; therefore 
the middle quantity muft either be commenfurable to both the extremes 
or incommenfurable; commenfurable it cannot be, for then the leaft 
numbers in the proportion of the extremes muft be both fquares by the 
laft propofition, which contradicts the Aypothe/is; therefore the middle 
term muft be incommenfurable to both the extremes, Q, E. D. 


COROLLARY. 


Hence having any line as a given, it will be eaf to find as many others 
as we pleafe, that fhail all be incommenfurable to it : for taking any two 
numbers d and e that are the leaft in their proportion, and not both fquares, 
make c toa as d to e, and a mean proportional between a and c, found by 
the thirteenth of the fixth element, will be incommenfurable to both, 


PROPOSITION EE 


198. If there be any whole number, as n, whofe fquare root cannot be ex- 
prefed by any other whole number ; I fay then that neither can it be 


expref[ed by any fraction whatever. 
For if poflible, let the fquare root of n be exprefled by a fraction 


, : , E d . a 
which when reduced to it’s leaft integral terms is 7, that is, let 7 = 


a/n; then we fhall have y=: ; but the fraétion T5 is in it’s leaft 


terms, by the third corollary to the twelfth propofition, becaufe the fraction 


b 


Tauge iuo 
further reduced ; therefore we have two equal fractions Bh and -1 both 
in 


1 EE ENA 
was fo; and the fraction 7 isin it’s leaft terms, becaufe 1 cannot be 
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in their leaft terms; therefore by the tenth propofition, thefe two frac- 
tions muft not only be equal in their values, but in their terms alfo, that 
is, aa muft be equal to z, and 44 to 1: but aa cannot be equal to 7, 
becaufe a isa whole number by the fuppofition, and x is fuppofed to 
admit of no whole number for it’s root; therefore the {quare root of x 
cannot poffibly be exprefled by any fraction whatever. 9, E. D. 
Otherwife thus: firft, 2, y/n and 1 are continual proportionals, be- 
caufe the fquare of the middle term is equal to the produét of the ex- 
tremes; fecondly, the extremes z and 1 are the leaft in their proportion, 
becaufe 1 cannot be further reduced ; thirdly, and one of the extremes 
n is no {quare number by the fuppofition ; therefore the middle term 
which is ,/z is incommenfurate to 1; therefore „/x cannot pofiibly be 
exprefled by any fraction or mixt number whatever, becaufe thefe are 
all commenfurate to 1 by the third corollary to the definitions, 9, E. D. 


SCH 02 T UM, 


From this propofition tt appears, that two furd numbers may be both ins 
commenfurable to unity, and yet both commenjfirable to cne another: for /2 
and ,/8 (by this propofition) are both incommenfurable to unity, and 
yet they will both be commenfurable to one another ; for fince 2 is to 
Sasi isto 4, ./2 will be to ,/8 as I to 2, 


PROPOSITION Tó: 


199. If there be two numbers a and b the leaf in their proportion, and 
Juch whofe quare roots are commenfurable one to the other; I fay that 
the numbers a and b muft be both /quares. 

For fince ,/a is fuppofed commenfurable to ,/4, let their greateft com- 
mon meafure be contained in /a, d times, and in ,/4, e times ; then 
will d and e be the leaft numbers in the proportion of ,/a to »/b by the 
tenth propofition; and fince \/a is to \/bas dto e, we {hall haye a 


a add i 
to 5b as dd to ee; whence =z by the fourth axiom: but the: 


AE ee es, eee x . - . 
fraction z 3s in it’s leaft terms by the {uppofition, and fo alfo is the 


dd rod 
fraction S55 becaufe the fraction > was; therefore a= dd, and = £e; 


therefore a and 4 are both fquares. 2, E.D. 
CoROLLARY, 
Therefore if a and b be the leaft in their proportion, and not both fouares, 


p, 


as 1 and 2, 2 and 3, Gc, their fquare roots will be incommenfurable 
to one another. 


ocg P R o- 
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PROPOSITION 17. 


200. If two incommenfurable quantities as 2 and / 3 be put together, fò 


as to conftitute a third quantity 2+ /3; T fay then that the quan- 
tity fo conftituted fhall be incommenfurable to both the conftituent parts. 


Thus I fhall prove that 24/3 is incommenfurable to ./3. 
For fhould it be otherwife, both 2+ ./3 and ,/3 would have fome 


common meafure; let that be m; and then fince m meafures both 2 -+ 4/3 
and ,/3, it will alfo meafure their difference 2, and fo m will meafure 


both 2 and ,/3; but 2 and ,/3 are incommenturable by the fuppofiti- 


on; therefore 2+73 muft not be commenfurable to y3. 2, E. D. 
And the fame demonftration may be applied, mutatis mutandis, to prove 


that 2+ ,/3 is incommenfurable to 2. 
ProPposiTton 18. 


201. The fide and diameter of a fquare are incommenfurable, l 

This follows from the fifteenth propofition ; for by the fortyfeventh 
of the firft element, if the fide of a {quare be called 1, it’s diameter will 
be ./2; but 1 and \/2 are incommenfurable by the fifteenth propofi- 
tion; therefore the fide and diameter of a fquare are incommenfurable. 
9, E. D. 
~ But this propofition may alfo be demonfirated independently of the 
foregoing propolitions by the help of the following lemma. 


LEMMA. 


Tf a fquere number be even, not only it’s root, but it’s half will be fo too. 

For an odd root as 24¢-++ 1 produces an odd fquare, as 4a¢a+ 4a-+1; 
whereas an even root, 2s 24, produces not only an even {quare, as 444, 
but it’s half 2 æa is likewife even. 

This premifed, if the fide and diameter of any fquare be not incom- 
menfurable, they muft have a common meafure: let their greateft com- 
mon meafure be contained in the fide a times, and in the diameter 6 
times; then will æ and 4 be the leaft numbers exprefling the proportion 
of the fide ofa fquare to it’s diameter: and fince the fide is to the diameter 
as a to 6, the fquare of the fide will be to the {quare, of the diameter as 
aa to bb: but the fquare of the fide is half the {quare of the diameter, 
by the fortyfeventh of the firft element; therefore aa is half of bb; 
therefore aa and 44 are both even numbers, 44 for having an exact half, 
and aa for being that half, according to the lemma ; therefore by the 

fame 
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fame lemma, the roots of thefe even {quares, to wit, a and 4 muft both 
be even numbers; for if either of them was odd, it’s fquare muft be fo 
too: but now as thefe numbers are the leaft in their proportion, one of 
them at leaft muft be an odd number, or the proportion would {till 
be reducible to lower terms ; therefore if the fide and diameter of a fquare 
be not incommenfurable, it will be poffible for one and the fame num- 
‘ber to be beth even and odd ; but this is impoffible ; therefore they are 
incommenturable, Q, E. D. 


Olfervations upon the whole. 


202, Scholium 1. Thus we fee how much more fubtil the parts of 
continued quantities are than thofe of numbers; for though the root of 
2 cannot poflibly be expreffed by any whole number or fraction, yet we 
fee that if the fide of any {quare be called 1, whether it be 1 yard, 1 foot, 
1 inch, or whatever it is, the diameter will be the root of 2 upon the 
fame fcale ; nay it will be very eafy to conftruét a fcale exhibiting the 
{quare roots of as many numbers as we pleafe in their natural order 
from unity: but of this more in another place; fee art. 307, fcholium. 

By this propotition we are alfo given to underftand, that the areas of 
two fquares may be commenfurable, and at the fame time the fides be 
incommenfurable ; for the area of any fquare is to the area of another 
{quare upon the diameter of the former as 1 to 2 ; and yet according to 
the laft propofition, the fides of thefe two fquares are incommenfurable, 

Scholium 2. In the corollary to the third propofition it is demonftrated, 
that if incommenfurability can be proved to belong to any one fort of 
continued quantity whatever, it muft equally belong to any other ; but 
in the laft propofition and in the corollary to the fourteenth it is de- 
monftrated, that lines may be incommenfurable; therefore all other con- 
tinued quantities may. I fhall only produce one inftance of incommen- 
furability in any other fort of quantity, and that fhall be in time. 

Monfieur Huygens, in his admirable. treatife of the motion of pendu- 
lums, has demonftrated that the lengths of all pendulums, reckoning from 
the center of fufpenfion to the center of ofcillation, are as the fquares 
of the times wherein they perform fimilar ofcillations refpectively: as if 
the length of one pendulum be three philofophical feet, and that of ano- 
two fuch feet, the {quare of the time of an ofcillation of the former 
pendulum will be to the fquare of the time of a fimilar ofcillation of the 
latter as 3 to 2; whence the times themfelves will be as ./3 to \/2, 
and confequently may be reprefented by thefe two furds: let us now 
fuppofe what is pretty near the cafe, to wit, that / 3 is to \/2 as 49 to 40; 
then by multiplying extremes and means we {hall have y 3x40 = y2 


Q_g a x40, 
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x49, which is as much as to fay that forty ofcillations of the longer pen- 
dulum are performed in the fame time as fortynine of the fhorter: now 
if this was exactly true, and if two clocks furnifhed with thefe pendu- 
lums fhould happen at any particular inftant of time to beat together, af- 
ter 40 beats caufed by the longer pendulum, or 49 by the fhorter, this 
coincidence would return again, and fo on ad infinitum: this is upon 
a fuppofitien that ./3 is to 4/2 as 49 to 40, and confequently that 4/3 
x 40 = y2 x 49x; but if we fuppofe thefe two furds, and confequently 
the times they reprefent, to be (as they truly are) incommenfurable, no 
multiple of one can, be equal to any multiple of the other by the fifth 
propofition ; and then it will follow that if at any particular inftant of 
time thefe two clocks fhould happen to beat together, there can never 
happen fuch another inftant, though their motion fhould continue to all 
eternity, provided the force of the wheels have no other influence upon 
thefe motions than to prevent retardations arifing from other caufes: they 
will frequently beat {o clofe together that it will not be in the power of 
the ear to diftinguith the difference; but another true mathematical coin- 
cidence can never happen after the firft. 

Scholium 3. Before I take my leave of this fubject, I fhall only fur- 
ther obferve, that this doctrine of incommenfurables quite overturns the 
hypothefis of indivifibles: for were there any fuch things as indivifibles, 
or leait parts of magnitude, thefe would meafure all the reft, fince they 
could leave nothing lefs than themfelves, and fo there would be no fuch 
things as incommenfurables, the exiftence of which we have already de- 
monftrated beyond all contradi¢tion. 


PROBLEM T. 


203. Let a and b be two incommenfurable quantities, a a greater and 
b a lefi; and fuppofing a continual divifion to be made from a and b, 
according to the method for finding the greate/t common meafure , let 
the quotients thence arifing be certain numbers always returning in the 
Jame order ad infinitum : It is required to determine the value of the 


nites ae ies : i : : 
‘fraction pr ( which is the fame thing) to determine the proportion 


of a to b without any approximation, admitting furd numbers into the 
expreffion. 
N. B. To determine this proportion by an approximation at pleafure, 
fee fcholium 1 to art. 179. 
SoLUTION, 


Let the returning quotients be 1, 2, 3. 1, 2, 3. 1, 2, 3. Ge ad infi- 
nitum, and let the remainders of the firft, fecond and third divifions be 


c,d 


Art. 203. PROBLEMS ADMITTING MANY ANSWERS. 309 


c, d and e refpectively ; then will the quotient of a divided by 4 be 1, 
that. of 4 divided by ¢, 2, that of ¢ divided by d, 3; after which the | 
quotient of d divided by e will again be 1, and foʻon ; therefore a con- 
tinual divifion begun from d and e and carried on ad infinitum, will be | 
attended with the fame quotients both in quantity, order and number as 
a continual divifion begun from æ and 4; therefore d will have the fame | 
proportion to e as a to 4, by art. 180, This being allowed, let a feries | 
of equations for a and 4 be computed as in the 175tharticle, and they 
will be as follows: 

la— ob==-ba. 

oa— 16=—d, ! I 

la— 1b6==-+0., 

Zarek =—d, 

7a—i10b=-+e, &e. 


Here then d= 3 b— 24, and e=7a—104; but it has been proved 
above that d is to eas a tod; therefore 34— 2a is to 7a2— 1046 as a to 
b; therefore by multiplying extremes and means, we have 3 ġb— 2ab 
=7aa — 104b, or 7aa—8ab=3bb: here then we have but one | 
equation 7aa—8ab==36b for determining two unknown quantities æ and 
b, and therefore are at liberty to fubftitute what we pleafe for one of | 
them: let us then fubftitute fuch a quantity for 4 as will render the equa- 
tion more fimple thus; let 6==7, becaufe 7 is the coefficient of aa in 
the equation; and then dividing the whole equation by 7, or it’s equal 4, 
we fhall have za—8 a= 3 b, or aa—8a=21; this isa quadratic equa- 
tion, and by compleating the {quare we fhall have 2a—8a--16==37; 
whence by extracting the fquare root we have a—4= 4/37, and a= 


4+ 4/37 ; therefore A = a , or (which is the fame thing) a is 


to bas 4-+4/37isto7, QE | 
N. B. 1f. Though the number 37, like all others, has two roots, | 
yet I chufe the affirmative one, becaufe 4— 4/37 is a negative quantity. | 
| 


2dly, If you would exprefs the numerator of the fraction ; by a whole | 


number, and the denominator by a mixt furd, in the foregoing equation 
zaa—8ab=3bb you muft make a= 3 the coefficient of 44, and 
then dividing the whole equation by a or 3, you will have 72—84==34, 


that is, 44--84==21, which being refolved gives b= 4/37—4 ; 
whence - er or a is to b as 3 is to yy 37—4. 


3dly. To confirm thefe two proportions, to wit, that æ is to 4 as 


/37+4 isto 7, and alfo that æ is to bas 3 is to (/37——4, we are | 
to 
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to take notice that the {quare root of 37 is 6 .08276253 nearly, and con- 
fequently that ./37-4+-4 1s to 7 as 10 .082762 53 is to 7, or as 1008276253 
is to 700000000. Now if a continual divifion be made from the num- 
bers 1008276253 and 700000000, the quotients will be found to be 
198 a es ae 2 A ay ee, yp ee E AW OF tne ESS How 
‘breaking off, becaufe the fquare root of 37 here given was not exact: 
on the other hand, that æ is to 4 alfo as 3 to \/37—4, that is, as 
300000000 isto 208276253, will be evident by forming a continual 
divifion from the numbers 300000000 and 208276253, where the quo- 
tients will be found to be 1, 2, 3. I, 2,3. I, 2,3. 1, 2,3. 1, &e. 

4thly. From the folution of the foregoing problem it appears, that the 
{quare root of 37 cannot poflibly be expreffed by any whole number, 
mixt number, or fraction of what kind foever; for if it could, then 
4-+4/37 might be exprefled fo too, and confequently would not be in- 
commenfurable to the whole number 7, as by the infinity of quotients 
we find it is: and the fame may be obferved of all other furds found by 
the method of this folution. 

sthly. If we would form a theorem for a general folution of the fore- 
going problem, we muft look back a little upon the particular one; and 
confidering it more attentively, we fhall find a method of folving it in 
general thus; after a feries of equations was formed according to art. 175 
by the help of one circulation of the quotients 1, 2, 3, we found the 
two laft equations to be 2a— 3 b= — d, and 7a— 104==-++e; whence 
‘I infer, that if (according to art. 179) a feries of primary fractions be com- 
puted by the help of the quotients 1, 2, 3, the two laft fractions in the 
{feries will be 3 and °: let us now examine the laft equation from which 
the quantity æ was found, to wit, aa—8a=21 or 34, and upon re- 
fletion we fhall find that 8 the coefficient of —ga in the fecond term 
was found by fubtracting 2 from 1o, that is, by fubtraéting the deno- 
minator of the laft fraction but one from the numerator of the Jaft: we 
{hall find alfo that 7 the value of 6 came out from 7 the denominator of 
the laft fraction: laftly we fhall find that 3 the coefficient of å in the 
term 34, or of 7 in the number 21 came from 3 the numerator of the 
laft fraction but one, and confequently that 34 or 21 was the product 
of 3 the numerator of the laft fra€tion but one multiplied into 4 or 7 
the denominator of the laft: all which confiderations put together furnifh 
us with the following general folution, | 

By the help of the firft circulation of quotients compute (as in article one- 
hundred feventynine) a feries of primary fractions; which done, multiply the 
numerator of the laft fraction but one into the denominator of the laf, and 
call the product p; fubtract the denominator of the laft fraction but one from 

the 
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the numerator of the laft, and call the difference d; then you will have b 
equal to the denominator of the laft frattion, and aa—da=p. 


EXAMPLE 


Let the recurring quotients be 4, 1, 1, 1. 4, I, 1, 1. @cadinfinitum: 
now a feries of primary fractions computed by the means of the quotients 


> it zu I 
4,1,1,1 iS 5,75 $, 2, a and g the numerator of the laft 
fraction but one multiplied into 3 the denominator of the laft gives 27==p; 
and moreover 2 the denominator of the laft fraction but one fubtra¢ted 
from 14 the numerator of the laft leaves 12==d: make therefore b=3 


the denominator of the laft fraction, and you will have za—12a=27; 


which equation refolved gives a= 6 + / 63 ; therefore 7 tvs. 
6 6 

but this fration may be reduced lower; for 5 =<, and < c 

Date Bienes = Jo: therefore y= y7, 


a DE 


Ex A MoP i 27:2, 
Let the quotients be g, 9, 9, 7, q ad infinitum; then a feries of fractions 


Sio- Tags Bey 
computed by the quotient g will be m S where the two laft frac- 


$ I g z s 
tions are — and i now 1 the numerator of the laft fraGtion but one 


multiplied into 1 the denominator of the laft gives 1 =f; and o the de- 
nominator of the laft fraction but one fubtracted from g the numerator 
of the laft leaves gd; make therefore b= 1 the denominator of the 
laft fraction, and you will have ea—gqa=1: let g==2, and the equa- 
a` i1+6f2 


— =" 


tion will be qa—2a= 1 ; whence a=1-+-,/2, and i, = oy 


therefore if a continual divifion be made from the quantities 1-+4-\/2 
and 1, the quotients will be 2, 2, 2, 2, 2 ad infinitum; but if /2 be 
divided by 1, the divifor and the remainder will be the fame as when 
1+ ./2 was divided by 1; therefore if ./2 be divided by 1, all the 
quotients after the firft will be the fame as when 1-+,/2 was divided by 1 ; 
but the firft quotient in the former cafe will be 1, and not 2 as in the 
latter ; therefore if a continual divifion be formed from the quantities 
2 and 1, the firft quotient will be 1, and the reft will be 2, 2, 2, 2, 2 


ad infinitum: now every one that knows any thing of Geometry, knows 
that 


312 PROBLEMS ADMITTING MANY ANSWERS, Book v, 


that the diagonal is to the fide of any fquare as /2 to 1; whence it 
follows from the fourth obfervation of this article, that the diagonal 
and fide of a {quare are incommenfurable, and that if a continual divi- 
fion be formed from them, the firft quotient will be 1, and the reft will 
be 2, 2, 2, 2, 2 ad infinitum, Again, let g= 1, and we fhall have 6=1 
as before, and aa —a = i : let the greater fegment of a line cut in ex- 
treme and mean proportion be to the lefs as ato 1; then fince (accord- 
ing to the nature of this fection) the whole line is to the greater feg- 
ment as the greater fegment is to the lefs, we have this proportion, a -+ 1 
is to a as a is to 1; and this equation, za—=a-+-1, and aa— a= 1; 
fince then we fall into the fame equation, whether we fuppofe 4 = 1, 
or fuppofe a to be to 1 or bas the greater fegment ofa line divided in 
extreme and mean proportion is to the lefs, it follows that a is to 4 in that 
proportion; and confequently that if a continual divifion be formed from 
thofe fegments, the quotients will be 1, 1, 1, 1, 1 ad infinitum. 


EXAMPLE 3, 


Let the circulating quotients be q,r. 9,7. q,r. @c ad infinitum: here 
a feries of primary fractions computed from the quotients g and 7 will be 
=, = i; L, rta ; where g the numerator of the laft fraction but one 
multiplied into r the denominator of the laft gives gr—=p; and 1 the 
denominator of the laft fraction but one fubtracted from gr-+1 the 
numerator of the laft leaves alfo gr=d; make therefore =r, the de- 
nominator of the laft fraction, and a will be determined by this equa- 
tion, to wit, daa—gra=qr: if g==2, and r= 1, we {hall have ato 
bas 1+ 4/3 is to i; therefore in a continual divifion begun from 
1+ /3 and 1, the quotients will be 2,1. 2,1. 2,1. Gc ad infinitum; 
but in a continual divifion begun from ,/3 and 1, the firft quotient will 
be 1, and the reft will be 1,2. 1,2. 1,2. &c ad infinitum. If g=1, 


sinn 


1 . I . 
and r==3, a will be to as is to 3, or as 3-+-4/21 to 6, 


If {ome of the firft quotients are intended to be irregular, and the reft 
to return in a circle ad infinitum, proceed as follows: Let it bè required 
that nand p foall be the two firf quotients, and that the ref fhail be q, r, s, 
Q T, S. g,1,s. &c ad infinitum: frf then find by the foregoing problem 
two quantities a and b that fhall have the regular quotients above defcribed 
ad infinitum without any others, then make pat+-b==B, and nB+-a=A, 
and the tqwo quantities A and B will have the quotients required. For fince 
A=nB--a, it follows that if 4 be divided by B, the quotient will be 
n, and the remainder will be a: in like manner, fince B =pa-+ 4, it 

follows 
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follows that if B be divided by a, the quotient will be p, and the re- 
mainder will be 4: the next divifion is that of a by 4, and fọ on; and 
therefore if this divifion be continued ad infinitum, the reft of the quo- 
tients will be 9,7, 5. 9,7,5. 9,7,5. Ge ad infinitum by the fuppofition, 


FP EOPRLEM 2; 


204. Towe a friend a flilling, or fome number of fhillings, and we have 
nothing but guineas and loui/d’orssabout us; the guineas being valued 
at twentyone fhillings apiece, and the lout/d’ors at feventeen: The que/tion 
is, How muft I acquit myfelf of this debt? 

s SOT Ut. GN. 

Since by the fuppofition this debt cannot otherwife be difcharged than 
either by my paying guineas and receiving louild’ors, or elfe paying louif- 
d’ors and receiving guineas, or perhaps paying both guineas and louifd’ors, 
it follows that this debt muft be either the {fum or the difference of a cer- 
tain number of guineas and a certain number of louifd’ors, and confequently 
that it muft either be one fhilling, which is the greateft common mea~ 
fure of a guinea and a louifd’or , or elfe fome number of fhillings with- 
out a fraction ; for nothing is more evident than that whatever meafures 
any two quantities, muft meafure not only their multiples, but alfo the 
fums and differences of thofe multiples, as hath been before obferved: 
and this is all the limitation this problem is fubjeĉt to. This being then 
laid down, I make a==21, and b= 17, and from thefe two values of g 
and 4 J derive a fet of equations as in art, 175, Vix. 


ra— ob=-+21. 
oa— 1b=—17, 
a— b=- 4, 
4aQ—— sh==— I, 
134¢—16b6=>+ 1. 
Of thefe equations the two laft will folve the problem as follows, 
CASE i, 

Let the debt be one fhilling: then’ if I would make my payment in 
guineas and receive louifd’ors, of the two laft equations I make choice 
of that whofe abfolute term is affirmative, to wit, 13 ¢—16d6—=--1, 
whereby it manifeftly appears that if I pay my friend thirteen guineas, 
and he returns back again to me fixteen louifd’ors, the debt will be dit 
charged; for paying thirteen guineas and receiving fixteen louifd’ors is 
equivalent to paying thirteen guineas minus fixteen louifd’ors, which ac- 

mY cording 
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cording to the equation above quoted amounts to juft one fhilling: on the 
other hand, if I would make my payment in louifd’ors and receive gui- 
neas, of the two laft equations I muft have recourfe to that whofe abfo- 
lute term is negative, to wit, 4a — §b=— 1, or 54—4a=+1, 
whereby it appears that if I pay five louifd’ors and receive back four gui- 
neas, I fhall have difcharged the debt: and as thefe eqnations 4 a — 54 
=— 1, and 13a—164=-+1 are the fimpleft of their kind *by art. 
177, the folutions deduced from them muft be fo too. 

Now to find other folutions of this problem ; fince æ is tod as 21 to 
17, we have (by multiplying extremes and means) 17 a==21 4, or 174 


k =) aen = 
—2145==0; and as the fraction 7o isin it’s leaft terms, the equation 


17a— 21 b=o is the fimpleft of it’s kind: add now the equatioh 174 
—2145= 0 to the equation 13 a—164==1 as often as you pleafe by 
a continual addition, and alfo the equation 214—17a==0 to the equa- 
tion 54—4a@==1 in like manner, and you will have an infinite num- 
ber of folutions to this problem, whether the payment is to be made 
in guineas and the balance in louifd’ors, or the payment in louifd’ors 
and the balance in guineas, 


ERSE: Be 


Let now the debt be five fhillings: then if I would pay guineas and 
receive louifd’ors, I multiply the equation 13 a—164==1 by 5 the num- 
ber exprefling the debt, and fo have 65¢2—-8od=5: now to find the 
fimpleft equation of this kind, that is, whofe abfolute term is + ç, I 
fubtract, as often as I can, the equation 17a4—214=0 from the equa- 
tion 65a—804==5; and to do this the fhorteft way, I divide 6 sa by 
17a, that is, 65 by 17, and find the quotient to be 3 with a remainder ; 
whence I infer that I can take the equation 17 a4— 21 b=o three times 
out of the equation 65a—%ob=s, and yet-leave the coefficient of a 
affirmative: now 174— 21 = 0 being multiplied by 3 gives 5: a— 
634=0, and this fubtrated from 65a—8cb=>5 gives 14a—1 7 b= a 
therefore the fimpleft way of difcharging the debt by making payment 
in guineas, is to pay 14 guineas and to receive 17 louifd’ors: and if 
from this laft equation 14@—175= § again be fubtracted 17a— 216 
=o, there will remain 44—3¢== 5, which gives the fimpleft way of 
making the payment in louifd’ors. 


CASE 3. 

Laftly let the debt be 100 pounds or 2000 fhillings: then to folve 
this cafe, multiply the equation 13a—164==1 by 2000, and you will 
have 26000 a — 320004==2000: for a more fimple equation, divide 

26000 
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26000 by 17, to wit, the coefficient of a in the equation 26000 4 — 
20006==2000 by the coefficient of a in the equation 174—21b= o0, 
and the quotient will be 1529 witha remainder: fubtract therefore 1 529 
times the equation 17a—214==0, that is, the equation 25993 a — 
321094=0 from the equation 260004a—320004== 2000, and you will 
have the equation 7a@-+- 109 4==2000; which fhews that if I pay my 
friend. 7 guineas and roọ louifd’ors, I fhall difcharge the debt of one 
hundred pounds without receiving any thing back by way of exchange. 

This then is one way of making up one hundred pounds out of gui- 
neas and louifd’ors; and as many other ways may be found as the equa- 
tion 17a—21b==0 can be added to the equation 74-+ 1096 == 2000, 
without abfolutely deftroying the coefficient of 4, or reducing it to a ne- 
gative: to know therefore how often this can be done, divide 109 the 
coefficient of b in the equation 7a-+ 109b= 2000 by 21 the coefficient 
of —4 in the equation 17¢—214==0, and the quotient will be 5 with 
a remainder ; therefore there are five other ways of making’ up one hun- 
dred pounds out of guineas and louifd’ors befides that already found, and 
confequently fix ways in all, to wit, 

7 guineas and rog louifd’ors, 

24 guineas and 88 louifd’ors, 

41 guineas and 67 louifd’ors, 

58 guineas and 46 louifd’ors, 

75 guineas and 25 louifd’ors, and 

g2 guineas and = 4_Iouifd’ors. 
The firft of thefe ways folves the problem with the feweft guineas, and 
laft with the feweft louifd’ors poffible, and therefore may be called the 
extreme folutions of the problem: but if the extreme folutions be re- 
quired without the intermediates, then to one of the extreme equations 
already found, to wit, 7¢-+-1094==2000 add 5 times the equation 
17a—21b=0, to wit, the equation 852— 105b= o, becaufe there 
were five other folutions found, and you will have 92a- 4% = 2000, 
which is the other extreme equation. 

Befides the fix ways of difcharging the debt without interchanging, 
there are infinite other ways of doing it by way of interchange, as will 
appear by a continual addition and {ubtraction of the equation 174 — 
2iben oe fe Rok 


A Der iNet oe, 


205. Let q, t, 8, t be any numbers given, and let a, b,c, d, e, f be a 
fries whereof the two firft terms a and b are known, and the ref are ob- 
tained in the following manner: make gb--a==c, rc+b==d, sd-+c=e, 
te-+-d==f; then may the feries a, b, c, d, e, f be faid to be formed or ge- 

Rr2 nerated 
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nerated from it’s two firft terms a and b by the numbers q, r, s, t. Thus 
a feries generated from 1 and o by the numbers 2, 3, 4, 5, 6 will be 
I, O, I, 3, 13, 68, 4215 and a feries generated from o and 1 by the 
numbers 3, 4, 5, 6 will be o, 1, 3, 13, 68, 421: whence it appears, 
that Jf a feries be formed from 1 and o by any fet of numbers 2, 3, 4, 5, 6; 
and then fetting afide the firft number 2, another feries be firmed from ò and 
1 by the remaining numbers 3, 4, 5, 6, this latter feries will be the fame 
with the former, after the firft term x is taken away. 3 


PROBLEM 3. 


206. It is required to find as many numbers as we pleafe of this charac- 
ter, towit, that if any one of them be divided by two given divifors, 
a a greater, and b a lefi, they foall have two given remainders d and 
é refpechively, 
SOE UT 16 N. 
Let g be any one of the numbers fought, and let / be the greateft com- 
mon meafure of the two given divifors æ and 4; then fince / meafures a, 


and a meafures g—d by the fuppofition, it follows that / mut meafure 


g— d; in like manner, fince / meafures 6, and ġ meafures g—e, / mutt 


meafure g-—e; therefore / meafures both the numbers g—d and g—e; 
therefore if the former number be fubtracted from the latter, / muft mea- 


fure the remainder d—e; therefore if this problem be poffible, wee 
muft be reducible to a whole number, either affirmative or negative as 
d happens to be greater or lefs than e. This premifed, let now the two 
values of a and 6 be particularly affigned ; as for example, let a= 105 
and b= 40, and let a feries of equations be formed from thefe two va- 
lues of a and 4 according to art. 175, as follows: 
Equation 1, 1¢— odb=-+ 105. 

oa— Ib=— 40. 

3, 1a— 2b=-+ 25. 

4, I1a— 3b=— 15. 

5, 2a— sb==-++ 1o. 

6, 3a— 8b=— 5. 

7, 5a4—13b6=+ 
From the two laft of thefe equations it appears that 5 is the greateft 


> d— 
common meafure of a and 4, (fee art. 175;) and confequently that — 


muft be a whole number in all poffible cafes of this problem, Take now 
= the 
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the laft equation of the feries whofe abfolute term is negative, as 32 — 84 
==— 5, and you will have 3a-+-5==84; multiply the terms of this 


+ 5x 


mit i 


laft equation into the number TN and you will have 3 ax 


d— d— : d—e d— 
7 an a that is, 3ax : +d —0=8 bx tranfpofe 
—e, and you will have 34x sr +-d=8b x ——--+e: but the num- 


` 


d—e —e 
ber 3 ax—-— being divided by a, quotes 3 x E and there remains 
3 


. EEL . vie 
nothing ; therefore the number 34x —— +d being divided by a, there 


d—e 


will remain dy in like manner if the number 84x -+e be divided 


maigi, 


by 4, there will remain e: fince then 34x -+ d is equal to 84x 


d— d—e i hin 
alia -+e, the fame number 34x +d, or 3° xd—e-+d willan- 


{wer both the conditions of the problem ; but a= 10 5 ex hypothefi; therefore 


Rag peka + d= 63 xd—e -+d ; therefore the number 63 xd—e-+d 


will anfwer both the conditions. 
This one folution being obtained, innumerable others may be had by 


a continual addition and fubtraétion of 840 the leaft common multiple 
ofa and 4, which how to find, fee art. 171: for as this number being 
feverally divided by 105 and 40 will have no remainder, it follows that 
if this common multiple, or any number of them be added to or fub- 
tracted from 63 xd—e-+d, the remainders, when the divifion is made 
by a and 4, will be entirely the fame as before that addition or fubtrac- 
tion, and therefore the remainders will ftill be d and e; and this will 
give us an infinity of numbers with the properties above defcribed. Q, E. I. 

Thus have we a general theorem computed for the divifors 1o¢5 and 


hem A 


40, be the remainders d and e what they will, provided bea whole 


number : as for example, let it be required to find a number which be- 
ing feverally divided by 105 and 40, will have 39 and g for the refpec- 
tive remainders: here d=39, e==9, d—e = 30, 63 xd—e= 1890, 
63 xd—e-+-d= 1929; therefore 1929 is fuch a number as will an- 


{wer the conditions of the queftion: but if you would have the leaft 
number 
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number poffible that will do the fame thing, then caft away the number 
840 (the leaft common multiple of rog and 40) as often as poffible, from 
1929, that is, divide 1929 by 840, and the remainder 249 will be the 
leaft number which being divided by 105 and 40 will have 39 and g 
for their refpective remainders, Again, let the remainders, inftead of 


being 3g and 9, be g and 39 for a and $ refpectively; then will d—e 


be — 30, and 63 xd—e = — 1890, and 63 xd—e-+d=—1090+-9 
== — 1881; divide — 1881 by 840, and the remainder is —201, which 
is the leaft negative number of this kind; but we want the leaft aftir- 
mative number ; and therefore if to the negative number already found, 
to wit, — 201 be added the leaft common multiple 840, you will have 
639 the leaft affirmative number which being divided by ros and 40 
will have g and 39 refpectively remaining. 

If any one be defirous of a fynthetical demonftration to,prove that the 


number 63 xd—e +d, or 64d— 63e being feverally divided by 105 
and 40 will have d and e remaining refpectively, he is to take notice, 
that if the divifors 105 and 40 had been prime to each other, this would 
ealily have appeared by a fimple divifion of the number 64.d— 63e by 
105 and 40; but as it is otherwife here, fome further confiderations 
are neceflary, which are as follows. Since, when 64d— 63e is divided 
by 105, the laft remainder is to be d, therefore I exterminate the other 
quantity — 63e thus: the greateft common meafure of 105 and 40 is 5; 


therefore — is a whole number, by what has been proved already ; 
TEVEN d— c— 
now 63 xd—e is equal to 5 x63 x 2 or 315 x F 3 both factors 
d—e 


whereof are whole numbers; and 315 x is divifible by 105 with- 


out any remainder, becaufe 315 is fo; therefore 63 d— 63e is divifible 
by 105 without any remainder ; therefore if 63 d— 63e be added to or 
fubtracted from any number whatever, and the fum or the remainder 
be divided by 105, the remainder of this divifion will be the fame as if 
fuch addition or fubtraction had never been made: fubtract then 63¢d— 
63e from 64d— 63e, and there remains d; therefore 64d— 63e be- 
ing divided by 105 will have d for a remainder. In the next place I 
divide 64d— 63e by 40, and there remains 24d— 23e; but if the 
theorem be-true, the number e ought to be the lait remainder ; to try 
which, I expunge the other quantity 24d out of the remainder 24d— 
— 


23e thus: 24xd—e, or 120x is a number divifible by 40 with- 


out 
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out a remainder ; therefore 24d— 24e is divifible by 40; fubtraé then 
24d—24e from 24d—23e, and there remains e; therefore 64d—63¢ 
being divided by 40 will have e fora remainder. 9, E. D. 

We come now to form a general theorem for any two divifors a and 
b whatfoever, where the remainders are poffible; and therefore muft look 
back upon the foregoing folution, where it was found that the number 


A 


3 abd aae Ed ould inier the ondion Of tte queftion, Now any 


one who obferves how this folution was obtained, will eafily perceive 


; ; A a- ge ae 
that in this expreffion 3s xd —e-+-d, the number 3 was the coeffici- 


ent of a in the laft equation of the foregoing feries whofe abfolute term 
is negative, and that the number 5 was the greateft common meafure 
of the two given divifors æ and 4: make then r= 3, Z= ş as before, 


and the expreffion ri x d—e-+d will now be changed into this, F x 
d—e+d: but the greateft difficulty ftill remains behind, which is to 
trace out the number r by itfelf without being obliged to compute all 
the equations in the foregoing feries, that is, to find out the coefficient 
of a in the lait equation of thofe whofe abfolute terms are negative, or 
(which is the fame thing) to find out the coefficient of a in the laft equa« 
tion that poffefies an even place in the {feries ; for by a bare infpeCtion of 
thefe feriefes, every one may fee that all the even places are taken up by 
equations whofe abfolute terms are negative. Now whoever confiders 
with any degree of attention the nature and genefis of thefe equations, 
cannot but fee that the coefficients of a, from the firt equation to the 
laft, are a feries of numbers computed from 1 and o by the quotients of 
a continual divifion from the divifors a and 4; and from the laft article 
it appears that fuch a feries is always equivalent to a feries begun from o 
and 1, and computed by the fame quotients except the firft; therefore 
in finding the number r, the firft of thefe quotients may always be fet 
afide, provided that the computation be made to begin from o and 1. 
Again, if the number of quotients as they firft come out be odd, the 
lait quotient will lead us to a coefficient of a that ftands in an odd place, 
whereas we want the laft coefficient in an even place; therefore if the 
number of quotients be odd, both the firft and laft muft be rejected ; but 
if the number be even, then only the firft quotient muft be rejected, 
and the laft muft be reduced, that is, diminifhed by unity, as is always 
done in computiug the laft equation, whether it happens in an even of 
an odd place, (fee art, 175,) and the equation we are now enquiring af- 

ter 
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ter will, in this cafe, be the laft in the feries. This known, if a feries 
of numbers be computed from o and 1 by the help of the quotients 
ftill retained, the laft term of the feries will be 7, and fo the number 


oa x d—e-+-d (which anfwers the conditions of the queftion) will be 


known. 
If it be afked, what muft be done when (in finding the greateft com- 


mon meafure /) the number of quotients is even, and the laft is unity, fince 
unity cannot be reduced; my an{wer is, that fuch a cafe can never happen, 


ExAMPLE 1. 


Let a= 105, b==40, and confequently /= 5, as in the foregoing 
problem ; and the quotients of a continual divifion from æ and 4 will be 
2, 1,1, I, 23 reject the firft and laft, becaufe of their odd number, 
and with the remaining quotients 1, 1, 1 form from o and 1 the fol- 
lowing feries o, 1, 1, 2, 3, andr will be the laft term 3; whence F x 
d—e-+d, will be Arda, 

N. B. So long as the divifors æ and å are in the fame proportion one 

Bee 
to the other, the expreffion of the number fought, to wit, - xd—e +d 


will be the fame, let the divifors themfelves be what they will; for the 


a Sepa ; ; í 
numbers 4 and 7 being the leaft in their proportion, muft always be 


the fame, and fo will the quotients from which the number r is deri- 
ved; all the difference then will only be the different reitriétions to which 
the remainders d and e will be liable; for if this problem be poflible, 


d—e 


as muft always be a whole number, as was fhewn before: thus if 


inftead of making the divifors 105 and 40, we had made them 21 and 


8, the leaft in their proportion, the number 63 xd—e-+-d would fill 

have fatisfied the conditions of the problem; and then the remainders d 

and e might have been made any two whole numbers whatever, fince 
—e f 


will always be a whole number. 


ExAMPLE 2. 


Let a and 6 the given divifors be 840 and 36, whofe greateft com- 


° ‘ . 4 . y 
mon meafure / is 12, and the quotients in finding it 23 and 3, even in 
number ; 
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number ; drop therefore 23, and reduce the other quotient 3 to 2, and 
the feries from o and 1 will be o, 1, 2; therefore in this cafe r—=2, and 


T xde d will be 140xd—e-+d=141d—140e, which is fach 


a number as the problem requires, as may be thus demontftrated fynthe- 
tically, Firft I exterminate —140¢, by obferving that 140d— 1407, 
d—e 


or 140xd—e, or 1680x is a number divifible by 840; therefore 


140d—140¢ may be fubtracted from 141d—140e without affecting 
the remainder ; fubtract it then, and there remains d: next I extermi- 
d—e 


is a num- 


nate d thus; 141 d— 141¢, or 141xd—e, or 1602 x 


ber divifible by 36, and therefore 141d— 141e may be fubtracted from 
141d—140e without affecting the remainder; fubtract it therefore 
and you will have e remaining. 


EXAMPLE 3, 


Make a= ọ, 6==7, and confequently /==1, and the quotients in 
finding / will be 1, 3, 2, odd in number ; drop the firft and laft, re- 
taining only the middle quotient 3, and the feries will be 0, 1, 3; there- 
ra 


fore r==3, and 7 x d—e + d= 27 xd—e-+-d=28d—27e; and as 


the divifors g and 7 are prime to each other, the fynthetical demon- 
{tration will be very eafy; for if 28d be divided by 9, the remainder 
will be d, and if — 27e be divided by g, the remainder will be o; 
therefore 28d—27e divided by g will have d remaining: again, if 
28d be divided by 7, the remainder will be nothing, and if — 27e, that 
is, if —28e-+e be divided by 7, the remainder will be e; therefore 
28d— 27e divided by 7 will have e remaining: and this will always 
be the cafe when the divifors d and e are prime to each other; that is, 
the truth of the canon may be fhewn by a fimple divifion without any 
other artifice, the remainders in this cafe being fubjected to no reftriGtion, 


EXAMPLE 4, 


Let a==30, b==10, and confequently /=10, and there will be but one . 
quotient of a continual divifion from 30 and 10, to wit 3; and this 3 mutt 
be rejected upon a double account, not only as it is the firft quotient, 
but alfo as it is the laft, fince the number of quotients isan odd number; 
therefore to the two initial terms o and 1 of the feries no other terms 
can be added, becaufe there are no quotients whereby any other terms 

Sr can 
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can be generated ; therefore in this cafe, the latter term 1 muft be looked 


upon as the laft term of the feries. Here then r= 1, and F xd—e-+d 


== 3 xd—e-+-d==4d—3¢, which I thus further demonftrate: 3 d— 3 ¢, or 
d—e 


isa multiple of 30; fubtract then 3 d—3e from 4d—3e, 
d—e 


30x 


and there remains d: again, 4 d— 4e, or 40x is a multiple of 


ro ; fubtraét then 4 d— 4e from 4d—3e, and there remains e, 
EXAMPLE 65, 


Let a = 13, and 4==7, and confequently /==1; moreover let e= 0 ; 
and the quotients of a continual divifion from 13 and 7 will be 1, 1, 6; 
drop the firft and laft on account of their odd number, and the remain- 
ing quotient will be 1, and the feries will be o, 1, 1; therefore r = 1, 


and = xd—e+d= 14d, which will anfwer the conditions; for 14d 
divided by 13 will have d remaining, and 14d divided by 7 will have 


nothing remaining. 
EXAMPLE 6. 


Suppofe the prefent year of Chrif to be one thoufand feven hundred thirty 
nine, and that there was a year not above two hundred years ago wherein 
the cycle of the fun was eight, and the cycle of the moon ten: What was the 
number of the year 2? 

N. B. If to any year of Chrift be added g, and the fum be divided by 
28, the remainder, or 23 if nothing remains, is what is called the cycle 
of the fun for that year ; and if 1 be added to any year of Chrift, and 
the fum be divided by 19, the remainder, or 1g if nothing remains, is 
the cycle of the moon: hence if any year of Chrift be feverally divi- 
ded by 28 and 19, and the remainders be d and e refpectively, d+-9, or 
d+-g— 28 will be the cycle of the fun, and e-+ 1, ore+-1—19 will 
be the cycle of the moon for that year: now in our cafe, d+-g cannot be 
equal to 8, for then d would be negative; make then d4+-g—28=8, and 
you will have d= 27; moreover make e-+ 1 = Io, and you will have 
e = 9; therefore the queftion is now reduced to this; What number is 
that, which being feverally divided by twentyeight and nineteen, will have 
twenty/even and nine refpectively remaining è 

Here a= 28, 6=19,/=1, d=27, e=@Q; and the quotients of a 
continual divifion from 28 and 1g are 1, 2 and g, in number odd; ftrike 

out 
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out therefore the firft and laft, and with the remaining quotient 2 com- 
pute the laft term of the feries o, 1, 2, and you will haver== 2, and 
ra, — — Nari 
= xd—e +- d= 56xd—e-+d, or 57xd—e-+e, which is a general 
rule for finding the year from the two cycles given: reftore now the 
values of d and e, that is, make d= 27, and e==g, and you will have 


56xd—e-+- d= 1035, which number is too little for our purpofe, and | 
muft be thus enlarged: the leaft common multiple of 28 and 1g is 532, 

in which revolution of years the cycles again return, and are both the 

fame as they were 532 years before; add then one revolution of 532 

years to 1035 the number above found, and the fum 1567 will be 

the true number of the year fought, as falling within the limits above 

prefcribed: for 1567-++9, or 1576 being divided by 28, leaves & for 

the cycle of the fun; and 1567-+4-1, or 1568 being divided by 19, leaves 

10 for the cycle of the moon, 


PROBLEM 4, 


207. To find as many numbers as we pleafe with this property, to wit, 
that if any one of them be feverally divided by three given divifors a, 
b and c, whereof a is fuppofed the greateft and c the leaf, the remain- 
ders fhail be three given numbers d, e and f refpeétively. 


S-o- TURMION. | 


Put A for the leaft common multiple of a and b; then find (by the laft | 
problem) tws numbers g and h of fuch a nature, that g being divided by a 
and b fhall have d and e for remainders, and that h being divided by A and 
c hall have g and f for remainders; I fay then that h will be one of the 
numbers that will anfwer the conditions: And when any one number of this 
kind is found, as many others as we pleafe may be had by a continual addi- 
tion and fubtraétion of the leaf? common multiple of the three divifors a, b 
and c, found by art. 172. 
| The demonftration of this {olution is eafy ; for fince by the fuppofi- 


tion a meafures 4, and 4 meafures h—g, a meafures h—g; but a 
meafures alfo g—d; therefore a meafures both b—g and g—d, and | 


confequently their fum 4—d: in like manner, fince b meafures 4, and 
g y , $ 


A meafures h—g, 5 meafures b—g; but 4 meafures alfo g — e; there- 


fore 6 meafures h—e: therefore fince a meafures b—d, and 4 meafures 
b—e, it follows that if > be feverally divided by a and 6, the remainders 
will be d and e refpettively : but if > be divided by c, the remainder is 

Sf2 f by 
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J by the fuppofition; therefore $ is fuch a number as being divided by 
the three given divifors a, b and c, fhall have the three given remainders 


d, e and f refpectively. Q, E.I. 
EXAMPLE Tf. 


Let it be required to find a number, which being feverally divided by 
ros, 40 and 36, fhall have d, e and f for remainders refpectively. 

Now before we enter upon the folution of this problem, or any other 
of this nature, we are in the firft place to enquire what reftri@tion they 
are liable to, in order to judge of the poffibility or impoffibility of fuch 
problems: let fuch an enquiry be made here, and we fhall find that if 
this problem be poffible, the remainders d, e and f muft be fo reftrained, 

d—e d—f e—f 


that er Th 


muft all be whole numbers: this is evi- 


dent from the folution of the foregoing problem; for 5 is the greateft 
common meafure of a and J, 3 that of æ and c, and 4 that of 6 and c: 
let us therefore proceed upon thefe fuppofitions, and fee whether by their 
help we cannot form and demonftrate a general canon for the given di- 
vifors without calling in any further affiftance. Firft then we are to 
find a number which being feverally divided by the two firft divifors 
r05 and 40, will have 4 and e for remainders; and fuch a one we fhall 


find the number 64d— 63e, as in the firft example to the foregoing pro- 
blem ; call this g: then as the leaft common multiple of the two firt di- 
vifors 105 and 40 is 840, we are again to find another number which 
being divided by 840 and the third divifor 36, will have g and f remain- 
ing; and fuch a one we {hall find the number 141g—140/ to be, as in the 
fecond example to the fame problem: make therefore 64d— 6 3e =g, and 
14 19—140 f= h, and 4 will be fuch a number as the problem requires. 

If any one would have g {truck out of this canon, and fo have the value 
of h exprefied by the help of the remainders d, e and f only, this is ea- 
fily done: for fince g—=64d—63e, we fhall have 141g —140f==go24d 
— 8883 e—140f=h; divide this number go24 d— $883 e— 140 f by 
2520, (which being the leaft common multiple of all the three divifors, 
cannot affect the remainders in refpect of thefe divifors,) and you will now 
have remaining a leffer value of 4, equal to 1464d— 1323e—140/; 
to this value add 2520e-+-2520f to make the parts all affirmative, and 
you will have b= 1444d-+ 1197 e+ 2380 f, which is the leaft value 
of b that can be expreffed in thefe general terms, till the remainders d, e 
and f come to be given in particular numbers, 

The fynthetical demonftrations of thefe canons have fomething very 
curious in them; and therefore I chofe this example as full as I could, 


that 
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that the general method of them might hereby be the better compre- 
hended. We are then to demonftrate that the number 4 above found, to 
wit, 1464d-+-1197e-+4+-2380/ is fuch a one as being feverally divided by 
105, 40 and 36 will have d, e and f remaining. Now to fhew this, I firft 
divide 6 by 105, and find the remainder to be 99d-+-42e-+-70/; but the 
further to exhauft this remainder, in order to try whether the laft remainder 
of this divifion will be d, I expunge the other two quantities 42e and 7of 
by the help of thofe two reftritions wherein the laft remainder d is con- 


d— d— 
cerned, that is, by fuppofing both ——" and — to be whole numbers, 


expunging e by the former fuppofition wherein e is concerned, and f by the 


ae: 


latter wherein fis concerned, thus: 42d—42e, or 42xd—e, or 210 x 


is divifible by 105 without any remainder; therefore 42¢d—42¢ may be 
added to g9d-+-4.2e-+-70f without affecting the fubfequent remainders; add 
it then, and the fum will be 141 d+ 70f: again, 7od—7of, or 210x 


-2 is divifible by 105, and therefore 7od—70f may be added to 


141d-+70f, and the fum will be 211d, which being divided by ros, 
there will remain d; therefore / is fuch a number as being divided by 105 
will have d for a remainder, In the next place F divide the number J, 
or 1464d-+ 1197e-+ 2380f by the next divifor 40, and find the re- 
mainder to be 24d-++ 37¢-+20/, where the laft remainder is to be e; 
therefore I exterminate the two quantities 24d and 20f by thofe two re- 
{triGtions wherein the laft remainder e is concerned, that is, wherein it 


d—e e—f 
is fuppofed that both —— and ——— are whole numbers, exterminating 


2 


— is divifible by 


2 FY : x 
d by the former fuppoftion wherein d is concerned, and f by the latter 


wherein fis concerned, thus: 24d— 24e, or 120x 
40; therefore 24d¢d—24¢ may be fubtratted from 24d+-37¢+ 20f, 


3 be . n , airan 
and the remainder will be 6re-+2o0of: again, 20e—20f, or 80x —=— 


is divifible by 40 ; therefore 20e — 20f may be added to 61e+-20f, 
and the fum will be 81e, which being divided by 40 will have e re- 
maining ; therefore 4 is fuch a number as being divided by 40 will have 
e for a remainder. Laftly I divide the number 1464d+-1197¢e-+-2380f 
by 36, and the remainder is 24d-+ge-+4/; but the laft remainder is 
to be f; therefore I exterminate 24d and ge by the help of the two 


reftri@tions wherein f is concerned, that is, by fuppofing both 
and 


d—f 
3 
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ome ap: ; 
and dom to be whole numbers, exterminating d by the former fuppofition 


wherein d is concerned, and e by the latter wherein e is concerned, thus : 


J is divifible by 36 ; therefore 24d— 24f may 
be fubtracted from 24d-+-9e-+4/f, and there will remain ge+ 28/: 


again, ge—of, or 36 x — is divifible by 36; therefore ge—of 


may be fubtracted from ge-+28/, and there remains 37/5 which be- 
ing divided by 36, there will remain f: therefore 1464d-+ 1197¢-+ 
2380f is fuch a number as being divided by 105, 40 and 36, will have 
for remainders d, e and f refpectively. 9, B. D. 

N. B. If the divifors had been made 60, 45 and 36, the example 
would have been as full, and in lefs numbers. 


24d—24f, or 72x 


EXAMPLE 2, 


Let the divifors be 9, 8 and 6 : then becaufe the divifors g and 8 are 
prime to each other, the reftriGtions will be reduced to thefe two, viz. 


TN as 
that wh ined 
2 2 


and muft be both whole numbers ; and the canon will 


be as follows: make 64d—63e=g, and 13¢g—12f=A, and 4 will 
be fuch a number as is required: ftrike g out of this canon, and you 
will have 832d— 819e—12f=h; divide by 72 (the leaft common 
multiple of the three given divifors) to reduce the expreffion, and then 
add 72¢-+72f to take off all negation, and you will have 4od-+ 45€ 
+60 f for the leaft value of > that can be exprefied in this form. 

Now to try this theorem fynthetically, I divide the number 40d 
+ 45¢-+ 6of by the firft divifor 9, and the remainder is 4d-+-6 f, where 
d is to be the laft remainder ; and therefore 6 f muft be banifhed by the 


—— 


reftriction which fi uppofes 


to be a whole number, thus: 6d— 6f, 


or 18x 


= is divifible by 9; therefore 6 d— 6f may be added to 


44-+-6f, andthe fum will be rod, which being divided by ọ leaves d. 
Then I proceed to the next divifor 8, dividing 40d- 45e—+ bof by 8, 
and the remainder is 5e-++-4/; where e muft be the laft remainder; and 


therefore 4 /muft be banifhed upon the fuppofition that = is a whole 


number, thus: 4e—4 f, or 8 x sar is divifible by 8 ; therefore 4e—4f 


may 
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may be added to se-+-4/, and the fum will be ge, which being divided 

by 8 leaves e for a remainder. Laftly, I divide 40d-+45¢+60f by 

the laft divifor 6, and the remainder is 4d+- 3e, both which quantities | 

muft be exterminated (becaufe fis to be the laft remainder) thus: 44—4f, || 
aa 

or 12x" J is divifible by 6; therefore 4d—4f may be fubtracted 

from 4d-+ 3e, and there will remain 3e+-4/; but 3e—3f, or 6x 


f is alfo divifible by 6 ; therefore 3 e— 3f may be fubtraéted from 


3e-+4f, and there will remain 7f, which being divided by 6 will have | 
f fora remainder. Q, E. D. || 


ExAMPLE ce 


Let the divifors be 6, 5 and 4; and then the remainders will be lia- 
d—f 
2 

ber ; and you will have the following canon, 25d—24e =g, and 16g 
—15/==h; whence exterminating g, you will have 400 d— 384 e — 
15 f =h; divide by 60 (the leaft common multiple of the three given 
divifors) and to the remainder add 60e-+60f/ to make the parts of that 
! denomination affirmative, and you will have 40d- 36 e+ 45 f =b. To 
try this, divide 40d-+ 36e- 45f by the firft divifor 6, and the re- 


mainder will be 4d 3f; but 3d—2/, or 6x A J is divifible by 6; 


therefore 3 d— 3 f may be added to 4¢-+-3f, and the fum will be 7d, 

' which being divided by 6 leaves d for a remainder. Proceed now to di- 
vide 4o d+ 36e + 45 f by the other two divifors 5 and 4 feverally, and 
the remainders will come out e and f refpectively, as will be found by 
a bare fimple divifion only, without any other artifice. 

From all thefe inftances, and from the nature of the operations them- 
felves we may fee, that we fhall never havea demand for more reftric- 
tions than thofe that are deduced at the beginning of the problem from 
the nature of the divifors; and that when no fuch reftriction can be de- 
duced, there will be no occafion for any, but the remainders will all 
come out by a fimple divifion only, as will further appear in the next 


example. 


ble to but one reftriction, which is, that muft be a whole num- 


EXAMPLE 4, 


| Let it be required to afign in what year of Chrif the cycle of tke jun was 
eight, the cycle of the moon ten, and the cycle of indiétion ten, 


Here 
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Here it muft be known, that if to any year of Chrift be added 3, and 
the fum be divided by 15, the remainder, or 15 if nothing remains, is 
cailed the cycle of indiétion for that year: hence, and from the defini- 
tions of the other two cycles already given in the laft example of the laft 
article it appears, that if any year of Chrift be divided by 28, 19 and 15 
feverally, and the remainders be d, e and f refpectively, d+-9, e+ 1 
and f++- 3 will be the refpective cycles of the fun, moon and _indiétion ; 
but if thefe numbers happen to be greater than 28, 19 and 15, then d+ọ 
—28, e+ 1 — 19, and f+ 3—15 will be the refpective cygles : there- 
fore we have three equations for determining d, e and f, to wit, d-+ 9 
—28=8, e+ 1=10, and f-+3==10; whence d=27, e==g, and 
f=7; fo that upon the whole matter, we are To find a number, which 
being divided by 28, 19 and 15, will have 27, 9 and 7 for remainders ; 
but we fhall ftill call the remainders d, e and f till we have computed a 
general canon for the numbers 28, 19 and 15, which canon can be un- 
der no reftriction, nor fubject to any exception, becaufe the numbers 28 
and rg are prime to each other, and both to the third number 15. Here 
then g= 57d— 56e, and b= 1065¢— 1064f= 60705 d— 59640¢ 
—1064f; divide this number by 7980 (the leaft common multiple of 
the three given divifors) and the remainder will be 4845d—3780e— 
1064/3; add 7980e+-7980/f to take off ali negation, and you will have 
4845d-+-4200e-+ 6916/ the leaft of this form that will anfwer the 
conditions, and will equally ferve to find any year of Chrift for which 
the three cycles, and confequently d, e and f are given, or it’s place in 
the Julian period, As for example, inftead of d, e and f fubftitute their 
values above found, to wit, 27, ọ and 7, and you wifi have 424.5d—+-- 
4200er} 6916 f= 13081 5+ 37800-+ 48412 = 217027; which being 
divided by 7980 leaves 1567 for the year of Chrift fought ; to which if 
9, 1 and 3 be feverally added, and the fums divided by 22, 19 and rs, 
the remainders will be 8, 10 and 10 the three cycles propofed, 

The Yulian period is a revolution of 7980 years, bearing date from be- 

Sore the beginning of the world, and is not yet paffed over: It’s character 
is, that if the number of any year of this period without any further prepa- 
ration be divided by 28, 19 and 15, the*remainders will be the three cycles 
of the fun, moon and indétion for that year: therefore to find what place 
the year enquired after hath in this period, is nothing elfé but to find a num- 
ber, which being divided by 28, 19 and 15, will bave the three cycles 8, 
10 and 10 for remainders. Make then d= 8, è= 10 and f= 10, and 
you will have 484 5d-+-4200e+-6916f==149920; which being divided 
by 7980 leaves 6280; therefore the year fought is the 628oth year of 
the Julian period, which anfwers to the 1 567th year of Chrift. Whence 
we may obferve by the bye, that If to any year of Chrift be added 4713, 

the 
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the fum will be the correfpondent year of the Julian period: the reafon of 
this is, becaufe the difference betwixt 1567 and 6280 is 4713. 
ScHOLIUM. 


From what has been laid down ip the two laft problems, and efpe- 
cially in this, I doubt not but the learner will be able to make his way 
through more com licated cafes, when more divifors and more remain- 
ders are given, at confequently more reftrictions neceflary ; nor do I 
doubt but that he will be able to apply thefe reftrictions {o effectually, as 
to adapt fynthetical demonftrations to all cafes. 

Thefe two laft problems are fuch as men of numbers have a curiofity 
to look into ; and therefore I hope to be excufed if I have dwelt fome- 
what longer than ordinary upon them; having however omitted fevera! 
obfervations relating thereto, which to fome perhaps would not have 
been unacceptable, purely becaufe I would not be too tedious ta the ge- 
nerality of my readers. 

PROBLEM 6. 


208. Of two given numbers a and b, whereof a is the greater, to find 
two multiples whofe difference fhall be any given number whatever that 
is divifible by the greateft common meafure of a and b. 


SoLtuTioR. 


Let d reprefent in general the difference of the multiples fought ; let 
a==13, and b=7, and their leaft common multiple will be gt by art. 
171. This fuppofed, find by the third problem a number which being 
divided by æ will have d remaining, and being divided by 4 will have 
nothing remaining ; fuch a one will be the number 14.4, as appears from 
the fifth example of that problem ; therefore 13d and 14d are two mul- 
tiples of a and å refpedctively, which will anfwer the cenditions of the 

roblem. Again, as g1, and confequently g1d isa common multiple 
of both a and 4, if 13d, which is a multiple of a, be fubtracted from 
gid, another multiple of 4, the remainder 78d muft alfo be a multiple 
of a by art. 169; and if 14d, which is a multiple ef 4, be fubtraéted 
from g1 d, another multiple of 4, the remainder 77# muft alfo be a mul- 
tiple of 6; therefore 78d and 77 dare other two multiples of æ and 4 re- 
fpectively, which will folve the problem as well as the former ; the 
former folve it when a’s multiple is intended to be lefs than that of 4, 
the latter when a’s multiple is intended to be greater than that of 4, and 
both when the matter is left indifferent. But if we would reduce the 
multiples in both cafes to the leaft in their kind, that is, if in both cafes 
we would find the leaft multiples of æ and 6 whofe difference is d, the 
Tt lefier 
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Jeffer multiples in both cafes, that is, 13d and 77d muft be feverally 
divided by the leaft common multiple of a and 4, that is, by gr: be it 
fo, and let the remainders be m and z refpectively: I fay then, that m 
will be the leaft multiple of a which with d added can make a multiple 


of 6, and that z will be the leaft multiple of 6 which with d added can 
make a multiple of a. 


Firft, that the remainder m is a multiple of æ is plain, becaufe both 


the divifor gr, and the dividend 13d were fo. 2dly, That m+d is a 
multiple of å is alfo evident ; for if g1 being taken from 13d as often 
as pofiible leaves m, the fame gt taken the fame number of times from 


14d will leave m+-d; and this m-—-d muft be a multiple of 4, becaufe 


both gt and 14d were fo. Laftly, that the multiples m and m-+-d are 
the leaft in their kind, appears from the nature of divifion, and from art. 
173 ; for the remainder m, iftaken the leaft poffible, can never be great- 
er than the divifor, which was the leaft common multiple of æ and 4, 
nor even equal to it, unlefs to prevent there being no remainder at all ; 


therefore the multiples #2 and m--d are the leaft in their kind in the for- 


mer cafe: and for the fame reafon the multiples z and xd will be 
the leaf in their kind in the latter. Thus we have found not only two 
forts of multiples which will equally folve the problem, but alfo the 
leaft multiples of each fort. Q, E. I. 


N. B. ift. If m, orn, or both be equal to nothing, their places mutt 
be fupplied by the leaft common multiple of a and 4, as was hinted. be- 
fore. This can never happen but when either 4, or a, or both meafure 
d: if b meafures d, and confequently 13d, then 13d will be a multiple 
of 6; but 13d isalfo a multiple of a by the conftruction; therefore 14d 
will be a common multiple of both æ and 4, and as fuch, being divi- 
ded by g1 their leaft common multiple, will have no remainder ; there- 
fore in this cafe the remainder m, if unfupplied, will be equal to nothing: 
in like manner, if a meafures d, and confequently 77d, then 77d will 
be a common multiple of a and 4, and fo x will be equal to nothing ; 
therefore if both 4 and æ meafure d, both m and n will be equal to nothing. 

adly. If inftead of the numbers 13 and 7 in the refolution of this 
problem we had made ufe of any other numbers in the fame proportion, 
as 39 and 21 whofe greateft common meafure is 3,. the canon adapted 
to thefe numbers would have been the fame with the former, that is, 
the multiples. of 39 and 21 would have been exprefied by 13d and 14d 
in the former cafe, and by 78d and: 77d in the latter; but the fyntheti- 
cal demonftration would have been fomething different ; for in this cafe 


d 


pean 


3 
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d 
— muft have been a whole number, and we muft have argued thus: 


d d 
13d, or 39" isa multiple of 39, and 14d, or ss is a multiple of 2r, 


and therefore thefe multiples will anfwer the condition: again, 78d and 


234d 231d 


77d, oF orig and are multiples of 39 and 21 refpettively, becaufe 


the numbers 234 and 231 are fo, 

Of the folution here given take the following example. Let it be re- 
quired to find two multiples of 13 and 7 whofe difference fhall be soo. 
Here 13d or 6500 being divided by gi has 3g for a remainder; there- 
fore m= 39: again, 77d or 38500 divided by g1 has 7 for a remainder; 
therefore u==7; therefore 3g is the leaft multiple of 13 which with 
500 will make 539 a multiple of 7; and on the other hand, 7 is the 
leaft multiple of 7 which with 500 will make 507 a multiple of 13. 


PROBLEM 6, 


209. Having given two numbers a and b whofe leaft common multiple is 
c, and alfo a third number as d that is divifible by the greateft com- 
mon meafure of a and b; It ts required to find, if pofible, two multi- 
ples of a and b whofe Jum fhall be that given number d, or (which is 
the fame thing) it 1s required to divide the given number d into two 
Juch parts, that one part fhail be a multiple of a, and the other a mul- 
tiple of b. 

SOLUTION, 


By the help of the laft problem find m the leaft multiple of a which 
with d added can make a multiple of 6; and fubtracting it from c the leaft 
common multiple of æ and 4, call the remainder +; or if m before 
it’s place be fupplied, be equal to nothing, make r==c; then if r be 
greater than or equal to 4, the problem will be incapable of any {olution ; 
but if r be lefs than d, I fay then that + will be the leaft multiple of 


a, and d—r the greateft multiple of 4 that will folve the problem : and 
this firft folution being obtained, if the problem admits of more, they 
will eafily be had by a continual addition and fubtraction of the leaft com- 
mon multiple c, as r-+-c and d—r—c, r+2c and d—r—20, r-3¢ 


by ¢ fo as to have any remainder as Si the quotient which fhews how 


often c can be fubtracted from d— r, will alfo thew how many folutions 
the problem will admit of after the firft ; and therefore this quotient in- 
{a Be created 
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creafed by unity will be the number of folutions in the whole ; laftly 
I fay that the number s will be the leaft multiple of 6, and d—s the 
greateft multiple of æ that will folve the problem this way: fo that the 


numbers r and d—r, as alfo 7—s and s may be called the extreme fo- 
lutions ; except when the problem admits of but one folution, and then 
thefe extremes will unite in that fingle folution. 
DEMONSTRATION, 
rft. Since by the conftruction both ¢ and m are multiples of a, their 
difference c—m or r will be a multiple of æ by art. 169; and fince 


both ¢ and m- dare multiples of 4, their difference m—c-+-d or d—r 
will be a multiple of å. 


2dly. When d—r was divided by c, the remainder was s; therefore 
c meafures d—r—s: fince then 5 meafures c, and ¢ meafures d—r—s, 
b meafures d—r—s; but & meafures d—r as was proved before ; 
therefore 5 meafures both d—r and d—r—s, and confeguently their 
difference s; therefore s is a multiple of 4: again, fince a meafurés c, 
and c meafures d—r—s, a meafures d—r—s; but æ meafures r, as 
was proved before; therefore æ meafures both r and d—r—s, and con- 
fequently their fam d—s; therefore d—s is a multiple of a. 

3dly. We are in the laft place to prove that r and d—r, asalfo 
d—s and s are extreme folutions: and firft, if any folution of this pro- 


blem could be obtained wherein any lefs multiple of a than r was con- 
cerned, it muft be had by fubtracting the leaft common multiple c from 


r, and adding it to d—vr, and then the multiples would be -—c and 


> 
d—r--c; but r or c—m can never be greater than c, and therefore 
r—c muft either be nothing or negative, both which cafes are excluded 
out of the problem; therefore r muft be the leaft multiple of a, and 
d—r the greateft multiple of 4 that will folve the problem: and by a 
like procefs it may be. demonftrated that s is the leaft multiple of 4, and 


d-—s the greateft multiple of a that will folve the problem. 


An example to the foregoing Solution. 


Let it be required to divide the number 500 into two fuch parts that 
one part may be a multiple of 13, and the other of 7. Here a= 13, 
b==7, c= 91, andd==500, as in the laft problem; and fince m was 

there 


‘to, or fome multiple of the denominator b. 
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there found equal to 39, we fhall have c—m or r= 52, and Jee as 
448; therefore 52 and 448 are the firft numbers that will folve the pro- 
blem, the former being a multiple of 13, and the latter of 7: divide 
448 by gt, and the quotient will be 4, and the remainder 84 ; there- 
fore 416 which is a multiple of 13, and 84 which is a multiple of 7 are 
the laft numbers that will folve the problem, The folutions are five in 
number, and being placed in order will ftand thus, the firft number of 
every fet being a multiple of 13, and the fecond of 7. 

Ift. ` 52 and 448, 

2d, 143 and 357, 
3d. 234 and 266, 
4th. 325 and 175, 
sth. 416 and 84, 

LEMMA 12, 
A THEOREM. 


a PE, ah aia . 
210. Let 5 exprefs any fraction in it’s leaft terms, and let this jrac= 


ad 


tion be multiplied by Jome whole number d, fo that the product p 4 be al- 


fo a whole number: I fay then that the multiplicator d muft either be equal 
= wef eo ; 
For fince by the fuppofition, the fraction y’ equivalent’ to: fome 


! ad 
whole number, let that number be ¢;. then we fhall have c= ae and 


c a è C $ ; > 
7 =y therefore the. fraction 7 muft either be the fame. with the. frac- 
d 
a j : s 
tion J: elfe it muft be reducible to it, as to it’s leaft terms, by the 
a 


greateft common meafure of c andd, fince 7 is fuppofed.to be in it’s 


leaft terms: if 7 be the fame with = then d muft be the fame with b,. 
"p 
which is one cafe of the lemma ; if 7 be equal to, but not the fame with 
: , let e be the greateft common meafure of ¢ and ds. then will = aay 
1 : : ` A 
and — == 4, and d= eb, in which cafe dis aimultiple of 6. Q, E. D. 
F | 
Co R 0 La- 
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COROLLARY, 


) ee gi 
Hence I infer, that if 5 expreffes any fraction in it’s leaf terms, the 


denominator b will be the leaf number that frattion can be multiplied by to 
reduce it to a whole number. 


PROBLEM gE 


211. Let a, b, c, d, e, &c be a number of hands like thofe of a clock, 
all turning uniformly upon the Jame center, and all moving the fame 
way; and let the fame letters a, b, c, d, e, &c reprefent alfo their 
refpective periodical times, or numbers proportionable to them: What 
will be the fynodical period of the whole fiftem, that is, fuppofing thefè 
hands to flart all together from the fame point as s, how long will it 
be before they all come together again for the firf time, whether this 
conjunétion happens in the point s, or in any other part of the circle 
wherein thefe motions are performed ? 

N. B. To fay that of two hands æ and 4, a is got one circle and a 
half before 4, or two circles and a half, or three circles and a half, is to 
fay no more than that a is half a circle before 4; and to fay that a is 
one circle or two circles or three circles before 4, is the fame thing as to 
fay that the two hands 4 and 4 are coincident: And whenever any angu- 
lar diftance of this kind is expreffed by a mixt number, or by an improper 
Sraétion, to reduce it (a phrafe frequently made ufe of in the following 
folution) zmplies two things; firf to throw away the integral part, and 
then to reduce the remaining fraétion into it’s leaft terms : thus the diftance 
34 after reduction becomes ?; for it is the fame thing to fay that æ is 
three circles and four fixth parts of a circle before 4, as to fay that æ 
is two thirds of a circle before 4, or one third behind it. This lan- 
guage being well underftood and attended to, the folution will be as 
follows. 

SOLUTION, 


1ft. Let p be the fynodical period of the two firft hands a and J: then to 
find the diftance of the hand a from the point s at the end of the time p 
fay, If in the time a the firft hand makes one revolution, how many 
revolutions and parts of a revolution will it make in the time p? and the 


anfwer ist ; therefore the diftance of the hand a from the point s at 


the end of the time p iÉ ; and for the fame reafon the diftance of the 


hand 
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hand 4 from the point s is a therefore the difference of thefe two frac=: 


tions, to wit, L E fhews how much the hand a is advanced before 


the hand 4 during the time f; but after the two hands a and 4 have de~ 


parted from the point s, and parted from one another, they can never 
come together again till one is advanced an entire circle before the other ; 
therefore if p be the fynodical period of the two hands, we fhall have 
~. > ab Ha Mi 

Piel Gamat and p= 7: this is upon a fuppofition that the hand æ 
is the {wifter mover ; but if 6 be the fwifter mover, we fhall then have 


b 
numbers a and 4 divided by their difference. And if p be the time at the 


end of which the two hands æ and 4 will come firft together, at the end. 
of the time 2 they will come together a fecond‘ time, and at the end. 


of the time 3p a third time, and fo on. 
2dly. At the end of the time p, the diftance of the hand z, and con- 


fequently of both the hands æ and 6 from the point s will be Ê » as be- 


fore ; and at the fame time the diftance of the hand ¢ from the fame 


Í 


point s. will bet ; reduce therefore thefe two diftances pi and 2x, and 


c 5 


se a a a n 
then taking their difference, reduce that alfo to it’s leaft terms —; and 


then the diftance of the hand ¢ from the two coincident hands æ and 6 


2n 
at the end. of the time p will be 7 and at the end of the time 2, 5 3 


and at the end of the time 3p, —, &c, and therefore at the end'ofthe 


time pg the diftance of the hand c from the coincident hands a and’ 4: 


will be 2; but z is a whole number, and implies a whole number of 
circles or revolutions ; therefore at the end of the time pg the hand c 
will coincide with the other two a and 4: and that this will be the firft 
coincidence of the three hands a, 4 and ¢ fince their departure from:s, is 
evident from the laft article, the denominator g being the leaft number: 


the fraGtion — ean be multiplied by to'make it a whole number ; there- 


fore the time pg is the fynodical. period of the three.firft hands a, and cs- 


gdly. 


b 
b b-n, and p=; univerfilly, p is the product of the two 
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3dly. At the end of the time pg, the diftance of the hand a, and con- 


fequently of all the three hands a, 4 and ¢ from the fixed point s is pI 
a 


and the diftance of the hand d from the fame itt ; reducing then the 
PT 4; pe 


diftances ~ and Fs let their difference after reduction be a fraction 

whofe denominator is r when reduced to it’s leaft terms, and the time 

pqr will be the fynodical period of the four firft hands a, b, ¢ and d. 
4thly. At the end of the time pgr the diftance of a from s will be 


par , and the diftance of e from s will be PIT and if thefe diftances be 
reduced, and their difference be alfo reduced to it’s leaft denominator s, 
the time pgrs will be the fynodical period of the five firft hands a, 4, c, 
d,e: and fo on. The folution then (to recapitulate) is as follows: 

ft. Multiply the two periodical times a and b together, and then divi- 
ding their product by their difference, call the quotient p, whether it be a 


whole number or a fraction. 
2dly. Reduce the two diftances p and P, and then taking their difference, 


reduce that alfo to it’s leaft denominator q. 

3dly. Reduce the diftances Ea and Pa and their difference to it’s leaft 
denominator r. 

4thly. Reduce the diftances eL and me , and their difference to it’s 


leaft denominator s; &c: I fay then that p will be the fynodical period of 


the two firft hands, pq that of the three frf, pqr that of the four firft, 


pqrs that of the five firft, &c. 
N. B. It matters nothing, as to the conclufion, what order the hands 


are taken in, 
ExAMPLE, 


Let aasa Th raSo dar t2,e== 15. 
SoLUTION, 


j4 


a 


igh EE Mol 
b> and when reduced ate chao and 


40 
9 
40° therefore g == 40. 


2 
ft. p= = ; therefore 


the difference between 3 and a is 
4 40 


2dly, 
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Pq 


21 
adly. Therefore pg = Tres therefore — is 70, and when 


‘B2TO I - ° 
reduced o; ft Preece and when reduced a and the difference betwixt 


o and iis; therefore r is 2. 


% 


3dly. Therefore pgr= 420 ; therefore £- is 140, and when redus 


E . . - 
cedo; par is 28, and when reduced o, and the difference between o 


and o iso, or 3; therefore s is 1. So that the fynodical period of the 
two firft hands is #, that of the three firft 210, that of the four firft 
420, and that of the five firft 420; which fhews that when d joined 
the three firft hands a, 4 and c, e joined them at the fame time. 

If the hand 4 fhould move a contrary way to that of a, then the 


equation which determines p will not be —— 1 as before, but 


dere 


ian tee whence p will be found equal to x 


a+b? 
b muft now be looked upon as lying on contrary fides of the point s, 
in which cafe the fum of their diftances from this point will be their di- 
ftance from each other: again, if ¢ moves contrary to a, the diftances 


$ 


2 and muft be reduced as before ; but then it muft be their fum, and 
a 


| 

l . . > . ° i > 

! not their difference, which being reduced to it’s leaft terms will give the | 
denominator g ; and fo on. i | 


for the hands @ 


P R OIDE EMS 8: | 


212, Let there be three unknown quantities x, y and z, whofe relation 
| ta each other is expreffed by the two following equations, 
X+2y-+3z=20, and 
| 4X-+ Sy-+62—=47: 
It is required to find the values of x, y and z in integral and afir- 
mative numbers. 
SO LED? fom, 


Equation 1ft, = x-+-27-+-3%==20. 
2d, 4x-+ 5y-+62=47. | 
Subtract the fecond equation from four times the frit, and you will | 
have 3y-+62==33,5 whence | 
Equation 3d, y= 11—22% | 


| Vx Subtract | 
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Subtract five times the firft equation from twice the fecond, and you will 
have 3x—3z==—6, and ; 
Equation 4th, x==%—2. 
And thus we have the values of x and y with refpeét to z, and z itfelf 
is left undetermined becaufe there were but two equations to three un- 
known quantities: and that thefe are the true values of x and y will fuf- 
ficiently appear by fubftituting z—2 and 11-—22 inftead of x and y in 
the firft and fecond equations ; for upon that fuppofition we fhall have 
in the firft equation XH 2+ 3B B— 2+ 22—4-+4-3.B=20, and 
in the fecond equation we fhall have 4x-+ 5y+-6z2—=42—8-+4 55— 
10%-+6z=47. Now as to the values of x, y and x, it appears from 
the third and fourth equations that whatever whole number is fubftitu- 
ted for z, x and y muft neceflarily come out whole numbers; for if g 
be a whole number, not only z—2 or x will be a whole number, but 
alfo 11-22 or y; therefore if the problem was fubject to no other li- 
_ mitations than barely that x, y and z fhould be whole numbers, the 
number of folutions would be infinite: but befides their being whole num- 
bers, it is particularly {pecified in the problem that they fhall be affir- 
mative numbers; and therefore to find out the number of folutions in 
this cafe, we muft again attend to the values of x and y in the two lait 
equations: now fince in the fourth equation x = z—2, it is plain that 
if x be affirmative, z muft be taken greater than 2: again, fince in 
the third equation y = 11 — 2%, if y be affirmative, 22 muft be lef 
than 11, and 2 lefs than 5:; whence it follows æ fortiori that z mutt 
be lefs than 6 ; therefore that x and y as well as 2 may be affirmative, 
the value of z muft confift between thefe two limits, wz. 2 and 6; 
therefore if all the three quantities x, y and g be affirmative, there are 
but three numbers that can be fubftituted for z, to wit, the numbers 
3, 4and 5; fo that by the laft limitation of the problem, all the infinite 
number of folutions it would otherwife have admitted of, are now redu- 
ced to three, and are thus determined: Since any of the three numbers 
3, 4 and 5 may be put for z, let z==3,; then we fhall have z—z2 or 
x==t, and 11—22 or y==5; fo that the numbers x, y and z will be 
1, 5 and 3 refpectively, and will anfwer the conditions of the firft and 
fecond equations ; for upon this fuppofition x-+-2y-+-3%=1-+ 10+ 9 
= 20,and 4x + 5y-+62=4+25+18=47. Lét x==4; then we 
have z—2 or x=2, 11—22 or y= 3, and the numbers will be 
2, 3 and 4, which will alfo anfwer; for in this cafe x-++-2y+-32z=2 
+ 6-+12==20, and 4x + sy-+62==8-+15-+-24=47. Let z=5; 
then will z—2 or x==3, 11—22 or y==1, and the numbers will be 
3, 1 and 5; here then again we have x +- 2y-+-32=3-+2-+ ipo 26, 


and 4x -+ 5y-+-62=12-+-5-+30==47. 
4 


ee 
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LEMMA 13. 


A PROBLEM. 


213. Let a, band c be three fixed or determinate whole numbers, where~ 
of a and b are prime to each other; and let x and y be any two vari- 
able or indeterminate whole numbers, whofe relation to each other is 
conflantly expreffed by the equation ax==by =c: What will be the 
next whole number values of x and y, whofe relation to each other can 
be expreffed by the fame equation ? 


CASE 


Let the equation be ax— by=c, and let the new values of x and y 
be xd and y-+e; then fince the relation of thefe two values is to be 
exprefied by the fame equation as was that of the former, the equation 
will be ax-+-ad—by—be=c; but ax— by =c ex hypothefi ; there- 


fore ad— be =o, and bead, and S =F; therefore if e and d be 


any two numbers taken in the fame proportion as æ to 4, the values x--d 
and y-+e will fall under the fame relation with x and y: but to find the 
neareft values to x and y, e and d muft not only be in the fame propor- 
tion with a and 4, but they muft be the leaft in their proportion, that 


ES EA 
is, the fraction 7 muft be in it’s leaft terms: fince then the two frac- 


ae e à i ; 
tions + and g are equal in value, and both in their leaft terms, they 


muft alfo be equal in terms, that is, e muft be equal to a, and d to 4; 


therefore the neareft values to x and y in the fame relation are x -pġ 
and y+ a, or x-—d and y—a, 


SR ee 


Let the equation be ax-++-dy==c, and let x-+-dand y--e be the 
neareft values of x and y in the fame relation, and the equation will be 
ax+ad-+-by-+-be==c; but ax-+-by=c ex hypothe; therefore ad 

e a 
-+he==o; therefore be-=-—dad, an T= r> therefore if e and d 
Vv2 be 
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be the leaft in their proportion, as they ought to be, either e muft be 

equal to —a and d to 4, ore to +a and dto —4; therefore the two 

neareft values to x and y in the fame relation will be x-+ 4 and y — a, 

or x—b and y-a, l 
COROLLA BY. 


Hence, if the values of x be taken in an arithmetical progrefion whofe 
common difference is b the coefficient of y, the refpective values of y will alfo 
form an arithmetical progreffion whofe common difference isa the coefficient 
of x: and if the. equation beax—by &c, both progreffions will increafe,. 
or both decreafe together; but if the equation be ax--by &c, and. if the 
values. of x form an increafing progrefion, thofe of y will form a decreafing 
one, and vice verfa., 

PROBLEM Q 


214. It is required to divide a hundred into three fuch parts x, y and z, 
that 9X-- 15y-+-202 may make fifteen hundred. 


SOoLUT FON: 


Equation 1ft, x- y- Z= I00.. 
2d, gx-+IsSy-+-20%=1500. 
Subtract nine times the firft equation from the fecond, and you will have: 
6y- 11 == 6005. whence 
: IIg 
Equation 3d,. y= 100-7. 
Subtract the fecond equation from: fifteen times the firft, and‘you wilkhave 
6 x =~ 52% ==.0 ;. whence 
P n 52 
Equation 4th, x= wa 
And if thefe values of x-and y in the two laft- equations be fubftituted 
inftead of x and y in the two firft, they will anfwer the conditions of 
thofe equations, as will eafily: appear. upon tryal; 
> gia, iz. 
Now. as: to.the détermination of the values of x.andy, where x == 


~ 
© 


I tig . D A 
and y= 100———F—,, it is evident that if for z be fubftituted any num- 


ber that is divifible by 6 without a remainder, that is, any-term of this 
arithmetical progreffion 6, 12, 18, 24, &c ad infinitum, the quantity 
x will come out.a whole number and affirmative; but as y = 100 — 


LI 2 


ne : 11 
-g> it is evident that. y cannot be affirmative unlefs a a be lefs than 


100, 
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100, that is, unlefs 11g be lefs than 600, or g lefs than 54; there-- 
fore z muft not be made equal to any whole number that is greater than’ 
54; therefore z may be made equal to any multiple of 6 from 6 to 54 
inclufively, Now as the equation expreffing the relation betwixt x and 
g% was 6x — 5% =o, it follows from the laft article, that if the values 
of z be taken in an increafing arithmetical progreffion whofe common :‘ 
difference is 6, the correfpondent values of x will form an increafing’ 
arithmetical progreflion whofe common difference is 5: again, fince 
the equation exprefling the relation betwixt y and z was 6y-++11z==600, 
it follows that if the. values. of z be made to.increafe in an arithmetical 
progreffion whofe common difference is 6, thofe of y will fink in an arith= 
metical-progreffion whofe common difference is 11. Make z==6, and- 
roo— == or y will be 89, and a or x will be 5, and the three parts- 
fought will be 5, 89 and 6, which will anfwer the conditions. 

As to the other folutions, (for they are nine in all,) thefe are eafily. 
found by the obfervations abovey and .are. put down in the following: 


table: 


a ys pa 
§ 89 6 
rO 78 I2 
15 67 18 
20 56 24. 3 
25: 4S 30 
30 34 -36 
35 25 42. 
4:0 12 48. 
45 : 54+ 


PROBLEM 10: 


215. Let it be required to divide the number twentyfour into three fuck 
parts x, y and 2; that x+- 8y + 122z may make two hundred and one. . 


SoLvUuT ION: 


Equation rft, x+ y+ z= 24. 
2d, x-+-8y-+122==201. 
Subtract the firft equation from the fecond, and you will have 7y- 1127 
==177 ; whence 
177 —— IIZ 


Equation 34, y= 7 


Subtract 
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Subtraé& the fecond equation from eight times the firft, amd you will have 
7x — 42 =— 9 5 whence 
Equation 4th, x= gait: 
From the third and fourth equations it appears, that to make x and y 
whole numbers as well as z, fome fuch number muft be fubftituted for 
s I7 — IIZ% 
z as will make not only —~———— 


now had both 177 and 2 been whole numbers, this problem might 


, but alfo — a whole number: 


have been, folved as was the laft; but as it happens otherwife, we muft 
proceed after another manner ; but firft we ought to enquire whether 


R tin , 177— IIZ z= 
thefe two conditions, viz. that both LS eae lang Fe: 2 


are whole 


numbers, are confiftent with each other or not; for if they be found 
inconfiftent, then it will be impoffiblesfor both x and y together to be 
whole numbers, and the problem will be impoffible: divide then 4% 
—g by 7, which in the prefent cafe is no more than fubtracting 7 from 
4%—g9, and the remainder will be 4z—2; divide alfo 177—112 
by 7, and the remainder will be 2—42; and therefore the enquiry is 


Dad 
© 


now reduced to this, whether it be poffible for paw and ae to 
be both whole numbers ; and this fuppofition will be fo far from being 
impoflible, that one part neceffarily implies the other, thefe two num- 
bers being the fame affirmatively and negatively taken, and therefore 
they muft either be both or neither of them whole numbers, This mat- 
ter being fettled, we are in the next place to enquire, what will be the 


; : , 42—2 
leat number which being put for z will make a whole num- 
fo) 


ber : now in order to this, -make 7 the denominator equal to a, and 4 
the coefficient of z in the numerator equal to 4, and from thefe values 
of a and 4 derive a feries of equations as in the 175th article, and they 
will be as follows : 
1a—ob=-+ 7. 
oa—1b6=—4, 
a— b=-+3. 
a—2b=—1, 
3a— 5b =+ 1. 
Of the two laft equations take that whofe abfolute term is negative, to 
wit, a—24=—1, becaufe —2 the numeral part of the numerator 


4%Z—2 
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4z—2 is negative; and then multiplying the equation a—25—-—1 by 
2 that numeral part taken affirmatively, you will have 2a—4s——z 
the fimpleft equation of it’s kind: make 4 the coefficient of — å in this 
laft equation equal to z, and reftoring now the values of a and 4, to wit, 
7 and 4, the equation will be changed into this, 14 —42==—2, and you. 


will have D = 2, a whole number; therefore if the whole num- 
ber 4 be put for z, the other two parts x and y will alfo be whole num- 


z— 177— II% 
aes and y or 77 


bers, and you will have x or = 19, 


and therefore the parts x, y and 2 will be 1, 19 and 4 refpectively. Now 

to know in what progreffions the values of x, y and z will vary, fince 

the equation between x and z was 7x—42z==—9, it follows from art. 
213, that if the values of z be continually increafed by 7, the values of 

x will be continually increafed by 4; and fince the equation between. 
yand z was 7y-+11%==177, it follows alfo that if the values of z be 

continually increafed by 7, thofe of y will be continually diminifhed by 
11; therefore fince the firit value of x is 1; it’s feveral values will be 

1, 5, 9, 13, &c; the feveral values of y will be 19, 8, —3, —14, 

&e,; and laftly thofe of z will be 4, 11, 18, 25, &c: whence it appears 

that this problem is not capable of above two folutions, becaufe if the fo- 

lutions be continued any further, y will be negative: here then we have 

x=, y= l0 2=—=— 4; Orx=—5, y==8, and. z=aT1. 


PROBLEM Il. 


216. Suppofe one would buy forty birds, confifting of partridges, larks and 
mails for ninetyeight pence, paying three pence apiece for the partridges, 
halfpence apiece for the larks, and four pence apiece for the. quatls::. 
The queftion is, how many he muft have of each fort. 


SoLUTION. 

Put x for the number of partridges, y for the number of larks, and æ 
for the number of quails; then will 3 x, L, and 42 exprefs the number: 
of pence to be given for each fort ; and the problem abftraéted from words- 
will ftand thus: Jfx-++-y-++z= 40, and 3x-+ 2 +-42= 98, or 6x- 


y+8z= 196; what are X, y and z? 
“ Equation 1ft, x-+y+ z= 40. 
2d, 6 x-y- 8 z = 196. 


Subtract 
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Subtract the fecond equation from fix times the firft, and you will have 
5y—22%== 44; whence 

Equation 3d, y = aknah o A 
Subtract the firft equation from the fecond, and you will have sx -+ yz 
= 156; whence 


44 


22% -+ 1 56—7z 
; therefore ————— BED 


156—72 


‘Equation 4th, x= —— and 


mutt both be whole numbers, the poffibility whereof I thus demonftrate: 
divide 156 — 7 z by 5, and the remainder will be 1— 22; divide 2z 
--44 by 5, and the remainder will be 22-+4, from which again fub- 
tracting 5, the remainder will be 22—1 5; compare then thefe two re- 
mainders 2z—1 and 1 — 2%, and the queftion will now be reduced to 


23—I1 I —23 
be a whole number, — 


this, wz. whether if can be fo too; 


and the anfwer is ready, that if the former be a whole number, the lat- 
ter muft be fo, fince it is but the negative of the former : therefore if 


G= 
el. be a whole number, STAS 


determined, let us now refume one of the former remainders, to wit, 
2%—1, and let us enquire into the leaft number which being fubftitu- 


muft be fo too. This being 


j 2% — I ees 
ted for z will make —-—— a whole number: and this might be found 


out after the fame manner as in the laft problem; but becaufe the deno- 
minator 5 is but a fmall number, I rather chufe to do it by tryal (fince 
four tryals at moft muft determine the queftion,) that is, I make z equal 


Za T 


to 1, 2, 3 and 4 fucceflively, and try in which of thefe cafes — 


will be a whole number, and I find it will fucceed when z is made equal 
23—1 


saat 


to 3; for then 


Note. The number of tryals muft always be lefs by unity than the 
denominator. 


2 
Thus then we have found z==3 ; whence y or - uae will be ro, 


I c6 — 7z 
and x or =e 


will be 27; therefore if he buys twentyfeven par- 


tridges, ten larks, and three quails, he will have forty birds for ninety- 
eight pence, as the problem requires, 


As 
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As to the other folutions, fince the equation for x and z was çw -+ 
72%==156, and the equation for y and z was sy——-2z%== 44, it follows 
from art. 213, that the fucceffive values of z muft be increafed by a con- 
tinual addition of 5, thofe of y by a continual addition of 2, and thofe 
of x muft be diminifhed by a continual fubtraction of 7; whence we 
have the following folutions : 


y y Z. 
27 10 33 
20 E2 8. 
13 14 3. 
6 16 18 


Befides the four folutions of this problem exhibited in the table it will 
be impoffible to affign any others; for fhould this table be carried on but 
one degree lower, the value of x would be found to be —1; and fhould it 
be taken but one degree higher, the value of z would be found to be —z. 

In my folution of this problem I left the value of the laft quantity z 
undetermined, and reduced thofe of x and y to that, as ufual: but if I 
had left the middle quantity y undetermined, and had reduced the values 
of x and z to the quantity y, the folution, in this particular cafe would 
have been fomewhat eafier, and might have been obtained in the fame 
manner as in the laft problem but one, thus; fubtract the fecond equa- 
tion from fix times the firft, as they ftand in the foregoing folution, and 


3 57 ; 
you will have 5y--22%==44; whence z= fas therefore if z he 


affirmative, 2 muft be greater than 22, and 5y greater than 44, and y 


greater than 84; therefore if z be affirmative, y muft be greater than 8: 
again, fubtraét the fecond equation from eight times the firft, and you will 


) 


have 2x-+ 7y==124, and x == 62 — Ze ; therefore ee mutt be lefs than 


62, and 7y lefs than 124, and y lefs than 175; therefore if x be affirma- 
tive, y muft be lefg than 18; therefore all the values of y muft lie between 


sh d ; = 7. $ 
8 and 18: but < in the expreffion of x, and = in the expreffion of y 
“ cA 


fhew that — muf be a whole number, or (which comes to the fame 
thing) that y muft be an even number ; therefore all the even numbers 
between 8 and 18 may be put for y, to wit, 10, 12, 14, 16: let y= 


y 
10, and we fhall have x or t2— 2 ==27, and 2 or $ 22=3;and 


‘nce may all the other values of x and z be found as in the foregoing table, 
X x Pro- 
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PROBLEM 12 


217. Suppofe one would buy twenty birds for twenty pence, to wit, ducks 
at twopence apiece, partridges at halfpence apiece, and geefe at three- 
pence apiece: How many muft he have of each fort ? 


SOLUTION. 
Put x, yand z for the number of ducks, partridges and geefe refpectively, 


and confequently 2x, £ and 3% for the price of each fort in pence, 


and you will have thefe two fundamental equations; x-+-y-++-z==20, and 


2% +%-+32=20, or 4x-+y-+-6%==40; whence 
Equation 1ft, x-y- %==20. 
ad, 4x+y+6%=40. 
Expunge z by fubtracting the fecond equation from fix times the firft, 
and. you will have 2x-+ 5y==8o, and 


fi EA 
Equation 3d, x==40—*>. 


Therefore 52 muft be lefs than 40, and 5y lefs than 80, and y lefs than 


16, Again, expunge x by fubtracting the fecond equation from four 
times the firft, and you will have 3y—22%== 40, and 


Equation 4th, z= a — 20; whence a muft be greater than 20, 


and 3y greater than 40, and y muft be greater than 13, and lefs than 16: 


3 . . 
32 in the third equation, and a2 in the fourth fhew that y muft be 
an even number; and there is but one even number between 13 and 16, 
to wit 14; therefore y muft be 14, and the problem will admit but of 
one folution ; therefore x or 4.0— s muft be 5, and gor 32 — 20 | 
| 
muft be 1; that is, there muft be 5 ducks, 14 partridges, and 1 goofe. | 
Montieur Bachet in his comment upon the forty firft propofition of | 
the fourth book of Diophantus, cites an epigram containing this problem, | 
which (fuch as it is) I have here tranfcribed, 
Ut tot emantur aves, bis denis utere nummis. 
Perdix, anfer, anas empta vocetur avis : 
Sit fimplex obolus pretium perdicis, ematur 
Sex obolis anfer, bijque duobus anas, 


but 


W 
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Ut tua procedat in lucem quæftio, mentem 
Confule; fic loquitur pectoris arca mihi : 
Sint anates tres atque dua, fimplex erit anfer, 
Accipe perdices quatuor atque decem. 
PROBLEM T3. 
218. Twenty perfons confifling of men, women and children at a collation 
paid twenty foillings, the men paying four fhillings apiece, the women 


fixpence apiece, and the children threepence apiece: How many were 


there of each fort ? 
SOLUTION, 


Put x, y and z for the number of men, women and children refpect- 
Ad 
2 
by them ; and this laft condition furnifhes us with the following equa- 


ively, and confequently 4x- +> for the number of fhillings paid 


& 
tion, 4 ee -+ ~ ==20: multiply the whole equation by 4, to take 


off the fractions, and you will have 16 x--2y--z == 80; and the equas 
tions will ftand thus: 

Equ. iht, x- y+-2=20. a 

2d, 16x -+-2y-+-2==80. : 
Expunge 2 by fubtracting the firft equation from the fecond, and you 
will have 15x-+-y==60; whence 
“Equ. 3d, y==60—r15x. 

Therefore 15x muft be lefs than 60, and x muft be lefs than 4. Ex- 
terminate y by fubtracting twice the firft equation from the fecond, and 
you will have 14% —2z==40; whence 

Equ. 4th, z= 14x— 40, 
Therefore 14x% is greater than 40, and x is greater than 2; therefore x 
muft lie between 2 and 4. Now asthe values ofy and g were exprefled 
in the third and fourth equations without fractions, it follows, that what- 
ever whole number is fub{tituted for x, y and z will come out whole num- 
bers; but they will not come out affirmative, unlefs x be a whole num- 
ber between 2 and 4; therefore x muft be 3, and the problem admits 
of but one folution; thereforey or 6o — 15x will be 15, and 2 or 
14x—40 will be 2: fo there were three men, fifteen women, and two 


children. 


PROBLEM IÅ. 

219. Forty one perfons confifting of men, women and children at a colla- 
tion paid forty fhillings, the men paying four fillings apiece, the 
women three fhillings apiece, and the children fourpence apiece: How 
many were there of each fort? 3 

Pe Soxv- 


| 
Í 
| 
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SOLUTION. 

Put x, y and z for the number ofimen, women and children ref- 
bi > 


pectively, and confequently 4x -+3 J+” for the number of fhillings 


paid by them, and you will have 4x 39h 40, or 12x-+9y-+ 


%==120; therefore 


Equations, x- y+2== 41. 
ad, 12%- 9y +2 = 120. 
Subtra& the fecond equation from twelve times the firft, and you will 
have 3y-+ 112 = 372, and 


IIZ 


Equation 3d, y= 124— = 


Therefore IIZ mutt be lefs than 124, and 112 lefs than 372, and z 


mutt be lefs than 34. Subtraét nine times the firft equation from the fe- 
cond, and you will have 3 x—82==—249; whence 


8 
Equation 4th, x= aS — 83. 


8 
‘Therefore == muft be greater than 83, and 82 greater than 249, and 


z muft be greater than 31. Hence, and from the third and fourth equa- 

tions, if x and y be whole numbers and affirmative, 2 muft be fome 

multiple of 3 lying between 31 and 34; but there is only one fuch mul- 

tiple, to wit 33 ; therefore the problem admits but of one folution, and 
ka IIZ 

% == 33 ; therefore x or — — 83 = 5, and y or aie a ee) 

there were 5 men, 3 women, and 33 children, 


PROBLEM. Ip; 
220. It is required to divide the number thirty into three fuch integral parts 
x, y and z, that 2x -+ gy +152 may make four hundred and nineteen. 
SOLUTION, 
Equation it, x+ y+ z= 30. 
2d, 2x-+gy+I15%=4109. 
Subtract twice the firft equation from the fecond, and you will have 7y 
-}- 13 2==359; whence 


Equation 3d, P o nE 


Therefore z muft be lefs than 28, or (which is the fame thing) z muft not 
be 
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be any whole number greater than 27, Subtract the fecond equation 
from nine times the firft, and you will have 7«—-6z==— 149; therefore 
6%2—149 


Equation 4th, x= ae, 
Therefore z muft not be any whole number lefs than 25. From the 


i. E NEN 
359 lee ad 149 


third and fourth equations it appears, that 


7 
muft both be whole numbers, the poflibility whereof might be demon- 
ftrated as in the tenth and eleventh problems; but for the fake of variety 


6z— 
359 : ead ae when added 


I {hall make it appear thus: 


21I0——7Z |... ; 
= which is reducible to a whole number; there- 


together make 


fore if ee be a whole number, the other sos muft be 


fo too; for otherwife their fum could not bea whole number. To find 
622 
then the value of z, I argue thus: whatever value of z will make Pe Tiss 


62— 
a whole number, the fame will make eee a whole number, becaufe 
6z— 149 being divided by 7, there remains 6%—2; but 5 is a num- 


6 Z — 
ber which being fubftituted for z will make =~ a whole number ; 


therefore if z be made equal to 5, x and y will both come out whole 
numbers, but not both affirmative ; for that both may be affirmative, it 
is required that z fhould not be any whole number lefs than 25, or great- 
er than 27: however having found the leaft value of 2 that will make 
x and y whole numbers, to wit, 5; and finding by either of the equa- 
tions 7x — 6% = — 149, or 7y + 13% == 359 that all the other values 
of z muft be found by a continual addition of the number 7, I begin 
a progreffion from 5, and carry it on by a continual addition of the num- 
ber 7 till I come at a term that lies between the two limits of z (which 
will always be poflible when the problem is poffible) thus: 5, 12, 19, 
26: fince then the term 26 lies between the two limits of z, to wit, 
24 and 28, I conclude that if I make z equal to 26, x and y will both 


j 6z—1 
come out whole numbers and affirmative; therefore z==26, x or tell ae 


Bi bambi gO 3 : fo the numbers are 1, 3 and 26; which 
upon 


== 1, andy or 


7 
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upon tryal will anfwer the conditions of the problem, and the problem 
admits only of this folution. 


x y Z. 
— 17 42 js 
—II 29 12. 
— $ 16 1g. 
I 3 26. 
7 —I0 33 


PROBLEM 16; 
Being a general problem. 


221. To find, if pofible, three numbers, all integral and affirmative, 
whofe fum is not only given, but alfo the fum of their produéts when 
feverally multiplied by three given multiplicators, 


SOLUTION. 


ge 
Let x, yand z be the three numbers fought, putting x for that number 
‘whofe multiplicator is the greateft, and 2 for that whofe multiplicator 
is the leaft, or negative if any of them be negative, or if two of them | 
happen to be negative, put 2 for that number whofe multiplicator is the | 
greater negative ; then putting y for the middle term, you will have two 
equations, one whofe abfolute term is the given fum of the three num- 
bers fought, and another whofe abfolute term is the given fum of the 
products. By the help of thefe two equations expunge z thus: multiply 
| the firft equation by the coefficient of z in the fecond, and then fubtract- 
ing that product from the fecond equation, you will fall into a third of | 
this form, 4x+-By=C: divide this whole equation by the greateft l 
common meafure of 4 and B, and let the refult be ax -+ by=c ; then 
from this equation, and from`the manner of deriving it, I fhall deduce 
the following obfervations, x, : 
rft. If the direCtions given:-for ‘the notation be duly obferved, the 
numbers a and 4 will always be integral, affirmative, and prime to each 
other, and æ will always be greater than 4, 
2d. If the numbers x and y be integral and affirmative, the number 


ax- by or c muft be fo too; though it does not follow e conver/o, that 
if ¢ be integral and affirmative, x and y muft both be affirmative. 
3d. Ifany one value of y be known, the correfpondent values of w and 


and S==S—X—y, putting 


z will eafily be had by making x = — 


s for 


rr 
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s for the given fum of the three numbers fought: whence it follows» 


that if x and y be whole numbers, z muft neceflarily be fo too. 

4th. If the leaft value of y be known, and the problem admits of more 
folutions than one, as many other fucceflive values of y as we thall have 
occafion for may eafily be obtained by a continual addition of the number 
a; whence the correfpondent values of x will form a decreafing arithmetical: 
progreffion whofe common difference is 4, and thofe of z another decreafing 


arithmetical progreflion whofe common difference isa—4. The two" 
firft parts of my affertion are evident from art. 213, and the laft I thus: 
demonftrate: If the values of y increafe by a and thofe of x decreafe by” 


b, the feveral values of the fum x-y confidered as one number will in- 


creafe by a—Jd; but as the fum x+y increafes, the third quantity z- 


mutt be diminifhed, becaufe in the fame problem the whole fum x-+y-+z- 
is always the fame; therefore the fucceffive. values of x. will. fornra: de-- 


creafing arithmetical progreffion whofe common difference is a—4. 


sth. From this laft obfervation it follows, that the raifing of y is the’ 


finking of x and: z,. and vice verja; infomuch that when y is the leaft in 


it’s kind, x and z will be the greateit in their’s.to folve the problem ; . and: 
if in this ftate both be affirmative, they will do it; but if either or both: 
happen to be negative, the problem will be impoffible, and can have no- 


folution. 


Being thus. prepared, I now proceed to find two: fuch. whole num-- 
bers as, being fubftituted "for x and y, will make‘ax+-4y==c; which’ 
may be effected in the manner following :: by the-quotients of a continual’ 
divifion from a and 4; form a fet of equations according to art. 175 ;. 


and as the original numbers 4 and å are prime to each other, the abfolute 
term of the two laft equations will be = 1; take that equation wherein 


— 1 is concerned, that is, take the laft equation that.ftands in an even‘ 


place, and it will be of this form,.ae — b d= — r; change the figns, 
and you will have — ae +bd= +1 ; multiply all by c, and you will 
have —ace-+bcd==c: make —c e= x and +c d= y, and you will 
have two whole numbers x and-y with this property, that a x-y will 
be equal toc: but here as « is negative, it. will be proper to try to 
raife it (if poffible) toan affirmative number by finking the value of y. as 
low as we can, that is, by throwing away, the number a from cd as 
often as we can, that is, by dividing cd. by a; for ifithis be done, the 
remainder if there be any, or the divifor a if there be none, will be the 
leaft value of y ; and if by this means x and z:come.out affirmative, the 
problem will admit of one or more folutions in affirmative numbers ; 
but if x ftill happen to be negative, or if z comes out negative, there is 


no 
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no raifing thefe negative values without finking the value of y, which is 
already as low as it can be, and therefore in fis cafe the problem can 
have no affirmative folution. 

As for the number d, fince that is the coefficient of å in the laft equa- 
tion that ftands in an even place, and fince thefe coefficients are nothing 
elfe but the terms of a feries begun from o and 1, and continued by the 
quotients of a continual divifion made from a and 4, it is evident “that 
if fuch a divifion be actually made, and the number of quotients be even, 
an unit muft be deducted from the laft, for a reafon given in art. 175; but 
but if the number of quotients be odd, the laft muft be thrown away, 
as leading to a wrong equation; and then if a feries fram o and 1 be com- 
puted by the reft of the quotients, the laft term of the {feries will be d; 
therefore in practice the number d may be computed by the help of this 
feries only, without medling with the other parts of the equations 
wherein thefe terms are concerned. 

EXAMPLE 1, 


Let the equations be 

ift, Xs 7 ss. 

2d, 10x--Sy+-22==7. 
Then fubtraéting twice the firft equation from the fecond, you will have 
8x-+ 3 y==r—z2s; and becaufe the numbers 8 and 3 are prime to each 
other, the equation can be reduced no lower; therefore a = 8, b= 3, 
ċ=r— 2s, and d= 3; for the quotients ofa continual divifion from 8 
and 3 will be 2, 1, 2; whence, dropping the laft becaufe their number 
is odd, with the remaining quotients 2 and 1 form the feries o, 1, 2, 3, 
and you will have d==3, and cd= 3c; thus you will have a parti- 
cular canon adapted to the multiplicators 10, 5 and 2, as follows: make 
r—2s==¢; divide 3¢ by 8, and the remainder will be y; whence x= 


S, and g= sxy. As for inftance, let s == 20 and r = 53, 
that is, let it be required to divide the number 20 into three fuch parts, 
that ten times the firft part, five times the fecond, and twice the third 
may all together make 53: here r-—2s or ¢==13, and 3c = 30, which 
being divided by 8 leaves 7 for a remainder; therefore in this cafe vee, 


aye es aaa d i NEEE 3 
5 or x==— 1, and s—x—y or z==14: fo the numbers are 


— 1, -+7 and + 14; therefore this problem cannot be refolved in afirma- 
tive numbers, but in others it may; for — 1 x- 10, -+7x5,-+14x2, 
that is, —10-++35-+-28==53. Again, fuppofing the multiplicators 
10, 5 and 2 to continue, and making s==20 as before, let now r==107, 
and you will havec==67, 3¢==201, y==1, == 8, and z==11: fo the 

numbers 


| 
| 
) 
| 


6s 
y3; whence we fhall have x = ee 
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numbers are 8, 1 and 11, which will folvethe problem ; for 8x1ro-+1 
x 5+ 11x2, that is, 80-+-5-4+22=— 107. But this problem will alfo ad- 
mit of two more affirmative folutions, which according to the fourth ob- 
fervation are 5, g and 6; 2, 17 and 1. 
EXAMPLE- 2, 

Let it be required to divide a given number as s into three fuch parts, 
that three times one part, a third part of the fecond, and a fifth part of 
the laft may again make up the number s. 


: v9 
Here the equations are x-+-y-+ 2==5, and 3x-+-++--=s,; butto 


fit this laft equation for ufe, I reduce it to integral terns by multiplying 
the whole equation by 15, and fo have 45x- sy+-32==155; there- 
fore the equations when fitted for ufe are 

ift, x+ y+ z= 5, and 

2d, 45x + 5y+33= 15s. 
Subtract three times the firft equation from the fecond, and you will 
have 42x4 2y= 12s; divide the whole equation by 2, becaufe 2 is the 
greateft common meafure of 42 and 2, and you will have 21x- ry= 6s. 
Here then a= 21, 6=1, c=6s5, andd=1; for the fingle quotient of 
a divided by 4, or of 21 divided by 1 being rejected for it’s fingularity, 
there will be no remaining quotient for continuing the feries from o and 1 ; 
therefore in this cafe 1 the latter term of the feries muft be taken for d; 
whence cd the dividend will be 6s, and we fhall have the following canon 
particularly adapted to this problem; I mean, where the mutltiplicators 
are 3, and}, and where the fum of the produéts is to be the fame with 
the fum of the numbers: divide 6s by 21, and the remainder will be 


= A) 


rd 


, and 2==s—x—y. As for in- 


ftance, let it be required to divide 100 into three fuch parts, that three times 
the firft part, a third part of the fecond, and a fifth part of the third may all 
together make the fame number 100: here 6s==600, which being di- 
vided by 21 leaves 12 for y; whence x==28, and s==60: fo the num- 
bers 28, 12 and 60 will folve the problem; for 28 x 3-++-¥-+&, that is, 
84+-4--12==100. The fourth obfervation finds alfo two other affir- 
mative folutions of this problem, to wit, 27, 33, 40; and 26, 54, 20; 
and thefe are all; for another operation would fink z to nothing, 
EXAMPLE 3. 


Let the fum of the products be ftill equal to the fum of the numbers, 
=e I . gZ 

and let the multiplicators be 3, 1 and — >, that is, let 3 x-} ym e g 
3 


org x- 3y—z= 3s, and the equations will now be 
Yy HIA 
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ft, x+ y+2= s. 
2d; ox-+-3y—-2=35. 
Multiply the firft equation by —1, and then fubtract it from the fecond, 
or (which is the fame in effect) add the firft equation to the fecond, and 
you will have 1ox-+ 4y= 4s; divide the whole by 2 (the greateft com- 
mon meafure of 10 and 4) and you will have 5x-+-2y==25; there- 
fore in this cafe a= 5, b= 2, andc==2s. Now the quotients of a con- 
tinual divifion from 5 and 2 are 2 and 2; call them 2 and 1, and with 
them compute the {feries o, 1, 2, 3, and you will have d= 3, and the 
canon for the multiplicators 3, 1 and —!, where the fum of the pro- 
ducts is to be equal to the fum of the numbers, is as follows: divide 6s 
— / 

by 5, and the remainder will be y; then make ok A EA and s — 
x—y=z. As for example, let s= 20 ; then will 6s== 120, which di- 
vided by 5 will have nothing or 5 for a remainder; therefore in this cafe 
y= ç, x=6, and z=g, and the numbers in order are 6, 5 and 9, 
which will anfwer the conditions ; for firft 6-+- 5 +-g==20, and fecond- 
ly 18-+ 5—3 = 20. But according to the fourth obfervation, this pro- 
blem will admit of two more folutions, which are 4, 10 and6; and 
2, 15 and 3. ; 

N. B. 1ft. In the abovewritten canon we made y the remainder of 
6s divided by 5 ; but we might have thrown away 55, and have made y 
the remainder of 1 s divided by 5; and the fame reduction may be made 
in all other cafes where the coefficient of s exceeds the divifor, 

2dly. This problem includes the gth, roth, 11th, rath, 13th, 14th 
and x 5th, with an infinite number of other particular ones of this kind: 
but if this folution be applied to them by way of examples, care muft be 
taken to change their notation, and to fix it according to the directions 
given at the beginning of this folution. 


Of the magic /quare. 


PROBLEM 17. 


354 


222. Let any odd fquare number as 49 be propofed whofe fyuare root is 
7 ; and let any fquare figure be divided into 49 lefer fquare cells, to wit, 
into ‘7 ranks of cells, and every rank into 7 cells: It ts required todi- 
frribute among thefe cells all the natural numbers from x to 49 inclu- 
frvely, fo that the fum of all the numbers in every row, whether taken 
horizontally, perpendicularly or diagonally may be the fame; which fi- 
gure thus conftructed is commonly called a magic /quare. th 


SOL U- 
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SOLUTION, 


As 7 is the fide of the {quare propofed,let the feven firft digits 1, 2, 
33 4, 5,6, 7 be reprefented by the feven firft letters of the alphabet a, 4, c, 
d, e,f, g refpectively ; and let thefe letters be feven times repeated in the 
fame order in feven diftin& rows, placed exactly one under another; and 
let the difference of the rows confift only Figure 1. 
in this, that every inferior row is to begin 


with the fecond term next above it; and n 2 k k Ps L |E 
they will ftand as in the firft figure; where b R een ocd EARE Ead 
the firft or uppermoft row is a,b,c, d,e, |E d\elf\giaie 
Arg; the fecond 4, ¢, d,e, fg, a; the third |d| e| f gjajóje 
c, d,e, f, g, 4,6; Gc. This fcheme, which |e Z| gla \oleld 
is in form of a {quare, is called the primi- F E FETA Ae el oe 
tive fquare, becaufe upon it is founded the Pi] | EAEL FA F 


conftruction of the magic fquare next to 
be confidered. 

Let now any other fquare divided into fortynine cells be prepared, as 
in the fecond figure, which I fhall by way of anticipation call the magic 
fquare ; and let the blank cells hereof be filled up by the help of the 


primitive fquare, in the manner following. 


Figure 2. 


| dd \ 7e>e Yaf _.\ 78-+8—49| _ 7444 7b-+b Jere | 
| Tee | edgerman _ tant | abe” | IEE | 7d 
Lg, feats, eNO: Oe the Deere ee ee | ee 
eao | Tere | Tene | Tae | Tee BT ia Ba le oa | 
zaag | ba 70—+-b Tdc 7e—+d +e | 7g —49 | 
baf | TE | yda 7e+b f+ oeo | 
gene | 7daf | 7e4g fra \7g--b—49 | jane | 7b4d 


Firft, beginning with the firft horizontal row of the primitive fquare, let 
all the numbers in this row be fucceffively multiplied by 7 the fide of the 
propofed fquare, proceeding from left to right ; and to the feveral products 
of this multiplication add in order the numbers of the feventh and loweft 


horizontal row, and you will have the numbers 7a+-g, 74-+-a, 7¢-+-4, 


zd-+¢, 7e-+d, af+e, 72-+-f—49, with which numbers the next hori- 
zontal row below the middle one of the magic fquare is to be filled from 
left to right, which in the prefent cafe happens to be the fifth row, reckon- 
ing from the uppermoft: but here (as you may fee in the figure) 49 mutt 
be thrown away from every greater number ; for fhould we receive any 
number greater than 49 into this {quare, places would be wanting for 
others that are lefs than 49, which the nature of the problem will not al- 
low of, 


Y J: 2 2dly, 
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adly. Having furnifhed this row of the magic fquare, defcend all a- 
long with your multiplication, and afcend with your addition in the pri- 
mitive {quare, fo that the row to be multiplied, and the row to be ad- 
ded may always be equally diftant from the middle row on each fide; that 
is, multiply all the numbers in the fecond row of the primitive fquare 
by 7, and add to every product a correfpondent number in the fixth 


row, and you will have the numbers 76--f, 7¢-+g, 74+, Gc, for 
furnifhing the fixth row of the magic {quare. 

3dly. In like manner, feven times the third row together with the fifth, 
will farnith the feventh row of the magic {quare. 

4thly. We come now to the middle row of the primitive fquare, 
wherein both the row to be multiplied, and the row to be added meet ; 
therefore this row will of itfelf alone, without the affiftance of any other, 


furnifh out numbers for the firft row of the magic {quare, to wit, 7d-+-d, 
Fee, f+, Se. 


Figure 1. 
ajbic|dielfigl sthly. In like manner feven times the fifth 
A TIF F “a | row of the primitive fquare together with 
eegoxes F eg] the third, feven times the fixth together with 
EILL |J E12] 2| the fecond, and feven times the loweft toge- 
d | if |f| giaj bce]  therwiththehighett, will furnith numbers for 
e| f- ESLA b c d the fecond, third and fourth horizontal rows 
\fig\a|e [Idle |. of the magic fquare. And thus the whole 
£ ralle dake figure will be furnifhed, at leaft in letters: 


my next tafk therefore muft be to demon- 
ftrate that this figure has all the properties of a magic fquare. 


Figure 2. 
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And firft I will demonftrate that it contains all the natural numbers 
from 1 to 49 inclufively: for whofoever traces the number 7g through 


all the horizontal rows, will find 7g—49 combined with all the letters 


a, b, c, d, e, f, g, though in another order 


than as they are here placed ; 
which 


\ i 
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which numbers (fince 7$—49==0) are a, b, c,d, e, Js g, that is, all the 
numbers from 1 to 7 inclufively : in tracing 7a after the fame manner 
he will find, when reduced to order, the numbers 7a-++-a, 7a-+-b, 7a+c, 
7a-+-d, 7a-+-e, 7a-+-f, 7a-+g, which feries includes all numbers from 8 
to 14: he will likewife find all the terms of the feries 75-a, 7h-+0,. 


i 


from 15 to 21: and fo on to 7/+g=49. In the next place, it is plain 
that the fum of all the horizontal and perpendicular rows will be the fame: 
for whoever confiders thefe rows with any attention, cannot but fee, that 
the fame letters are multiplied, and the fame added in every one of thefe: 
rows, only in a different order; and therefore the fums muft all be the 
fame. We come in the laft place to.confider the two diagonal rows : 


now if we examine that which defcends from left to right, from 7d-+-d 
to 74-+-d, we fhall find the numbers of this firft diagonal row to be 
vad, 7f+4d, 7a+d, 7-44, 7e+d, 7g +4d—49, 75+d; but 


wd 7f+-7a+ 76+ 7¢+-7¢ + 7b6=74 + 7b 7047447074785 
therefore the fum of the firft diagonal row, which is not affected by 
changing the order of the numbers, will be the fame with the fum of 


thefe numbers 7a-+d, 7b-+-d, 7c+d, 7d-+-d, 7e-+-d, 7f-+-d, 7¢-+d—49 3 
but d is the middle term of the progreffion a, 4, c, d,e, f, g, and there- 
fore the fum of this progreffion will be the fame as if all the terms were 
d’s, that is, the fum of this progreffion will be 7d; if therefore inftead 
of the addititious terms in the numbers abovewritten, which are d feven 
times repeated, we add the terms of the progreffion a, b,c, d, e, f, g,. 
which will not alter the fum of the whole, we fhall have the fum of the: 
firft diagonal row equivalent to the fum of the numbers 72-+-a,.7b6+-6,. 
sce, 7d-+d, 7e-+e, 7f+f, 78+8—49,. which is the fame with the: 
fum of the firt horizontal row, and confequently of every other row: 
in the other diagonal row which afcends from left to right, from 7ce 
to 7e-+c, we find the number 7¢ feven times repeated, and feverally 
connected with all the letters a, b, c, d, e, f, g, though in a different or- 
der; but co=-d—1; therefore 7e==7d—7—=a-+-b-+-c+-d-+-e4+-f~-+-g—75 
therefore 7c feven times repeated equals 74-+-7b4-76-4-7d-++70--7f-+-78 
—49; therefore the fum of this diagonal row will be the fame as if the 
order and value of it’s terms were as follows, to wit, 7a-+-a, 7b-+-d, 
ze-+c, 7d-+d, 7e+e, 7f+f, 78+8—49, that is, the fum of this dia- 
gonal row is the. fame with that of all the. reft.. 2. B.D. 

Hitherto 
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Hitherto we have filled our magic {quare with letters, in order to give 
a clearer idea of it’s nature and compolition: but if we would fill our 
{quare with numbers, as the problem requires, we mutt firt make a pri- 
mitive {quare in numbers, as in figure 3; where the firft or uppermoft 
row is I, 2, 3, 4, 5,6, 75 the fecond 2, 3, 4, 5, 6, 7,1; the third 
3, 4, 5,6, 7, I, 23 Ge: and if by the help of this, a magic fquare 
be conftructed according to the directions before given, we fhall have fuch 
a one as is exhibited in the fourth figure. 


Figure 3. Figure 4. 
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* Whoever duly confiders the compofition of the magic fquare, and the 
difpofition of it’s numbers, will be able to draw (or at leaft to fee the evi- 
dence of) the following confectaries. 

Firft, that whatever be the fide of the fquare, unity will always ftand 
in the firft cell of the middle horizontal row on the left hand: for 7g- 
a—49 = 1 ; and if we make 7 or g (the fide of the fquare) equal to 7, 
we fhall always have for that cell rr- a—rr =i. 

ad. If the numbers 1, 2, 3, 4, 5, 6,7 in the primitive f{quare had 
been continued ad infinitum, the numbers in every horizontal row of the 
magic fquare, except where 49 isto be caft away, would have increaf- 
ed from left to right in an arithmetical progreffion, whofe common dif- 
ference is 8(7-++1): for in the firft row for inftance, (and the reafon 
is the fame for all the reft,) the products 7d, 7e, 7f, 7g, Ge make an 
increafing arithmetical progreffion whofe common difference is 7; and the 
parts to be added, wz. d, e, f, g, Gc make another increafing progreffion 
whofe difference is 1 ; therefore both together, to wit, 7d-+- d, 7e-+e, 7/4, 
7g-+-g &c, will make a progreflion whofe common difference is ‘8, 

3d. But becaufe the numbers in the primitive {quare are not continued 
ad infinitum, but always break off after 7, returning back again to 1, that 
is, from g to a, this occafions an irregular term wherever the number 
ais to be added: I call it fo, becaufe it’s excefs above the term that is 
before it in the fame row will be but unity, whereas according to the 


law 


| 


AY 
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law of this progreffion, it ought tobe 8. Of thefe irregular terms there 
will be but one in every horizontal row ; they are marked in the fourth 
figure, and beginning with unity are as follows; 1, 15, 29, 43, 8, 22, 
36, forming an arithmetical progreffion whofe common difference is 14.(27). 
4th. From what has been laid down in the three foregoing confecta- 
ries, and particularly from a due obfervation of the places of the irregular 
terms, being taken in the fame order as they were given by us in the laft, 
we have a new way of conftructing a magic {quare more expeditious than 
the former, as being effected without the help of a primitive fquare, 
thus: Form from unity an arithmetical progreffion whofe common dif- 
ference is 27, and the number of terms 7, which progreffion in the pre- 
fent cafe will be 1, 15, 29, 43, 8, 22, 36; of this progreffion place the 
firft term in the firft cell of the middle horizontal row on the left hand 
of the magic fquare to be conftructed ; then defcending from thence di- 
agonally to the right, fill the cells you pafs through with as many of 
the other terms of the foregoing progreffion as you can: thefe terms in 
the prefent cafe are 15, 29, 43 ; but if this motion be further continu- 
ed, the next term 8 will fall without the fquare under the fifth per- 
pendicular row from the left hand, as you fee in the figure: transfer it 
therefore to the uppermoft cell of the fame fifth perpendicular row, and 
then moving downwards diagonally as before, you will find room for 
the remaining terms of the progreffion, to wit, 22 and 36. The irregu- 
lar terms being thus placed in their proper cells, all the other cells will be 
eafily filled thus : fuppofe I would fill the firft horizontal row ; I look for 
the irregular term already placed there, and find it to be 8 ; from this term 
8 I form an arithmetical progreffion whofe common difference is 8, and 
then moving in the fame row towards the right hand, I infert as many 
of the other terms of this progreffion as I can, which terms in the prefent 
cafe are 16 and 24; then finding I can move no further this way, I con- 
tinue the reft of the progreffion from the other end of the fame horizon- 
tal row, writing down, from left to right, the numbers 32, 40, 48 and 
7; thus the firft row will be full; and the reft muft be furnifhed by a. 
like procefs. é 
th. Since in a magic {quare, the fum of every row, which way foever taken, 
is the fame; if any one has a mind to eftimate this fum without actually con- 
ftructing the figure, he may reafon thus: let 7 be the fide of the fquare ;. 
then it is plain that in this {quare will be contained all the natural numbers: 
from 1 to 49 inclufively, which in their natural order make an arithmetical 
progreflion, whereof the leaft term is 1, the greateft 49, and the number of 
terms 49: add the greateft and leaft terms together, and the fum will be 50, 
whofe half is 2 5; therefore 25 is an arithmetic mean between the extremes 
1 and 49; and 49 times 25 will be the fum of the whole progreffion by art. 
124 5 
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124; therefore the fum of all the numbers in the whole fquare, or the 
fum of the numbers in all the feven horizontal, or in all the feven per- 
pendicular rows, is 49 times 25 ; therefore the fum of the numbers in 
any one row is 7 times 25 or 175: and the reafoning is the fame in any 


other cafe where the fide of the fquare isan odd number. The fum of 


hie : tel 
xr; whence I infer, that if 7 as 


all the numbers in any one row is 


be made equal to m, that is, if m be an arithmetic mean between the 
extremes 1 and 7*, the fum of every row will be the fame as if it’s cells 
were all filled with the fame number 7. 

There are many other ways of conftructing magic f{quares both odd 
and even, as alfo many other furprizing properties thereto relating, all 
which I here pafs by, becaufe, though this fpeculation be in itfelf very cu- 
rious and entertaining, yet it cannot be denied but that it is of very little 
or noufe in any other parts of the Mathematics. Whoever would fee 
more of thefe matters, may confult the Memoirs of the Royal Academy 
of Sciences for the years 1705 and 1710, where he will find this fub- 
ject almoft exhaufted by the learned and juftly celebrated Mathematici- 
ans M, De La Hire and M. Sauveur, 


ie 
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